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A dark solitary wave, in one space dimension and time, is a wave which is biasymptotic to
a periodic state, with a phase shift, and with localized modulation in between. The most
well known case of dark solitary waves is the exact solution of the defocussing nonlinear
Schrödinger equation. In this paper the interest is in a mechanism for the emergence of
dark solitary waves in general, not necessarily integrable, Hamiltonian PDEs. The focus
is on the periodic state at in�nity as the generator. It is shown that a natural mechanism
for the emergence is a transition between one periodic state which is (spatially) elliptic
and one which is (spatially) hyperbolic. It is shown that the emergence is governed by
a Korteweg-de Vries (KdV) equation for the perturbation wavenumber on a periodic
background. A novelty in the result is that the three coe�cients in the KdV equation
are determined by the Krein signature of the elliptic periodic orbit, the curvature of the
wave action �ux, and the slope of the wave action, with the latter two evaluated at the
critical periodic state.

Key words: nonlinear waves, Hamiltonian systems, solitary waves.

1. Introduction

Dark solitary waves (DSWs) are waves that are biasymptotic to a periodic state,
with modulation in between. They are most well known as exact solutions of the
defocussing nonlinear Schrödinger (NLS) equation,

iAt +Axx − |A|2A= 0 , (1.1)

for the complex-valued function A(x, t). An example DSW solution is

A(x, t) =
√

2ei(kx−ωt)
[
k + iβ tanh(βx)

]
. (1.2)

where β2 = 1
2(ω − 3k2) with ω > 0. With ω �xed, the above family of DSWs is a

one-parameter family parameterized by k, bi-asymptotic to a spatially periodic
state, with

lim
|x|→∞

|A(x, t)|= 2(k2 + β2) = ω − k2 .

The background spatially periodic state exists for −
√
ω < k <

√
ω. The DSW

emerges when 3k2 = ω and it exists in the narrower band −
√
ω/3<k <

√
ω/3.

The purpose of this paper is to develop a theory for this emergence of a DSW
from a spatially periodic state. The main interest is in a theory for this phenomena
in Hamiltonian PDEs that are not in general integrable. However, an idea of the
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mechanism that leads to emergence can be clearly seen by considering the case of
defocussing NLS.

The �rst theory for the emergence of DSWs was proposed by Kivshar (1990).
Kivshar's theory starts with defocussing NLS and proposes a perturbation

A(x, t) = [Â+ ε2u(X,T, ε)]ei(kx−ωt+εφ(X,T,ε)) .

where
X = εx and T = ε3t . (1.3)

Expanding φ and u in a perturbation series in ε and imposing a solvability
condition leads to a Korteweg-de Vries (KdV) equation for the leading order term
u1,

a0
∂u1
∂T

+ a1u1
∂u1
∂X

+ a2
∂3u1
∂X3

= 0 ,

where the coe�cients a0, a1 and a2 depend on (ω, k); that is, the emergence of
DSWs is governed by a KdV equation. This theory is extended by Kivshar et

al. (1993) to the non-integrable NLS where the cubic nonlinearity is replaced by
a general nonlinearity f(|A|2)A. A validity proof of the reduction NLS → KdV
for the general nonlinearity is proved by Chiron & Rousset (2010) (see also
Béthuel et al. 2009, 2010). Moreover, they extend the theory to defocussing
NLS in two-space dimensions in which case the reduction is NLS to KP-I.

One feature that is hidden in this theory is the bifurcation that the spatially
periodic state must undergo in order to generate the KdV equation. The fact
that there must be a bifurcation is clear since the generic modulation of a
spatially periodic state (or spatially periodic travelling wave) is governed by
the Whitham modulation equations which are dispersionless. Indeed Düll &

Schneider (2009) prove that the dispersionless Whitham equations are the valid
modulation equation for spatially-periodic states of defocussing NLS.

In this paper a bifurcation is identi�ed that gives rise to DSWs. It is the saddle-
centre transition of the Floquet multipliers associated with the spatially-periodic
states. When considered from the point of view of a (spatial) energy surface, the
transition is associated with the coalescence between two spatially periodic states,
one of which is spatially elliptic and the other spatially hyperbolic.

The theory will be developed for a general class of Hamiltonian PDEs. The
principal requirement is that the steady part is a standard (in general not
integrable) Hamiltonian system on R4,

Jux =∇S(u) , u∈R4 , (1.4)

where J is the unit symplectic operator

J =

[
0 −I
I 0

]
, (1.5)

and S(u) is the (spatial) Hamiltonian function. The symbol S is used to
distinguish it from a temporal Hamiltonian function. Phase space dimension 4
is the lowest dimension that the phenomena occurs. Generalization to higher
dimension is possible with appropriate hypotheses on the additional Floquet
multipliers (see �6 for discussion). To make it a PDE, add in a time-derivative
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term. A large class of Hamiltonian PDEs arise by taking the time-derivative term
to be a skew-symmetric matrix times the time derivative

Mut + Jux =∇S(u) , u∈R4 . (1.6)

M is any constant matrix withMT =−M. The skew-symmetry ofM assures that
the PDE is conservative. Indeed, this system is an example of a multi-symplectic
Hamiltonian PDE (Bridges 1997, Bridges et al. 2010). Here the only property
of the time derivative term that will be important is the skew-symmetry of
M. Examples that can be expressed in the form (1.6) are the nonlinear beam
equation, NLS, the good Boussinesq equation, and the coupled-mode equation.
These examples are discussed in �6 and Appendix D.

The main result of the paper is that the emergence of dark solitary waves is
governed by a KdV equation of the following form,

A′(k) qT + B′′(k) qqX + K qXXX = 0 , (1.7)

for the wavenumber perturbation q(X,T ) where X and T are the KdV variables
(1.3). This q−KdV equation is on a periodic background. Moreover, the
coe�cients in the KdV equation are determined by the geometry of the colliding
periodic orbits. A(k) is the wave action, B(k) is the wave action �ux, and K is
the Krein signature of the elliptic periodic orbit in the collision. These geometric
properties are developed in �5.

In general Hamiltonian PDEs the emerging waves may be of other related
types (e.g. �gray solitary waves�) but for simplicity the term DSW will be used
throughout, since the emergence has a universal form. DSWs can be stationary or
moving at some constant speed, and the periodic state at in�nity can be stationary
or moving at some speed. For de�niteness in this paper, the spatially periodic state
is taken to be stationary, and the KdV equation is also constructed relative to an
absolute (laboratory) frame of reference.

This theory is to be contrasted with the modulation of spatially-periodic states
of reaction-di�usion (RD) equations which requires a time scaling of T = ε2t and
leads to a Burgers equation for the perturbation wavenumber q (Doelman et al.
2009). However, a KdV equation can appear in the RD setting when the wavetrain
undergoes modulation instability, and then the modulation equation changes to
a KdV equation (van Harten 1995, Doelman et al. 2009). The appearance
of the KdV equation in the setting of RD equations is more remarkable since the
KdV is Hamiltonian and RD equations are in general dissipative. On the other
hand, the absence of Hamiltonian structure and conservation of wave action leads
to a di�erent form of the KdV equation in the RD setting.

The paper is organized as follows. First the theory of Kivshar is reviewed in
�2. Then, with the assumption that there is a branch of periodic states of (1.4),
the properties of these states, and the linearization about them is reviewed in �3.

The reduction theory from (1.6) to q−KdV (1.7) is carried out in �4. There are
two steps to this theory: expansion in powers of ε and expansion in polynomials of
the coordinates of the linearized solution. The theory, particularly conservation of
wave action, that leads to the geometric characterization of the coe�cients of the
KdV equation, is developed in �5. Examples are discuss in �6 and Appendix D.
The appendices record details of some of the technical calculations, the de�nition
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of Krein signature, the geometric formulation of the conservation of wave action,
and the transformation of the coupled mode equation to the form (1.6).

2. Kivshar's theory for NLS to KdV

In this section the theory of Kivshar (1990) is reviewed with emphasis on the
case where the basic state is spatially periodic. Take as starting point the following
form of the defocussing NLS,

iAt +Axx +A− |A|2A= 0 . (2.1)

The basic class of steady periodic solutions is

A(x) = Âeikx , with Â∈R and k2 + Â2 = 1 . (2.2)

Look for solutions nearby the periodic state of the form

A(x, t) = [Â+ u(x, t)]ei(kx+φ(x,t)) .

Substitute into (1.1), separate real and imaginary parts, and introduce the KdV
scaling (1.3)

ε3uT + ε2φXX(Â+ u) + 2ε(k + εφX)uX = 0 , (2.3)

and
ε2uXX − (Â+ u)[ε3φT + u2 + 2Âu+ 2kεφX + ε2φ2X ] = 0 . (2.4)

Expand φ and u in a power series in ε

φ= εφ1 + ε3φ2 + · · · and u= ε2u1 + ε4u2 + · · · .
Substitution then gives the following equations to leading order. For the
u−equation (2.3),

ε3 : Â
∂2φ1
∂X2

+ 2k
∂u1
∂X

= 0

ε5 : Â
∂2φ2
∂X2

+ 2k
∂u2
∂X

= −
(
∂u1
∂T

+ u1
∂2φ1
∂X2

+ 2
∂φ1
∂X

∂u1
∂X

)
,

(2.5)

and for the φ−equation (2.4),

ε2 : (1− 3Â2 − k2)u1 − 2kÂ
∂φ1
∂X

= 0

ε4 : (1− 3Â2 − k2)u2 − 2kÂ
∂φ2
∂X

= Â
∂φ1
∂T

+ 3Âu21 −
∂2u1
∂X2

+ 2ku1
∂φ1
∂X

+ Â

(
∂φ1
∂X

)2

.

(2.6)
Di�erentiate and combine the ε3 term in (2.5) and the ε2 term in (2.6),

0 =
1

2k
(1− 3Â2 + 3k2)

∂u1
∂X

For arbitrary u1 this is satis�ed if and only if

1− 3k2 = 0 . (2.7)
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The signi�cance of this condition will be discussed below. When this condition is
satis�ed u1 and φ1 are related by

∂φ1
∂X

=−2k

Â
u1 . (2.8)

Now look at the next terms in (2.3) and (2.4), and replace ∂φ1
∂X using (2.8),

Â
∂2φ2
∂X2

+ 2k
∂u2
∂X

= F1 :=−
(
∂u1
∂T
− 6k

Â
u1
∂u1
∂X

)
,

and

(1− 3Â2 − k2)u2 − 2kÂ
∂φ2
∂X

= F2 := Â
∂φ1
∂T

+ 3Âu21 −
∂2u1
∂X2

.

With the condition (2.7), this pair of equations is solvable if and only if

∂F2

∂X
+ 2kF1 = 0 ,

giving a KdV equation

6k2
∂u1
∂T
− 9k

Â
(1 + k2)u1

∂u1
∂X

+
3

2
k
∂3u1
∂X3

= 0 .

(a)The Madelung transformation

Another approach to the reduction from NLS to KdV is to use the Madelung
transformation. Introduce the transformation A= ρ(x, t)eiφ in (1.1) and let

ρ2 = 1
2gh and φx = 1

2u .

Then h(x, t) and u(x, t) satisfy

ht + uhx + hux = 0

ut + uux + ghx = ∂
∂x

(
hxx
h −

1
2
h2x
h2

)
,

which is the shallow water equations with a complicated dispersion term. Near a
constant state (h0, u0), this equation can be reduced to a KdV equation when u0 =
±
√
gh0 by uni-directionalization. This approach is used in the rigorous reduction

theory of Chiron & Rousset (2010) and Béthuel et al. (2009,2010).

(b)The saddle-centre transition

In the above derivation of the KdV equation, a necessary condition was (2.7).
Let's look more closely at the signi�cance of this condition. The amplitude of the
branch of periodic solutions satis�es (2.2), and this curve is shown in Figure 1.

The points (k, Â) = 1√
3

(
± 1,
√

2
)
are points where the spatial Floquet multipliers

go through a hyperbolic-elliptic (saddle-centre) transition. For − 1√
3
<k < 1√

3
the

branch of periodic solutions is hyperbolic. These features can be veri�ed by direct
calculation.
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k

A

Figure 1. Plot of Â versus k for the branch of periodic solutions. The change from solid line to
dashed line occurs at (k, Â) = 1√

3

(
± 1,
√
2
)
.

S

k

Figure 2. Plot of the spatial energy (2.9) versus wavenumber.

However, the presentation in Figure 1 misses key features of the bifurcation.
Consider the �spatial� energy for defocussing NLS,

S = 1
2 |Ax|

2 + 1
2 |A|

2 − 1
4 |A|

4 ,

(Sx = 0 for the steady part of (2.1)) and evaluate on the branch of periodic
solutions (2.2)

S = 1
4(1− k2)(1 + 3k2) . (2.9)

The spatial energy is plotted in Figure 2. This diagram shows the structure of the
bifurcation more clearly. The two maximum points occur at k=± 1√

3
with critical

value S = 1
3 . For values of S just below the critical value, there are two periodic

solutions with k > 0. One is (spatially) elliptic and one (spatially) hyperbolic and
as S→ 1

3 from below they coalesce, giving birth to the DSW.
On the other hand, it is the wave action �ux that will be important in the

development of the theory. The wave action �ux is de�ned in �5 and Appendix
B, but for purposes of this section it takes the form B(k) = k(1− k2) when
evaluated on the branch of periodic states. It is plotted in Figure 3 as a function
of wavenumber. In this �gure it can be interpreted that as B(k) approaches its
maximum for k > 0, an elliptic periodic state collides with a hyperbolic periodic
state. These features are general properties of an elliptic-hyperbolic transition of
Floquet multipliers along a branch of periodic solutions for a Hamiltonian system
on R4, and general aspects of this bifurcation are developed in the next section.
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B

k

Figure 3. Wave action �ux versus wavenumber.

B

k

Figure 4. Schematic of the elliptic-hyperbolic transition of Floquet multipliers.

3. Periodic states and the saddle-centre transition

The starting point is the system (1.4). Suppose there exists a one-parameter family
of periodic solutions of (1.4),

u(x) := û(θ, k) , θ= kx+ θ0 , (3.1)

where k > 0 is the wavenumber of the periodic state, θ0 is an arbitrary phase shift,
and û is a 2π−periodic function of θ. Substituting (3.1) in (1.4) shows that the
periodic orbit satis�es

kJûθ =∇S(û) . (3.2)

De�ne the �action� functional by

B(u) =
1

2π

∫2π
0

1
2〈Juθ,u〉 dθ . (3.3)

Although this functional is the action for the Hamiltonian ODE (1.4) it will be
shown later that it is the wave action �ux associated with the time-dependent
Hamiltonian PDE (1.6).

With the de�nition (3.3), the governing equation (3.2) can be interpreted as
the Euler-Lagrange equation for the constrained variational principle: �nd critical
points of the Hamiltonian function restricted to level sets of the action, with k
appearing as the Lagrange multiplier. This variational principle is di�cult to work



Emergence of unsteady dark solitary waves 8

k k

κ > 0

κ < 0

B

e−

B

B

h

k

e−

h h e+

B

k

e+ h

Figure 5. Four cases in the elliptic-hyperbolic transition. h denotes hyperbolic branch of periodic
orbits, and e± denotes elliptic branch with Krein signature ±1.

with since all the critical points have in�nite Morse index. On the other hand,
the structure from the variational principle will be useful. From the theory of
Lagrange multipliers, it follows that a critical point is non-degenerate if S′(k) 6= 0
(equivalently B′(k) 6= 0), where

S(k) =
1

2π

∫2π
0
S(û) dθ and B(k) =

1

2π

∫2π
0

1
2〈Jûθ, û〉 dθ . (3.4)

At points where S′(k) changes sign, a pair of Floquet multipliers coalesces at +1.
At points where the energy is stationary, the action is also stationary,

S′(k) = 〈〈∇S(û), ûk〉〉= k〈〈∇B(û), ûk〉〉= kB′(k) .

Hence S′(k) = 0 and k 6= 0 imply that B′(k) = 0. Here the double brackets denote
the inner product

〈〈v,w〉〉 := 1

2π

∫2π
0
〈v(θ),w(θ)〉 dθ , (3.5)

for any R4−valued 2π−periodic functions v(θ) and w(θ). The link between
Floquet multipliers and B(k) curves is shown in Figure 4.

There are four cases, and they can each be represented in a (k,B) diagram
as shown in Figure 5. Since B′(k) = 0 at the transition the curves are locally
parabolic. Let κ represent the curvature of B(k) at the transition (a precise
de�nition of κ is given in �4.) In each case an elliptic branch meets a hyperbolic
branch and the elliptic branch can have positive or negative Krein signature.
The four cases are illustrated in Figure 4. An explicit calculation of the Krein
signature, justifying the choices in the �gure, is given in Appendix C.
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(a)Linearization at saddle-centre transition

Now suppose there is a saddle-centre transition of eigenvalues, and look at the
linearization of the spatial Hamiltonian system (1.4) about the family of periodic
solutions (3.1).

At the transition the algebraic multiplicity of the Floquet multiplier at +1 is
(at least) four and the geometric multiplicity is one, but phase space dimension 4
ensures that the algebraic multiplicity equals 4. The Jordan chain theory for this
case is given in Bridges & Donaldson (2005).

Firstly, the linearization about a periodic orbit of an autonomous Hamiltonian
system always has a Floquet multiplier at +1 of geometric multiplicity one and
algebraic multiplicity two. This property follows from di�erentiation of (3.2) with
respect to θ and k,

Lξ̂1(θ) = 0 and Lξ̂2(θ) = Jξ̂1 , (3.6)

with ξ̂1(θ) = ûθ, ξ̂2(θ) = ûk and

L :=D2S(û(θ))− kJ d
dθ
. (3.7)

The consequence of the degeneracy B′(k) = 0 is that the algebraic multiplicity of
the Floquet multiplier +1 is increased to at least four. In this case, there exists
functions

Lξ̂3(θ) = Jξ̂2(θ) and Lξ̂4(θ) = Jξ̂3(θ) .

The solutions ξ̂j(θ), j = 1, 2, 3, 4 are not unique, and they do not form a
symplectic basis with respect to the operator J. Introduce a normalized basis

ξ1(θ) = aξ̂1(θ) , ξ2(θ) = aξ̂2(θ)

ξ3(θ) = aξ̂3(θ) + bξ̂1(θ) , ξ4(θ) = aξ̂4(θ) + bξ̂2(θ) .

where
s= sign 〈〈Jξ̂4, ξ̂1〉〉 , (3.8)

and

a=
∣∣∣〈〈Jξ̂4, ξ̂1〉〉∣∣∣−1/2 and b=−1

2sa
3〈〈ξ̂3,Jξ̂4〉〉 . (3.9)

This set of vectors still forms a Jordan chain:

Lξ1(θ) = 0 , Lξ2(θ) = Jξ1(θ) , Lξ3(θ) = Jξ2(θ) , Lξ4(θ) = Jξ3(θ) . (3.10)

In the transformed basis

s= 〈〈Jξ4, ξ1〉〉= 〈〈Jξ2, ξ3〉〉 . (3.11)

The transformation matrix

Σ =
[
ξ1
∣∣ ξ2 ∣∣ − sξ4 ∣∣ sξ3] , (3.12)

is symplectic with respect to J: ΣTJΣ = J. Symplecticity of this transformation
is not essential, but it results in the reduced system, leading to q−KdV, having
the same spatial symplectic structure as the original system, and it is used in the
de�nition of Krein signature. The purpose of the sign s is to ensure that Σ in
(3.12) is symplectic. The sign s is also a symplectic invariant. (Since s is de�ned
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via the symplectic form in (3.11) any symplectic change of coordinates leaves it
invariant.)

Taking coordinates (φ, q, I, p) the solution of the linear problem in the
neighbourhood of the elliptic-hyperbolic transition is

φξ1(θ) + qξ2(θ)− sIξ4(θ) + spξ3(θ) . (3.13)

In the later calculations, equations for the second derivatives of û(θ; k) will be
needed. They are obtained by di�erentiating the linear equations (3.6),

Lûθθ = −D3S(ûθ, ûθ)

Lûθk = −D3S(ûθ, ûk) + Jûθθ

Lûkk = −D3S(ûk, ûk) + 2Jûθk .

(3.14)

The formal de�nition of the third derivative at a point û is

∂3

∂ε1∂ε2∂ε3

[
1

2π

∫2π
0
S(û + ε1ξi + ε2ξj + ε3ξl)dθ

]∣∣∣∣
ε=0

= 〈〈D3S(ξj , ξl), ξi〉〉 , (3.15)

where ε= (ε1, ε2, ε3), and the basepoint û is omitted since the context is clear.
The right-hand side is invariant under permutation of the three vectors.

4. Scaling, expansion and reduction to KdV

Start with the time-dependent Hamiltonian PDE (1.6) and perturb about the
spatially periodic state near a saddle-centre transition,

u(x, t) = û(θ; k) + ũ(θ, x, t),

and substitute into (1.6),

Mũt + Jũx =∇S(û + ũ)− S(û) . (4.1)

Drop the tilde on the perturbation, as the context will be clear, and introduce the
KdV scaling (1.3),

ε3MuT + εJuX =Lu +N(u) , (4.2)

where L is the linear operator from �3, and the nonlinear term is

N(u) = ∇S(û + u)−∇S(û)− Lu

= 1
2D

3S(û)(u,u) + 1
6D

4S(û)(u,u,u) + · · · .
(4.3)

Henceforth, the derivatives of S will be written without the base point û identi�ed
as in (3.15).

The perturbed solution u(θ,X, T, ε), now considered a function of the slow
time and space variables instead of x, t, is expanded in a power series in ε. A key
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step is to scale the Jordan chain coordinates in (3.13) as

φ∼ ε , q∼ ε2 , p∼ ε3 , I ∼ ε4 . (4.4)

Hence the scaled solution for the linear terms is

ulinear = εφ(X,T, ε)ξ1 + ε2q(X,T, ε)ξ2 + ε3sp(X,T, ε)ξ3 − ε4sI(X,T, ε)ξ4 .

Now expand the solution u as a polynomial in the coordinates (φ, q, I, p) and with
the scaling (4.4),

u= εw1 + ε2w2 + ε3w3 + ε4w4 + ε5w5 + · · · , (4.5)

with
w1 = φξ1

w2 = qξ2 + φ2ψ1

w3 = spξ3 + φqψ2 + φ3χ1

w4 = −sIξ4 + q2ψ3 + φpψ4 + φ2qχ2 + φ4γ1

w5 = qpψ5 + φIψ6 + φq2χ3 + φ2pχ4 + φ3qγ2 + φ5γ3 .

In this expansion the functions ψj , j = 1, . . . , 6, χj , j = 1, . . . , 4, and γj , j = 1, 2, 3
are unknown functions at this point and are used to eliminate terms in the
expansion.

Substitute the expansion (4.5) into (4.2) and equate terms proportional to like
powers of ε to zero,

ε2 : (φX − q)Jξ1 = φ2A
(2)
1 + O3

ε3 : (qX − sp)Jξ2 = φqA
(3)
1 + O3

ε4 : φTMξ1 + s(pX + I − 1
2κq

2)Jξ3 = q2A
(4)
1 + φpA

(4)
2 + O3

ε5 : qTMξ2 + 2φφTMψ1 − sIXJξ4 + φ(pX + I)Jψ4 = qpA
(5)
1 + φIA

(5)
2 + O3 ,
(4.6)

where O3 represents terms that are of cubic and higher order in (φ, q, I, p). In
the third equation, the term −1

2sκq
2Jξ3 is added to the left-hand side with a

parameter κ (to be determined) and the same term is added to A
(4)
1 on the right-

hand side. This addition is the natural way to ensure that A
(4)
1 can be set to zero.
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The A
(m)
j terms on the right-hand side are

A
(2)
1 = Lψ1 + 1

2D
3S(ξ1, ξ1)

A
(3)
1 = Lψ2 − 2Jψ1 +D3S(ξ1, ξ2)

A
(4)
1 = Lψ3 − Jψ2 − 1

2sκJξ3 + 1
2D

3S(ξ2, ξ2)

A
(4)
2 = Lψ4 − sJψ2 + sD3S(ξ1, ξ3)

A
(5)
1 = Lψ5 − 2sJψ3 − Jψ4 + sD3S(ξ2, ξ3)

A
(5)
2 = Lψ6 + Jψ4 − sD3S(ξ1, ξ4) .

(4.7)

The strategy is to show that it is possible to set these six equations to zero, by
solving for ψj , j = 1, . . . , 6. Since L is symmetric and has a non-trivial kernel,
setting each term to zero involves satisfying a solvability condition. Remarkably,
all six equations are solvable if and only if

κ= 3〈〈ξ1, D3S(ξ2, ξ3)〉〉 − 3〈〈ξ1, D3S(ξ1, ξ4)〉〉 − 〈〈ξ2, D3S(ξ2, ξ2)〉〉 . (4.8)

This expression for κ is important since it will appear later as the coe�cient of
the nonlinear term in the KdV equation. A proof of this result is in Appendix A.

Set each of the terms in (4.7) to zero in the four equations (4.6), and take the
inner product of each equation with ξ4, . . . , ξ1 in turn, and use (3.11),

φX − q = O3

qX − sp = O3

φT 〈〈Mξ1, ξ2〉〉 − (pX + I − 1
2κq

2) = O3

qT 〈〈Mξ2, ξ1〉〉+ 2φφT 〈〈Mψ1, ξ1〉〉 − IX + φ(pX + I)〈〈Jψ4, ξ1〉〉 = O3 .

De�ne
m12 = 〈〈Mξ1, ξ2〉〉 , (and assume that m12 6= 0) . (4.9)

The skew-symmetry MT =−M then gives m21 =−m12. Now, substitute for
(pX + I) from the third equation into the fourth

φX − q = O3

qX − sp = O3

m12φT − (pX + I − 1
2κq

2) = O3

−m12qT − IX + (2〈〈Mψ1, ξ1〉〉+m12〈〈Jψ4, ξ1〉〉)φφT = O3 .

(4.10)

The next step is to show that the term proportional to φφT can be transformed
away. This can be done by introducing a transformation q= q̃ + bφ2. Substitution
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into (4.10) leads to the following equation for b,

0 = 2b〈〈Mξ2, ξ1〉〉+ 2〈〈Mψ1, ξ1〉〉+m12〈〈Jψ4, ξ1〉〉 .
After some simpli�cation, the equation for b reduces to

2bm12 = a3〈〈Mûθθ, ûθ〉〉+ sm12〈〈ξ4, D3S(ξ1, ξ1)〉〉 .
Hence, if m12 6= 0 this equation uniquely de�nes b.

After transformation, neglect of the cubic O3 terms, neglect of terms of order
ε6 and higher, and re-ordering of the equations to emphasize the symplectic
formulation of the steady part, the reduced equation is

−m12uT − IX = 0

m12φT − pX = I − 1
2κq

2

φX = q

qX = sp .

(4.11)

To see that (4.11) is the KdV equation, di�erentiate the second equation with
respect to X, and eliminate φ, I and p reducing it to

2m12qT + κqqX − sqXXX = 0 . (4.12)

It remains to show that the coe�cients in this KdV equation have a geometric
interpretation, and this is done in the next section.

5. Geometry of the coe�cients of the KdV equation

In this section the coe�cients of the KdV equation (4.12) are given a geometric
interpretation. Start with the coe�cient of the time-derivative term. From the
de�nition (4.9)

m12 = 〈〈Mξ1, ξ2〉〉= a2〈〈Mûθ, ûk〉〉 .
Using the de�nition of A(k) in Appendix B,

A′(k) =
1

2π

∫2π
0

1
2〈Mûθk, û〉 dθ +

1

2π

∫2π
0

1
2〈Mûθ, ûk〉dθ=

1

2π

∫2π
0
〈Mûθ, ûk〉 dθ ,

after integration by parts and using periodicity. But the latter term is a−2m12,
and so

m12 = a2A′(k) . (5.1)

To prove that the coe�cient κ in (4.11) is proportional to the second derivative
of the wave action �ux, start with the de�nition of wave action �ux in Appendix
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B and di�erentiate,
B′(k) = 〈〈Jûθ, ûk〉〉 . (5.2)

Taking the second derivative

B′′(k) = 〈〈Jûkθ, ûk〉〉+ 〈〈Jûθ, ûkk〉〉 . (5.3)

The key is to note that ξ1 = aûθ and ξ2 = aûk and then use the equations for the
second derivatives (3.14). First de�ne

Γjli = 〈〈ξi, D3S(ξj , ξl)〉〉 , (5.4)

and note that it is invariant under permutation of its three indices (cf. (3.15)).
Calculating,

B′′(k) = − 1
a〈〈Jξ2, ûkθ〉〉+ 1

a〈〈Jξ1, ûkk〉〉

= − 1
a〈〈Lξ3, ûkθ〉〉+ 1

a〈〈Lξ2, ûkk〉〉

= − 1
a〈〈ξ3,Lûkθ〉〉+ 1

a〈〈ξ2,Lûkk〉〉

= − 1
a〈〈ξ3,Lûkθ〉〉+ 1

a〈〈ξ2,−D
3S(ûk, ûk) + 2Jûθk〉〉

= − 1
a〈〈ξ3,Lûkθ〉〉 −

1
a3

Γ22
2 − 2

a〈〈Jξ2, ûθk〉〉

= − 1
a〈〈ξ3,Lûkθ〉〉 −

1
a3

Γ22
2 − 2

a〈〈ξ3,Lûθk〉〉

= − 3
a〈〈ξ3,Lûkθ〉〉 −

1
a3

Γ22
2

= − 3
a〈〈ξ3,−D

3S(ûθ, ûk) + Jûθθ〉〉 − 1
a3

Γ22
2

= 3
a3

Γ12
3 + 3

a〈〈Jξ3, ûθθ〉〉 −
1
a3

Γ22
2

= 3
a3

Γ12
3 + 3

a〈〈ξ4,Lûθθ〉〉 −
1
a3

Γ22
2

= 3
a3

Γ12
3 − 3

a〈〈ξ4, D
3S(ûθ, ûθ)〉〉 − 1

a3
Γ22
2

= 3
a3

Γ12
3 − 3

a3
Γ11
4 − 1

a3
Γ22
2 ,

and so

a3B′′(k) = 3Γ12
3 − 3Γ11

4 − Γ22
2

= 3〈〈ξ3, D3S(ξ1, ξ2)〉〉 − 3〈〈ξ4, D3S(ξ1, ξ1)〉〉 − 〈〈ξ2, D3S(ξ2, ξ2)〉〉 .

Comparison with (4.8) shows that κ= a3B′′(k). Substitute into (4.12),

2a2A′(k)qT + a3B′′(k)qqX − sqXXX = 0 .

Now use the fact that

s= 〈〈Jξ4, ξ1〉〉= a2〈〈Jξ̂4, ξ̂1〉〉 ,
and then a scaling of the form q= aq̃ eliminates a, and a scaling of time eliminates
the factor 2, leaving

A′(k)qT + B′′(k)qqX + 〈〈Jξ̂1, ξ̂4〉〉qXXX = 0 .
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Now a uniform scaling of space and time and setting

K = sign
(
〈〈Jξ̂1, ξ̂4〉〉

)
=−s ,

then leads to the normal form of the q−KdV equation in (1.7). The connection
between Krein signature and the symplectic sign s is given in Appendix C.

This completes the derivation of the q−KdV equation (1.7).

6. Concluding remarks

The assumption of phase space dimension 4 in (1.4) and (1.6) can be relaxed,
depending on the position of the other Floquet multipliers. If all the other Floquet
multipliers are hyperbolic (even if there are an in�nite number) then the theory
goes through with a centre-manifold type reduction of the hyperbolic Floquet
multipliers. If at least one pair of other Floquet multipliers is elliptic then the
theory changes and it is likely that the KdV equation (1.7) will be accompanied
by another modulation equation.

No where in the formal construction and reduction to KdV is well-posedness
of (1.6) used. Indeed (1.6) can even be elliptic in time. However, for any validity
result involving evolution in time well-posedness of (1.6) will be necessary.

The basic spatially-periodic state was assumed stationary relative to an
absolute frame of reference. Suppose that it is stationary relative to a frame of
reference moving at speed c. Then (1.6) is replaced by

Mut + [J− cM]ux =∇S(u) , u∈R4 , (6.1)

and then the theory goes through as before with the steady system (1.4) replaced
by the c−dependent steady system in (6.1). The moving frame just brings in an
additional parameter.

A key structural requirement for the theory is that the PDEs can be formulated
as in (1.6). Some examples are (a) the de-focussing NLS equation (1.1), (b) the
good Boussinesq equation

utt + uxxxx = (u− u2)xx ,
and (c) the coupled mode equation (see Appendix D). Details of speci�c examples
will be considered elsewhere.

There are potential applications in the theory of water waves. Unsteady DSWs
appear in the theory of water waves when the depth is su�ciently shallow, since
the NLS model for water waves is defocussing in that regime (cf. Hasimoto &

Ono 1972, Infeld & Rowlands 2000).
However, the theory in this paper suggests that DSWs will emerge at �nite

amplitude if a saddle-centre transition of eigenvalues occurs in the linearization
about travelling waves. Indeed this is the case. Vandenbroeck (1983) computes
spatial Floquet multipliers along a branch of Stokes waves and notes the occurence
of a saddle-centre transition. At low amplitude, coupled to a mean �ow, Bridges
& Donaldson (2006) �nd saddle-centre transitions analytically. In Bridges &
Donaldson (2006) the saddle-centre transition is used as a basis for showing
that steady DSWs can emerge. The theory in this paper shows that this result
can be improved by showing the unsteady DSWs can also emerge.
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Appendix

Appendix A. Proof that solvability leads to κ

Since L is formally symmetric, with ξ1 in the kernel, it follows that

〈〈ξ1,Lψj〉〉= 0 , j = 1, . . . , 6 . (A-1)

Applying this to the six equations in (4.7), results in the two conditions

κ= 3〈〈ξ1, D3S(ξ2, ξ3)〉〉 − 3〈〈ξ1, D3S(ξ1, ξ4)〉〉 − 〈〈ξ2, D3S(ξ2, ξ2)〉〉 . (A-2)

and
2〈〈ξ1, D3S(ξ1, ξ3)〉〉= 〈〈ξ1, D3S(ξ2, ξ2)〉〉 . (A-3)

The equation (A-3) is satis�ed identically. To verify (A-2) consider solvability of
the �fth equation in (4.7), and use the symmetry of L, (3.10) and the second
derivatives (3.14) repeatedly,

0 = 〈〈ξ1,Lψ5 − 2sJψ3 − Jψ4 + sD3S(ξ2, ξ3)〉〉
= 2s〈〈Jξ1, ψ3〉〉+ 〈〈Jξ1, ψ4〉〉+ s〈〈ξ1, D3S(ξ2, ξ3)〉〉
= 2s〈〈Lξ2, ψ3〉〉+ 〈〈Lξ2, ψ4〉〉+ s〈〈ξ1, D3S(ξ2, ξ3)〉〉
= 2s〈〈ξ2,Lψ3〉〉+ 〈〈ξ2,Lψ4〉〉+ sΓ23

1

= 2s〈〈ξ2,Jψ2 + 1
2sκJξ3 −

1
2D

3S(ξ2, ξ2)〉〉+ 〈〈ξ2, sJψ2 − sD3S(ξ1, ξ3)〉〉+ sΓ23
1

= 3s〈〈ξ2,Jψ2〉〉+ κ〈〈ξ2,Jξ3〉〉 − s〈〈ξ2D3S(ξ2, ξ2)〉〉 − s〈〈ξ2, D3S(ξ1, ξ3)〉〉+ sΓ23
1 .

Noting that the last two terms cancel out, divide by s and use (3.11), then
solvability requires

κ = 3〈〈ξ2,Jψ2〉〉 − Γ22
2

= −3〈〈Jξ2, ψ2〉〉 − Γ22
2 =−3〈〈Lξ3, ψ2〉〉 − Γ22

2

= −3〈〈ξ3,Lψ2〉〉 − Γ22
2

= −3Γ11
4 + 3Γ12

3 − Γ22
2 ,

after repeated use of (3.10) and (3.14). This con�rms the expression for κ in (A-2).

Appendix B. Conservation of wave action

Systems of the type (1.6) have a geometrical formulation of conservation of wave
action (cf. Bridges 1997). Consider an ensemble of solutions u(x, t, θ) of (1.6)
which is 2π−periodic in the ensemble parameter θ. De�ne wave action and wave
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action �ux as

A(u) = 1
2

∫2π
0
〈Muθ,u〉dθ and B(u) = 1

2

∫2π
0
〈Juθ,u〉dθ . (B-1)

Conservation of wave action, At +Bx = 0, follows from

At +Bx =−
∫2π
0
〈Mut + Jux,uθ〉 dθ=−

∫2π
0
〈∇S(u),uθ〉 dθ=−

∫2π
0
Sθ dθ= 0 .

Now evaluate the wave action and wave action �ux on solutions with θ=
kx+ θ0, and normalize the integrals by 2π,

A(k) =
1

2π

∫2π
0

1
2〈Mûθ, û〉dθ and B(k) =

1

2π

∫2π
0

1
2〈Jûθ, û〉 dθ . (B-2)

It is the derivatives with respect to k of these two functions that appear as
coe�cients in the KdV equation.

Appendix C. Krein signature and the symplectic sign s

In this appendix, the connection between the symplectic sign s and the Krein
signature of the elliptic periodic orbit in the collision is established, and the choice
of signs e± in Figure 4 justi�ed.

The curve of periodic solutions appears in the reduced system as relative
equilibrium solutions of (4.11); that is,

q= q0 , p= 0 , φ= q0x+ φ0 , I = I0 , with I0 = 1
2κq

2
0 ,

with q0 and I0 constants. The (q0, I0) curve is a parabola and there are two
cases depending on the sign of κ. However, taking into account that there is a
change from hyperbolic to elliptic at the maximum (or minimum) of the parabola,
there are four cases and they are shown in Figure 5. It remains to establish which
branches are elliptic and hyperbolic and the Krein signature of the elliptic branch.

To determine ellipticity or hyperbolicity, only the steady system is required.
Linearize the reduced system (4.11) dropping the time derivatives0 0 −1 0

0 0 0 −1
1 0 0 0
0 1 0 0


φqI
p


X

=

0 0 0 0
0 −κq0 1 0
0 1 0 0
0 0 0 s


φqI
p

 . (C-1)

Taking solutions proportional to eµx results in the characteristic equation

0 = det

 0 0 µ 0
0 −κq0 1 µ
−µ 1 0 0
0 −µ 0 s

= µ4 − sκq0µ2 .

Hence the nontrivial exponents are

µ2 = sκq0 ,
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and they are hyperbolic if sκq0 > 0 and elliptic if sκq0 < 0. This con�rms the
labelling of hyperbolic and elliptic in Figure 5. For Figure 5 q0 should be
interpreted as k − k0, with B′(k0) = 0, and I0 should be interpreted at B(k)−
B(k0).

Now consider the elliptic case where −sκq0 > 0, and de�ne σ=
√
−sκc. The

complex eigenvector ζ corresponding to µ= iσ is

ζ =
1

σ3/2

 1
iσ
0
−sσ2

 . (C-2)

De�ne the Krein signature, K , associated with a purely imaginary eigenvalue,
with eigenvector ζ, in the linearization about an equilibrium, to be

〈Jζ, ζ〉= 2iK . (C-3)

The eigenvector ζ in (C-2) has been scaled so that the sign K =±1. Computing
the Krein signature for the eigenvalue iσ and eigenvector ζ gives

2iK = 〈Jζ, ζ〉=−2is ,

and so the Krein sign K equals −s. The resulting Krein signs of each branch
are then labelled in Figure 5 as e±; that is a branch with e+ has K = +1 and a
branch with e− has K =−1.

Appendix D. Multi-symplectic formulation of the coupled-mode equation

Consider M in (1.6) to be of the following form

M=

 0 1 0 0
−1 0 0 0

0 0 0 1
0 0 −1 0

 .
In this case the operators M and J have the interesting properties

M2 =−I , J2 =−I and MJ= JM .

These properties ensure that the operator M∂t + J∂x is a d'Alembertian operator
(symbol of a wave equation).

Taking S to be arbitrary, the system (1.6) has the form 0 1 0 0
−1 0 0 0

0 0 0 1
0 0 −1 0


u1u2v1
v2


t

+

0 0 −1 0
0 0 0 −1
1 0 0 0
0 1 0 0


u1u2v1
v2


x

=

∂S/∂u1∂S/∂u2
∂S/∂v1
∂S/∂v2

 ,
with coordinates u= (u1, u2, v1, v2). A special case of interest is the coupled mode
equation (Grimshaw 2000, Grimshaw & Christodoulides 2001, Grimshaw
& Skyrnnikov 2002, Derks & Gottwald 2005). To reduce to the coupled
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mode equation, take the Hamiltonian function to be

S(u) = 1
2α(u21 + u22 − v21 − v22) + 1

4a1(u
2
1 + u22)

2 + 1
4a1(v

2
1 + v22)2

+1
2a2(u

2
1 + u22)(v

2
1 + v22)

+1
2a3(u

2
1 − u22)(v21 − v22) + 2a3u1u2v1v2 .

Then with
A= u1 + iu2 and B = v1 + iv2 ,

the above system can be written in complex form

−iAt −Bx − αA = a1|A|2A+ a2|B|2A+ a3B
2A

−iBt +Ax + αB = a1|B|2B + a2|A|2B + a3A
2B ,

which is the familiar form of the coupled-mode equation. When a1 = a4 = 0, and
parameters are scaled so that α= a2 = 1, the equation reduces to the integrable
massive Thirring model (Derks & Gottwald 2005).
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