MAT3008 and MAT3031: LAGRANGIAN AND HAMILTONIAN DY-
NAMICS. ASSESSED TEST, 2 DECEMBER 2011

Write your answers in the answer book provided. Write (in capital letters and
clearly please) your name on the outside cover. Do any rough working you
need in the answer book, but indicate clearly that it is rough working. You should
show sufficient working to demonstrate the method you have used in arriving at
your solution.

You have 60 minutes.

1) A particle of mass m > 0 moves on a vertical plane under the action of gravity
of intensity g, along a smooth curve of the form f(z) = e,

i) Compute its Lagrangian.

ii) Then compute the corresponding Hamiltonian.

2) Two Lagrangians L and L are said to be equivalent if they are related by
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F(g, t) is an arbitrary differentiable function of the generalised coordinates ¢; and
time t. Prove that I and T have the same Lagrangian equations of motion and
hence they describe the same motion.

3) Consider the so-called Swinging Atwood’s Machine (SAM): the smaller mass,
labelled m, is allowed to swing freely in a vertical plane under the action of gravity
and the action of the larger mass M, whereas the larger mass, M, can only move up
and down vertically, also under the action of gravity and the smaller mass m (see
figure below). The two masses are connected by an inextensible string of length
L. Assume the pivots to be massless points. Compute the Lagrangian of the SAM

and the corresponding Lagrange’s equations of motion.
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4) The potential energy of a particle of unit mass is V(7). Show that the motion

is planar. By using polar coordinates (r, §) on the plane of motion, find the total
- energy E of the particle. Take the particular case in which the above particle moves

in a potential having the form V'(r) = ——71: + % By using the effective potential

_energy theory, discuss the possible type of motion for the particle in the above
potential. Find also the minimum value U(ro) of the effective potential, where o
is such that Eo = U(ro) and therefore # = 0 for B = Eq. Thus show that for
E = Ey = U(ro) the particle moves of uniform motion on a circle about the origin
and find the period of its motion.
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