Spring 2010: Answers to ENG1002 Mathematics 1b exam

1.
(i) y = A exp(—223/3), (ii) y = tan(e® + ¢), (iii) y = (z — 2)e”

2. T 5 dT = —kdt so T can be put in the form 7 = 2 4+ Ae~*. Taking t = 0 to
be at midnight, we have T" = 20 when t = 0 so 20 = 2 + A giving A = 18. Hence
T =2+ 18e7*. Also T = 14 when t = 30 so 12 = 18e73% giving k = 0.0135155.
Hence T' = 2 + 18¢ 00135155 When ¢ = 60 (i.e. at lam) the temperature is therefore
T=2+ 186_0 .0135155x60 __ = 10°C.

3. (i) y = 3e* — L7, (ii) y = €3 (A cos 2z + Bsin2z) + 5z sin 2z + ¢ cos 2z
4. (1) 92 =1 4 6oy — 4y, 92 = 302 — 12092 — 1/(y + 1)
- (1) 75 y—4y, g, =3 xy Y :

M) Z=— 1 0z_ 2
Or — (wy—1% % (ay—1)°

5. First part elementary trigonometry.

Second part follows immediately from dH ~ ?TH %ﬁ 00.

H=11.92m and 6H = 0.155m.

6. The heating cost C' is given by C = zy +2yz + 2(222) = xy + 2yz + 4xz. But
—~

roof

xyz = 8000 since the volume is 8000, so z = 8000/xy and therefore the cost is given
by

8000 8000 16000 32000
Cz,y) =2y +2y + 4z =2y + +
zy a’ x Y
The partial derivatives of this are

oc 16000 ac . 32000 9°C'" 32000 9°C' 64000
or YT 2 oy y2 T 022 a3 T o0y2 3]

0*°C

0xdy

We have C, = C, = 0 when y = 16000/2? and x = 32000/y?, so

16000  y*
(32000/42)2 64000

y:

Since y # 0, this means that y = 40. Then = 20 and z = 10.
To confirm it’s a minimum, note that, with these values, C,, = 4, Cy, = 1 and
Cypy = 1. So Cp., Cyy — (Cy)? = 3 > 0. Since also Cy, > 0 and Cy,, > 0 this confirms



it’s a minimum.

7. In matrix form:

1 1 2 T —7
—4 -1 3 y | =] 1
2 1 -1 2 ~1

Row echelon form of the augmented matrix A|b is
1 1 2 | =7
0 -1 =5 | 13
0 0 —4 | 12
or equivalent. So the system of simultaneous equations can be written

r4+y+22=-7 —y—>5z=13, —4z=12

so that x = =3, y =2 and z = —3.

8 —4 2 26 36 —18
A*=1 13 26 —11 |, A*=| 36 —100 54
24 4 2 90 36 —10

It is easily checked that A3 — 184 4 281 = 0.

9. (i) Row echelon form of the matrix is

o O O
S o N O
[a)

S O Oy =

or equivalent. Hence the rank is 2.

(ii) Result can either be obtained by direct expansion, or by expansion of the fol-
lowing slightly simpler determinant obtained from the original using properties of
determinants:

1 -1 0
0o 1 -1
1 a a2+0b

2 3 gin 2 12=7/4 2
integral = / [ysmx} dy = % / ydy =2

y=e” 1 1
dr = / 2dr ==,
0 4

y=1

1
integralz/ [xg lny]

0



