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Question 1

(a) A particle of mass m slides under gravity on a smooth wire of shape
z = coshz,

where the z—axis is horizontal and the z—axis is vertically upwards.

(i) Show that the Lagrangian L of the motion for the above particle is given by

m
L= ECEQ cosh?® z — mgcoshz,

where g is the constant gravitational acceleration and the dot denotes differenti-
ation with respect to time. -5l

(ii) Find the corresponding Hamiltonian. 3]

(b) A simple pendulum consists of a particle of mass m attached to the end of a light stiff
rod of length [. The pendulum is in a constant gravitational field, with gravity acting
downwards. The pivot P executes a motion on the downward oriented y-axis with the

temporal law
Yp = /\(t)>

where the variable ¢ represents the time.

(i) Show that the Lagrangian for the motion of the simple pendulum is
I = %(F@?‘ — 210\ sin §) + mgl cos 0 + —7;2/\2 + mgA,

where 0 is measured from the downward y-axis, g is the constant acceleration due
to gravity, and the dots denote differentiation with respect to time. [7]

(ii) Show that an equivalent Lagrangian for the above system is given by

2 . g
L= T;—HQ + ml(g — A) cos 0.

(iii) Explain the dynamical significance of the equivalent Lagrangian. [4]

SEE NEXT PAGE
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Question 2

(a) Consider the system having Lagrangian

. 1 . :
I(g,4,1) = 5G(a, )4 + F(g: )4 = V(g,t).
Find the corresponding Hamiltonian. [6]

(b) Suppose a particle of mass m is sliding on a smooth wire in a vertical plane. The wire
is defined parametrically by

z = (0 +sin)
y = I(1—cos?),

where —7 < 6 < 7 and [ is a positive constant parameter. Gravity acts in the negative
vertical y—direction.

(i) Compute the Lagrangian L for the above system. 8]

(ii) Show that the Lagrangian in terms of ¢ and ¢, where ¢ = sin(—g), is given by

L = 8ml%$? — 2mgle®.

[5]
(iii) Find the equation of motion for ¢ from the transformed Lagrangian. 3]
(iv) Hence deduce that ¢ varies harmonically and compute its period. [3]

SEE NEXT PAGE
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Question 3

(a) Consider the time-independent canonical transformation from the (g, p) representation
to the (@, P) representation, with corresponding conservative Hamiltonians functions
H(q,p) and K(Q, P) describing the same flow in each representation. Show that

O0H 0K OH 0K
= — and — =

P ~ 8P aQ ~ Q'

so that we have K(Q, P) = H(q(Q, P),p(Q, P)), up to an integration constant which
is irrelevant for the equations of motion.

(b) Determine which of the following transformations are canonical

, 1
1) Q = §q27 P= it
ii) @ = ptang, P=(p—3)cos’q;
iil) @ = \/ge’ cosp, P = ,/ge~'sinp, where t is the time variable.
¢) Consider the transformation from a fixed reference frame (¢, p) to a moving reference

frame (@, P) given by Q = g — D(t), P = p, where D(¢) is the distance between the
origins of the coordinate systems at time ¢.

i) Show that Fy(P,q,t) = P(q— D(t)) is a generating function for the above trans-
formation.

2
ii) Given the Hamiltonian H = §p— + V(q) in the (p, q) representation, find its trans-
m
formed form in the (P, Q) representation.

iii) Find the equations of motion in the (P, Q) representation.

SEE NEXT PAGE
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Question 4

¢ ¢
Consider the Lagrangian L(g,§) = - T35
o, d
(i) Show that the corresponding Hamiltonian function is given by H(q, p) = —2-? + e and

hence find Hamilton’s equations of motion.

2
(ii) By using a generating function of the first kind Fy(q,Q) = g—Qg, transform the above

Hamiltonian from the (g, p) representation into the Hamiltonian K(Q, P) in the (Q, P)
representation.

(iii) By using the new Hamiltonian K(Q, P), solve the equations of motion with initial
conditions ¢(0) = 1, p(0) = 0.

(iv) Solve the equations of motion found in (i) by using the method of Hamilton-Jacobi.

END OF PAPER

INTERNAL EXAMINER: M.V. Bartuccelli
EXTERNAL EXAMINER: D.R. Chillingworth
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