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Abstract 15 
 
Increased radio-sensitivity with increase in oxygen concentration across tumour-bearing regions is a 
potentially important aspect of radiotherapy. Representation of the oxygen distribution enables 
quantitative relationships to be obtained, specifically between tissue diffusivity, tissue metabolism, 
anatomical structure of blood vessels and oxygen gradients. We present a simulation of the 20 
heterogeneous distribution of oxygen partial pressure using a reaction diffusion model and demonstrate 
the possible effect of oxygen supply through neovasculature on the microcirculation process at the 
intracellular level. We extend the definition of the vascular source term to allow for more than one type 
of blood vessel and to allow for grid refinement calculations to be carried out in order to confirm the 
accuracy of the numerical results. Results from the model show the mean oxygen tension is within the 25 
range 5 – 18 mmHg for micro-vessel densities (MVDs) of 60 – 240 vessels/ mm2. With this, the 
hypoxic fraction is found to be in the range 0.061 – 0.657, the maximum oxygen diffusion distance 
being 198 µm using a MVD of 60 vessels/mm2. Development of this work allows the simulation of the 
uptake of various positron emission tomography (PET) reagents, such as 18F-FMISO and 64Cu-ATSM, 
and demonstrates their potential use in radiation therapy treatment planning as an indicator of tumour 30 
hypoxic regions. 
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1. Introduction 35 
 
Hypoxia plays a significant role in tumour resistance to radiotherapy and chemotherapy1,2 and 
also to surgery3. In radiotherapy the presence of oxygen acts as a sensitizing agent. 
Oxygenated cells are approximately two to three times more sensitive to radiation than the 
same cells that are hypoxic4. It has been reported that with the presence of 25 – 30 mmHg 40 
oxygen tension in tumour tissues during irradiation the lethal effect of the toxic free radicals 
increases significantly due to the significant increase of their lifetime, leading to a more 
effective therapeutic outcome5. This in turn may explain the poor local control in survivors of 
squamous cell carcinoma of the head and neck and cervix, where oxygen tension is less than 
10 mmHg6. 45 
 
The determination of the spatial extent of hypoxic regions is important in monitoring therapy 
response7, in the staging of disease which contributes directly to treatment management8 and 
in the delineation of tumour sub-volumes. The latter represents the spatial distribution of the 
hypoxic cells within the Gross Target Volume (GTV) for the purpose of radiation therapy 50 
dose painting techniques9.  
 



There is therefore a need for a feasible, reliable and noninvasive method to accurately 
determine the spatial distribution of hypoxic regions within the tumour. An ideal method 
would: distinguish necrotic cells from the viable hypoxic cells; be applicable to any tumour 55 
site; be simple to perform; be non-toxic and allow repeatable measurements. Clinically, 
among the techniques that are established in the literature to assess tumour hypoxia, the 
microelectrode oxygen probe is among the most widely used. Although the microelectrode 
probe provides a quantitative measurement it does not provide the spatial information, which 
is the key factor in target volume delineation in radiotherapy. Moreover, its invasive nature 60 
and technical limitations in distinguishing between viable hypoxic tumour tissue and necrotic 
tissue limits its use. In addition, the method has a poor access to deep located tumour sites 
such as primaries in the oesophagus, larynx and lung10. However, the method is applicable to 
certain tumour types, such as those of the head and neck, prostate, breast and soft tissue11. 
Furthermore, the turbulence effect caused by injecting the electrode needle reduces its 65 
reliability12.  
 
Diagnostic imaging using tracer markers, in particular nuclear medicine imaging modalities, 
is a potentially exciting approach that provides a distinctive opportunity to investigate the 
features of tumour hypoxia. For instance, positron emission tomography (PET) enables 70 
visualization of the various molecular pathways of tumours including metabolism, oxygen 
delivery and consumption, proliferation and receptor of gene expression13. 
 
Nevertheless, the challenge for hypoxia imaging is to demonstrate a phenomenon that occurs 
at a much smaller scale than that achieved with diagnostic imaging techniques, which have a 75 
spatial resolution of the order of 1 – 5 mm. To understand such complicated phenomenon a 
number of studies have attempted to describe tissue oxygenation based on theoretical 
methods. With a lack of oxygen and spatial heterogeneity a thorough understanding of the 
microcirculation phenomenon is essential. 

One method to quantify and characterize the tumour hypoxia microenvironment is through the 80 
use of mathematical simulations. Given an adequate knowledge of the measured physical 
parameters that specify tissue cell and blood vessel structure and architecture, one can use 
theoretical representations that describe the fundamental physical processes in order to assess 
oxygen heterogeneity in tumour vasculature. In this respect, a theoretical representation of 
oxygen distribution in 2D vascular architecture, using the reaction diffusion model starting 85 
from tumour sections, was represented by Pogue et al14 and adapted by Dasu et al15 and 
subsequently by Kelly and Brady16. One aspect of Kelly and Brady’s work addressed the 
argument that tumour oxygenation is a result of new blood vessels generated from 
neovasculature, and therefore supply is through venules. Kelly and Brady introduced a 
mathematical function, called the vascular map, into the model that describes the location of 90 
the blood vessels. However, the vascular map was only defined on the discretised spatial 
mesh for the simulations of the model. Kelly and Brady’s approach to defining the vascular 
mesh does not allow for computational spatial mesh refinement.  Mesh refinement is an 
important computational check required to check the accuracy and validity of numerical 
solutions.   95 

In this work we present a development to this work, where we allow for oxygen supply 
through two different types of capillary. We define the vascular map so that mesh refinement 
can be carried out and so that it, in principle, can easily be adapted to incorporate blood vessel 
locations found from experiments. With such a theoretical arrangement, one can study and 
address the difference in tumour oxygenation level given two possible supply scenarios (1) 100 
oxygen supplied through a mix of arterioles and venules, as an example of new blood vessels 
originating from pre-existing vasculature and (2) oxygen supply through venules, as an 
example of new blood vessels originating from neovasculature, following the discussion of 
Vaupel et al17. We then demonstrate the effect of the two possible supply scenarios on the 
overall spatial extent of hypoxic regions within the 2D tumour vasculature, defined here as 105 



the hypoxia fraction. All physical and biological baseline parameters applied in this work 
were determined from the current literature; see table 1. The motivation for such work is in 
the possible applications within radiotherapy treatment planning that a spatial knowledge of 
hypoxic regions may present in terms of dose painting. 

 110 
1.1 Oxygen microcirculation phenomenon   
 
In the human body the three major types of blood vessel are arteries, which generally have a 
circular shape, and capillaries and veins, demonstrating a semi-elliptical shape18. Only 
capillaries have intimate contact with tissue cells, directly providing for cellular needs. 115 
Movement of fluid along a capillary is dominated by the blood pressure gradient along the 
capillary. By the time blood reaches the capillaries, the blood pressure will have dropped to 
approximately 40 mmHg and by the end of the capillaries it is 20 mmHg or less. The direction 
and amount of fluid that flows across the capillary wall reflects the balance between the two 
dynamic and opposing pressures that control the mechanisms of delivery and washout, known 120 
as the hydrostatic and colloid osmotic pressures. This process is described in greater detail by 
Junquerira et al19 and Marieb20.  
 
Oxygen on the other hand has a further complicated pattern; as blood passes through the 
lungs, oxygen diffuses down its partial pressure gradient from the alveoli into the bloodstream 125 
where it combines with haemoglobin (Hb) in the red blood cells and is carried through the 
heart down into large and small arteries, finally branching into a capillary network to be 
drained into the collecting venules21. In this pathway, and particularly in the capillaries, 
oxygen is released from its carrier, the haemoglobin, at the arteriole end and transported by 
diffusion through the plasma into the capillary membrane to the tissue in a transverse 130 
direction to the capillary.  
 
In addition to the transverse direction, oxygen also moves along the capillary, down its partial 
pressure gradient, in an axial direction. In general, typical values for partial pressure in 
arteriole blood range from 80 – 100 mmHg22 and by the time the venule ends are reached it 135 
drops below 40 – 45 mmHg23. With such oxygen tension gradients, the axial movement 
through capillaries is maintained. This wide range of oxygen partial pressure (

2OP ) spectrum 
is found in blood, normal tissues, and malignant tissues22. The latter finding has also been 
confirmed by Torres Filho et al24, where no statistical differences between blood

2OP in normal 
and tumour blood vessels was found, although further work is necessary before any general 140 
conclusions may be drawn. The reversible combination of oxygen with myoglobin (Mb) will, 
at the cellular level in tissue, allow oxygen to be transported by diffusion in two ways: the 
diffusion of free oxygen, referred to as the oxygen partial pressure 

2OP  and measured in 
mmHg, and by diffusion of the complex myoglobin molecule that is usually measured in 
terms of oxygen concentration25.  145 
 
1.2 Vascular architectures and oxygen tension 
 
The major types of solid tumour, for example squamous cell carcinoma, glioma, adeno-
carcinoma (breast and pancreas) and sarcoma develop hypoxia because oxygen demand 150 
exceeds oxygen supply22. This oxygen deficiency can be related to a number of factors, such 
as low oxygen partial pressure in arterial blood as a result of pulmonary disease: it reduces the 
ability of red blood cells to carry oxygen as a result of anaemia, methemoglobin formation, or 
carbon monoxide poisoning; there is reduced tissue perfusion and inability of cells to use and 
metabolize oxygen because of intoxication22. In addition, oxygen has a limited diffusion 155 
distance ranging from 100 – 200 µm outside the vasculature3,26,27, therefore cells that continue 
to grow out of the tumour vasculature receive less oxygen and thus become hypoxic28.  
 



One way for the vasculature to overcome the issue of oxygen and nutrient deficiency is to 
develop new blood vessels whose origin can be from two different but yet existing 160 
populations: a vessel could be generated from (1) pre-existing host vessels, which provide the 
structure from which neovascularization arises and (2) it might also be generated from tumour 
micro-vessels that arise from neovascularisation as a result of tumour angiogenesis factors. 
With the existences of the two type of vessel generation in tumour vasculature, tumour 
regions can be classified into three major categories (1) well oxygenated regions maintained 165 
through pre-existing host vessels; (2) hypoxic regions, a subsequent development to 
neovascularization and (3) necrotic regions (dead region).  
 
In simple terms, when a new vessel is generated from pre-existing vascularity, a series of 
morphological and functional changes occur. First, the venules become tortuous, elongated, 170 
and often dilated to the extent that there is no increase in the micro-vessels density; this 
causes a reduction in the exchange area for oxygen and waste products. Arterial vessels on the 
other hand seem to remain functionally intact and probably maintain and respond to 
physiological and pharmacological stimuli. Conversely, when the vessel is generated from 
neovasculature the vessel usually originates from the venule side of the tumour mass so that 175 
the newly formed vascular network is both supplied and drained by venules. As a 
consequence, the oxygenation level in tumour tissue cells will be significantly reduced. This 
is simply due to the low initial oxygen partial pressure that reaches the supply end of the 
capillary.  In this circumstance a supply venule with a typical pressure of 40 mmHg or less 
and by the time oxygen reaches the drainage end of the capillary, which is also a venule, the 180 
oxygen tension typically decreases to 20 mmHg or less, as discussed in section 1.1. This is 
described in greater detail by Vaupel et al17.  
  
The deficiency in supply induces abnormal vascular architecture, being typically associated 
with a variable micro-vessel density based on different tumour types. However, MVD 185 
heterogeneity has even been seen in the same tumour cell-line29. For instance a histological 
section of neoplastic lymph nodes has shown a micro-vessel density range of 241 ± 72 
microvessels mm-2 30, while histological section of colon adenocarcinoma tumour cell-lines 
has shown MVDs in the range of 183.7 ± 33 microvessels mm-2 31. An average of 92 vessels 
mm-2 was seen in seven histological sections of fibrosarcoma tumour by Pogue et al14. Fenton 190 
et al32 have seen an average of 189 vessels mm-2 in sarcoma tumour cell-line. These are 
somewhat different to the values employed by Kelly and Brady16, who used a value of 58.1 ± 
9.5 microvessels mm-2. Further to the observation of Schor et al29, MVD heterogeneity is also 
influenced by tumour region. In two lung tumour masses, a higher MVD was observed at the 
tumour periphery, with an average of 203 vessels mm-2, while lower MVD was seen at 195 
midway and near the tumour centre (core), with an average of 172 and 92 vessels mm-2, 
respectively. In addition, such blood vessels are disorganized, heterogeneously distributed, 
permeable, leaky, twisted, unevenly distributed with irregular diameter and expressing 
unusual branching patterns29,33.  
 200 
2. The reaction diffusion model 

 
The theory of analytical presentation of oxygen diffusion from one capillary (blood vessels) 
into tissues was established by Krogh34. This was followed by the work of Hill26 and 
Thomlinson and Gray35, describing systems of simple geometry for which only analyses of 205 
individual vessels was feasible or tractable. While these simple models can predict oxygen 
distribution due to a single capillary, more realistic models are required in order to understand 
more complicated vascular architecture. Typically, more realistic vasculature architecture 
implies more complicated geometry, with blood vessels forming non-regular networks. Thus 
representation of such vasculature can no longer be approached analytically and numerical 210 
approaches are therefore required.  
 



In the literature a number of computational methods have been developed to simulate the 
spatial distribution of oxygen levels in tissue surrounding a network of microvessels. Secomb 
et al36 used a Green function approach to calculate oxygen heterogeneity in tissue, others14,15,16 215 
have used a finite difference approach. Some have considered a constant consumption 
rate14,34,37 independent of oxygen concentration in the tissue. Some studies15,16,36 considered 
the metabolic interaction process, where ideally oxygen consumption rate is a function of 
tissue oxygenation. Further to capillary arrangement, some studies have used an array of 
parallel and evenly spaced capillaries21 while Dasu et al15 and Kelly and Brady16 used an array 220 
of parallel but unevenly spaced capillaries.   
 
 
A theoretical representation of oxygen distribution in 2D vascular architecture, using a 
reaction diffusion model, was represented by Pogue et al14 and explored further by Dasu et 225 
al15 and Kelly and Brady16. In addition, Kelly and Brady16 introduced the mathematical 
representation of the supply term based on a supply term defined by Baxter and Jain38. With 
this addition, the reaction diffusion model simulating oxygen heterogeneity in 2D can be 
described as: 
 230 
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where 

2OP is the oxygen tension (mmHg) in tissue, 
2OD is the diffusion coefficient of oxygen 

(mm2 s-1), qmax is the maximum rate of oxygen consumption (mmHg s-1), and h is the oxygen 
tension (mmHg) at which the rate of oxygen metabolism as a function of oxygen tension is at 235 
half-maximum, 

2OPm is the capillary membrane permeability of oxygen (mm s-1), S/V is the 

surface area to volume ratio of the capillary (mm-1), 
2O

P vessel is the oxygen tension in the 
capillary and R(x,y), called the vascular map, is a function that describes the location of 
capillaries in the plane. Kelly and Brady defined R to be R = 1 if there is a capillary at that 
point and R is zero otherwise. The capillary locations were defined computationally in a 240 
similar manner to that described in section 2.2 but the vascular mesh was the same as the 
computational mesh. The consequence of making the vascular mesh and the computational 
mesh identical is that it becomes difficult to carry out computational mesh refinement to 
check that the numerical solutions to (1) are accurate: too coarse a computational mesh can 
lead to an inaccurate solution for (1), or worse still, a solution that is not consistent with (1). 245 
In order to avoid this we describe in section 2.2 how to define the vascular map in an 
appropriate way so as to allow for computational mesh refinement.  
 
2.1 Model refinements 
 250 
Further to the discussion on oxygen movement along the capillary in section 1.1, it is clear 
that oxygen may diffuse into tissue at any point along the capillary. Thus, a 2D cross section 
taken from a tumour vasculature would be a combination of a supply at a range of different 
partial pressures. Dasu et al15 allowed for a distribution of partial pressures of oxygen about a 
mean.  Here, we allow for a situation where there might be two distinct populations of vessels 255 
with significantly different mean partial pressures to allow for the possibility that some 
vessels may be arterioles and some venules. Thus, our mathematical representation of the 
reaction diffusion model becomes equation (2):  
 

21max
2

2

2

22

2
),,(

SS
hP

P
qPD

t
tyxP

O

O
OO

O ++
+

!"=
#

#
,     (2) 260 



where S1 represents oxygen supplied at partial pressure 
12vOP  and S2 represents the oxygen  

supplied at partial pressure , 
22vOP  which are mathematically represented by equation 3 and 4, 

respectively: 
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where  R1 is the vascular map describing vessels with an oxygen partial pressure of 

12vOP  in 
the 2D vascular environment and R2 is a function the vascular map for vessels with an oxygen 270 
partial pressure of  

22vOP  within the same vascular region. Given that two supply terms are 
now included, one can address the two existing scenarios (1) oxygen supplied through both 
the arteriole end and through the venule end, i.e. the case when new blood vessels originate 
from pre-existing vasculature and (2) oxygen supplied just from venules, an occurrence that is 
associated more in tumours, where new blood vessels are generated from neovasculature. The 275 
mathematical representation through equation 3 and 4, allow for varying the proportion of 
arterioles to venules and arrive at different scenarios that enable the visualisation of the 
cellular behaviour of tumour vascular architecture. This in turn enables one to study the 
different regions in the tumour vasculature. We will now define the continuous functions R1 
and R2. 280 
 
2.2 Vascular architecture 
 
Of note is that vascular structures and geometry play a significant role in the amount of 
oxygen that is being delivered to the cellular region, it also results in oxygen heterogeneity. In 285 
this work the vascular architecture is defined in 2D with vessels passing perpendicularly 
through the cross sectional 2D plane. The location of the capillaries in the plane (vascular 
map) is described by the function R(x,y). Capillaries are randomly distributed (i.e. unevenly 
spaced) in the imaging plane on a fixed equal-spaced Cartesian mesh, (xi,,yj), known as the 
vascular mesh. 290 
 

! 

(xi,y j )=(i"x , j"y) , i, j=0,1,..........,N  
 
where ∆x = ∆y=L/N is the mesh step size, (N+1)2 is the total number of possible capillary 
sites and L is the length of the domain. The grid points on the vascular mesh are randomly 295 
assigned a value Rij of one with a probability of p (for a vessel) or zero with a probability of 
(1-p) (for no vessel).  This random assignment of zeros and ones is known as a Bernoulli 
process i.e., 

! 

P(Ri, j =1) = p  and 

! 

P(Ri, j = 0) =1" p, where p is defined as: 
 

M
rMVDp
2!"

=   ,         (5) 300 

 
where MVD is the micro-vessel density (number of vessels per unit area), r is the capillary 
(blood vessel) radius and M is the area of the vascularity, in this case 1 mm2. The vascular 
map, R(x,y), is then defined as  
 305 
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where xi are the vascular mesh points and the function f describes the shape of the capillary at 
(xi,,yj) normalized so that at the centre of the capillary f(0,0)=1. Several possible choices for f 
are: 310 
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f (0,0) =1 and zero otherwise 
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elliptical capillary. 

 315 
For the last two possibilities, we require 

! 

"  and 

! 

"  to be very much smaller than the vascular 
mesh step size 

! 

"x  and 

! 

"y  so that the capillaries are well defined and 

! 

maxR(x,y) "1. For 
the purpose of this paper, we choose the second possibility for the function f. 
 
The proportion of arterioles and venules in the tissue is defined using another Bernoulli 320 
process at each of the vascular mesh grid points, Ai,j. i.e., Sji pAP == )1( ,  if a grid point 

represents a vessel with partial pressure
12vOP  is and Sji pAP !== 1)0( ,  if the grid point 

represents a vessel with  partial pressure 
22vOP . With such a representation, one can vary the 

individual probability of pS and arrive at different tumour vascular capillary distributions. We 
can now define the two vascular maps as 325 
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For the purposes of this paper, we only consider the case where 
2
1

=Sp . 

 
The location of the capillaries found experimentally may also be used to define R. In this case, 
R would be formed as the summation of f(x-xi,y-yj) (similar to equation (6)), where (xi,yj) are 
the experimental locations of the capillaries.  335 
 
3. Methods  

 
3.1 Simulation conditions 

 340 
In this work, the simulation for a 2D sectional tumour is considered. A simplified schematic 
diagram is shown in Figure 1, with the number of micro-vessels per unit area or volume in a 
tumour varying according to location from the tumour surface. Although this is not a 
universal tumour vessel arrangement, it was observed29 in two lung tumour masses. The blood 
vessel population depicted in Figure 1 is a representation of a combination of arterioles and 345 
venules. It should be noted that this geometry has not been specifically used in the 
simulations. 



 
All simulations have been coded in 2D for a vasculature size of 1 mm2, use being made of 
Matlab 2007b. We discretize the Laplacian operator using central finite differences on a 350 
computational mesh and time step using the alternating direction implicit (ADI) method; see 
Li et al39. The computational mesh is different from the vascular mesh but with the grid points 
of both meshes aligned. Taking into consideration the size difference between capillaries and 
tissue cells, the choice for the vascular mesh has been made so that ∆x and ∆y = 0.04 mm, i.e. 
the typical blood vessel radius, for a mesh size of (25 !  25). Conversely, the choice for the 355 
computational mesh has been made so that ∆x and ∆y = 0.003 mm, so that the numerical 
solution has an absolute error of 10-2 for a given vascular mesh 
 
In this simulation, the oxygen diffusion coefficient 

2OD is assumed to be spatially constant in 
tissue cells, which implies tissue heterogeneity, i.e. one makes the assumption of bulk 360 
diffusion. Typically, this is not absolutely valid, however, the use of an average diffusion 
coefficient approximation has been shown to be satisfactory14,15,16,34. Oxygen movement is 
assumed to be dominated by diffusion. Diffusion is an important means of passive membrane 
transport for all tissue cells. In the present work axial diffusion along the capillaries is 
neglected and the net diffusion at the tumour edges is set to zero. The spatial distribution of 365 
the heterogeneity of oxygen tension is achieved by evolving the solution of equation (2) to a 
steady state. The random distribution of blood vessels (capillaries) through the 2D cross 
sectional vasculature would appear to be a reasonable basis upon which to simulate the 
vascular shunt relaxation and contraction (i.e., opened and closed vessel) mechanisms and the 
typical heterogeneous distribution of blood vessel in tumour vasculature  370 
 

 
Figure 1. Schematic illustration of differing blood vessel density with regional location within 
the tumour, with peripheral region usually representing the highest MVD, centre region 
representing the lowest MVD and midway region comprised between tumour periphery and 375 
the centre, such MVD heterogeneity within tumour regions was observed in two lung tumours 
by Schor et al29. 
 

 3.1 Data assessment 
 380 
All dataset analysis is evaluated with respect to the two given scenarios: (1) generation of an 
oxygen map using supply through arterioles and venules and; (2) generation of an oxygen 
map using supply through venules with two different (low) values of the partial pressure, as 



presented in equation 2. In addition, oxygen maps are also generated using supply through 
venules, i.e. as depicted in Kelly and Brady’s work16. This in turn allows comparison with the 385 
stated second scenario. The level of oxygenation within a tumour region is expressed in terms 
of the mean and a mean variation given by the standard deviation. 
 
A comparative analysis of oxygen heterogeneity is also discussed by demonstrating the 
different tumour-bearing regions that can be seen in our simulated system of vasculature, 390 
based on what is seen in a typical EF5 immunostaining image. Regions in EF5 
immunostaining image vasculature can be classified into blood vessels (i.e. arterioles and 
venules) and tissue cells, with the latter being further classified into hypoxic regions and 
necrotic regions. 
 395 
Clinical investigation of hypoxic tissue areas, typically with Po2 values of ≤ 2.5 mmHg have 
been shown to be a characteristic pathophysiological feature of locally advanced solid 
tumours and to occur across a wide range of human malignancies of the breast, uterine cervix, 
head and neck, rectum and pancreas, brain tumours, soft tissue sarcomas, and malignant 
melanomas40,41. However, a study by Höckel et al23 on 106 cervical cancer patients used a cut 400 
off value of 10 mmHg, while a similar study on 103 cervical cancer patients used a cut off 
value of 5 mmHg42. In this study we define oxygen threshold values to express the level of 
hypoxia in respect of different tumour types, with hypoxia represented by areas of less than 5 
mmHg. This allows comparison with the findings of other theoretical work, for instance Kelly 
and Brady16. Herein hypoxic fraction is defined by binary datasets (with pixel values of 1 and 405 
0). One way to do this is by thresholding the simulated vasculature into two regions: (1) 
hypoxic regions where oxygen tension is for example ≤ 5 mmHg, represented in white, and 
(2) the rest of the vascular regions, accounting for areas of oxygen tension, for example > 5 
mmHg, represented in black. This arrangement in white and black allows calculation of the 
hypoxic fraction (HF), which is given by the area of hypoxic tissue divided by the total 410 
simulated vascular area16. This metric of hypoxia extent can also be defined as the area of 
hypoxic tissue as a percentage of the total tissue area.  
 
In addition, the maximum oxygen diffusion distance is evaluated by calculating the number of 
pixels in the simulated datasets given that point grid intervals ∆x and ∆y are known. Oxygen 415 
diffusion distance herein will be defined as the distance from a blood vessel to wherever 
oxygen tension drops to zero mmHg. Similarly, coexistent regions of hypoxia are defined as 
the distance from a blood vessel to wherever oxygen tension is below 5 mmHg.  
 
4. Results 420 

 
4.1 Baseline values 

 
As previously mentioned, all physical and biological baseline parameters applied in this work 
were determined from the current literature and are given in Table 1. The surface area to 425 
volume ratio was calculated as: 
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where r is the capillary radius.  430 
 
Table 1: Baseline parameters applied in the model. 

Parameters Present choice of values Reference 



Diffusivity of oxygen 

into tissue (
2OD ) 

2 ! 10-3 mm2 s-1 (15,16)  

Permeability of 

tumour to oxygen 

(
2OPm ) 

0.03 – 0.3 mm s-1 (43,16)  

blood vessel radius (r)  10 µm  (20,16) 

Surface area to 

volume ratio  (S/V), 

measured in human 

tumours 

170 – 285 mm-1 (33)  

Maximum rate of 

oxygen consumption 

(qmax) 

15 mmHg s-1 (15,16) 

Oxygen tension at 

half maximum rate (h) 

2.5 mmHg (15,16) 

 

 

4.2 Evaluation of simulated oxygen partial pressure 435 
 

The simulated mean and range (in terms of maximum and minimum level) of oxygen partial 
pressure in 2D tumour-bearing vasculature is addressed with respect to the following 
scenarios: (1) supply in pre-existing tumour vasculature, (2) supply in neovasculature tumour 
and (3) oxygen supply through venules (excluding the drainage term).  440 
 
 
4.2.1. Influence of the two-supply phenotype on tumour oxygenation  
 
The results of the simulation are depicted in Figure 2, which illustrate significant differences 445 
in tumour oxygenation level with respect to the two different but yet existing tumour 
vasculature supply phenotypes, which lead to changes in tumour oxygenation level.  The 
upper curve represented in Figure 2, signifies oxygen tension in a tumour vasculature that is 
supplied through arterioles (i.e. blood 

12vOP  = 100 mmHg) and through venules (i.e. blood 

22vOP  = 40 mmHg), while the lower curve represents oxygen tension in a tumour vasculature 450 
that is supplied through two types of venules (i.e. 

12vOP = 40 mmHg 
22vOP = 20 mmHg).  

 
The simulation results depicted in the upper curve show a wide range of oxygen tension 
values within tumour vasculature based on the variable micro-vessel density. With mean 
oxygenation of 19.25 ± 1.10 mmHg and up to 50.89 ± 1.69 mmHg in micro-vessel density of 455 
60 to 240 vessels mm-2, respectively. Conversely, the simulation results depicted in the lower 
curve show a mean 

2OP  of 5.00 ± 0.76 mmHg and up to 18.04 ± 0.57 mmHg in similar 
micro-vessel density of 60 to 240 vessels mm-2, respectively. In general high values of MVD 
are usually associated with higher oxygen tension in a given tumour section regardless of 
supply type.   Typically, as MVD increases the intravascular distance decreases, thus fewer 460 



cells are dependent on the limited oxygen supplier. The other major observation is the 
significant lower oxygenation level on the lower curve (neovasculaturization supply) if 
compared to the upper curve (pre-existing vasculature supply). This is directly related to the 
low level of oxygen in the blood at the supply side (i.e. venule in the case of neovasculature 
supply).  465 
 

 
Figure 2. Illustration of the significant differences in oxygen level in 2D tumour-bearing 
vasculature with respect to the type of supply, where the top curve represents simulation 
results of vasculature that is supplied through arterioles and venules, while the lower curve 470 
represents simulation results of vasculature that is supplied only by venules. 
 
The simulated mean and range of oxygen partial pressure in 2D tumour-bearing vasculature, 
given the two possible patterns of oxygen microcirculation, are herein compared with results 
reported by a number of clinical trials, involving cervical and head and neck carcinomas. In 475 
pre-treatment polarographic 

2OP  measurements in 133 patients with squamous cell carcinoma 
of the head and neck and 109 patients with locally advanced cervical cancer, significant 
differences in oxygenation between the primary tumours of head and neck (median 

2OP  = 12 

mmHg, ranging from 0 – 58 mmHg) and cervical cancer (mean and median 
2OP  = 16 mmHg 

and 10 mmHg, respectively) were reported40. Similarly, Vaupel et al17 reported median 
2OP  480 

values in patients with adenocarcinoma, cervix cancer and breast cancer to be 10 – 12 mmHg, 
15 and 17, respectively. In addition, Eppendorf oxygen measurements14 for seven 
fibrosarcoma tumours, yielded a mean and median 

2OP  of 10.4 ± 2.5 mmHg and 12.9 mmHg, 
respectively.  
 485 
Simulation results indicate that oxygenation in primary tumours of head and neck is 
consistent with simulation results obtained with neovascularization supply, with an agreement 
within 2 mmHg, generated using a MVD of 120 vessels mm-2.  Similarly, oxygenation level 
in locally advanced cervical cancer also seems to be dominated by neovasculature supply, 
with a discrepancy of ± 1 mmHg from clinical evaluation, generated using a MVD of 200 490 
vessels mm-2.  
 
4.2.2 Influence of a mixed population of venule supply terms on neovasculature oxygenation 
level 
 495 
The simulation results depicted in Figure 3 illustrate the difference between supply through 
venules or supply through venules at two partial pressures (i.e. neovasculature supply). The 



lower curve is generated with respect to microcirculation that is supplied through venules, 
half with a partial pressure of 40mmHg and half with a partial pressure of 20mmHg, and the 
upper curve is formed using venules with a partial pressure of 40mmHg only.  In Figure 3, the 500 
upper curve shows a wide range of oxygen tension values in neovasculature, with mean 
oxygenation of 5.00 ± 0.75 mmHg and up to 18.09 ± 0.57 mmHg in micro-vessel density of 
60 to 240 vessels mm-2, respectively. Conversely, simulation results on the lower curve show 
a mean oxygenation of 7.98 ± 1.10 mmHg and up to 26.7 ± 0.76 mmHg in similar micro-
vessel density of 60 to 240 vessels mm-2, respectively. The significantly lower oxygenation 505 
level in neovasculature supply is related to the continuous reduction of oxygen in the blood, 
even if the continuous development of new blood vessels through angiogenesis is still in 
progress. The model-based study of Pogue and co-workers14 using a MVD of 92 vessels mm-2 
allows comparison with our present model-based findings. With our present study using a 
MVD of 92 vessels mm-2 better agreement is obtained when involving neovasculature supply 510 
rather than supply through venules only. Our present study shows oxygen tension levels 
ranging from 0 – 18 mmHg; the Pogue study obtained oxygen tension ranges from 0 – 20 
mmHg.  
 
 515 

 
Figure 3. Demonstrates the significant influence of the extra term in oxygen level in 2D 
tumour-bearing vasculature that is conducted by neovasculature supply, with the upper curve 
generated using blood 

2OP  = 40 mmHg and 20 mmHg venule, respectively; the lower curve 

is generated using blood 
2OP  = 40 mmHg at the supplier venule. 520 

 
4.2.3. Oxygen heterogeneity 
 
The heterogeneous distribution of oxygen in a 2D simulation of tumour-bearing vasculature is 
shown in Figure 4 and is compared with typical EF5 immunostaining images in Figure 544. 525 
The scale in Figure 4 demonstrates the different level of 

2OP  in the simulated vasculature; the 
higher the scale reading of a contour the greater the oxygen tension. Contours are viewed 
against a tissue background oxygen tension that appears in white. Figure 4 has been generated 
using fixed blood vessel distribution with the neovasculature arrangement, supply and 
drainage through venules (panel A); the pre-existing vasculature arrangement, supply through 530 
arterioles and drainage through venules (panel B) and venules supply only (panel C) and a 
MVD of 60 vessels/mm2. Figure 5 allows discussion of the similarity of regions of 
organization in real tumour-bearing vasculature (right side) and simulated vasculature (left 
side).  In the simulated vasculature the points represent blood vessels (i.e., suppliers and 
drainers); the brighter a point the greater the oxygen tension. Blood vessels are viewed against 535 



a tissue background oxygen tension; for visual contrast, the darker the background the lower 
the oxygen tension.  
 
In the real tumour-bearing vasculature (right side of Figure 5) the blood vessels are 
represented on a colour scale from blue to red: blue areas being arterioles, which have more 540 
circular shape and venules, which have a semi elliptical shape. In the simulation very bright 
point sources represent the arterioles and less bright sources represent the venules; in this case 
the MVD is approximately 60 vessels mm-2, with a proportion of arterioles to venules of 
0.5:0.5. In addition, hypoxic regions in the real vasculature are represented in orange and are 
seen to occur at certain distances from existing blood vessels (either arterioles or venules), 545 
while necrotic (i.e. dead) regions appear in black and occur close to regions of high venule 
population.  
 



 
Figure 4. Simulated oxygen map in 2D tumour-bearing vasculature of dimension 1 mm2 and 550 
mesh size of (300 ! 300); (A) shows the generation of Po2 involving supply through arterioles 
and venules  (pre-existing supply); (B) shows the generation of Po2 involving supply through 
two different populations of venules (neovasculature supply) and (C) shows generation of Po2 
involving one population of venule, MVD is approximately 60 vessels mm-2. 
 555 



 
Figure 5: The similarity of organization in the different regions of a typical system of tumour-
bearing vasculature and simulated 2D tumour-bearing vasculature. The right panel shows the 
2D cross sectional view of EF5 immunostaining images taken from an adenocarcinoma 
tumour line vasculature44. Blood vessels are represented in blue, with arterioles taking on 560 
more circular shapes and venules taking on a semi elliptical shape. Hypoxic regions are 
represented in brown and appear to occur close to arterioles, while necrotic regions in black 
occur close to venules. The left hand panel shows a simulated 2D tumour-bearing vasculature 
with the same regional arrangement, although on a smaller scale. The immunostaining image 
is reprinted by permission of the Society of Nuclear Medicine from: Yuan H, Schroeder T, 565 
Bowsher JE, Hedlund LW, Wong T, and Dewhirst MW. Intertumoral Differences in Hypoxia 
Selectivity of the PET Imaging Agent 64Cu(II)-Diacetyl-Bis(N4-Methylthiosemicarbazone). J 
Nucl Med. 2006; 47(6): 989-998. Figure 4. 
 

4.2.3. Hypoxic fraction (HF) 570 
 
The simulated hypoxic fraction datasets, represented in Figure 6, demonstrate the significance 
of the MVD on the hypoxic level.  The model illustrates how significantly different HFs may 
occur in different tumour regions, with HF increasing significantly with low MVD tumours 
while it dramatically decreases with high MVD tumours. Tumours that show a pattern of high 575 
MVD near the surface and low MVD near the core would develop larger hypoxic regions near 
the core, as seen in some histological studies. Furthermore, Figure 6 illustrates a nonlinear 
relation with MVD, which in turn explains the significant level of hypoxia that is associated 
with large size tumours. In addition, Figure 6 demonstrates the influence of blood vessel 
origination and level of oxygen at the supply and drainage side of a blood vessel. In this case 580 
a hypoxia threshold value of 5 mmHg is used.  
 



 
Figure 6. A plot of Hypoxic Fraction (HF) versus MVD. The trend lines point to an inverse 
nonlinear relationship between hypoxia fraction and number of blood vessels per unit area or 585 
volume, in this case data presented using a threshold value of 5 mmHg.  
 

Detailed results are tabulated in table 2. Simulated hypoxic fraction datasets, represented in 
Figure 7 are compared herein with results reported by Yuan et al44 using EF5 immunostaining 
imaging and 64Cu-ATSM autoradiography imaging for a glioma cell line. Real values range 590 
from 0.165 ± 0.041 up to 0.208 ± 0.051 using EF5 immunostaining and 0.166 ± 0.067 up to 
0.441 ± 0.094 using 64Cu-ATSM. Simulated results using pre-existing supply (MVD of 240 
vessels mm-2) are 0.17 ± 0.007. Using a neovasculature supply with MVD of 90 vessels mm-2 
the results are 0.459 ± 0.030. The upper plots in Figure 7 are the binary oxygen distribution 
dataset, with black representing areas of oxygen tension > 5 mmHg and white representing 595 
areas of oxygen tension < 5 mmHg. The potential hypoxic areas in the top right panel in 
Figure 7 has been generated using arteriole and venule supply, with a proportion of arterioles 
to venules of 0.5:0.5.  
 

Table 2. The influence of blood vessel origination and blood oxygen level on HF, with a 600 
decreasing influence revealed with high MVD. HF is represented in terms of the mean and 
standard deviation between the measurements.  
 

MVD 
(vessels/ 

mm2) 

Data generated as Hypoxia fraction, HF < 5 
mmHg 

(mean ± SD, n = 10) 
240 venule supply 

pre-existing vasculature 
neovasculature 

0.030 ± 0.001 
0.017 ± 0.007 
0.061 ± 0.012 

200 venule supply 
pre-existing vasculature 

neovasculature 

0.044 ± 0.012 
0.021 ± 0.009 
0.086 ± 0.019 

170 venule supply 
pre-existing vasculature 

neovasculature 

0.069 ± 0.020 
0.036 ± 0.019 
0.0131 ± 0.045 

120 venule supply 
pre-existing vasculature 

neovasculature 

0.190 ± 0.040 
0.065 ± 0.046 
0.296 ± 0.046 

90 venule supply 0.292 ± 0.068 



pre-existing vasculature 
neovasculature 

0.113 ± 0.039 
0.459 ± 0.030 

60 venule supply 
pre-existing vasculature 

neovasculature 

0.500 ± 0.060 
0.265 ± 0.052 
0.685 ± 0.052 

 

 605 
Our study presents results for HF using a threshold value of < 5 mmHg and results are in good 
agreement with previous model based studies of Pogue et al14, Dasu et al15 and Kelly and 
Brady16. In Pogue et al14 the hypoxia fraction in well-oxygenated regions (i.e. pre-existing 
vasculature) using a MVD of 92 vessels mm-2 was less than 15%. In well-oxygenated regions 
in our study (i.e. MVD of 90 vessels mm-2) the HF is < 12%. Likewise the finding of Dasu et 610 
al15 show HF percentage ranging from 2.2% up to 40.3% in different tumour regions. In our 
study HF ranges from 1.7% up to 26.5% for different MVDs in pre-existing vasculature, 
whereas neovasculature supply has a higher HF percentage ranging from 6.1% up to 68.5% 
for different MVDs. 
 615 

 
Figure 7. Mapping of hypoxic fraction areas, the upper maps represent simulated data (of 
linear extent 1000 µm), while the lower maps represent real data (linear extent unknown). The 
areas in white represent hypoxic tissue cells in a 2D cross sectional mapping of tumour-
bearing vasculature. The simulated data at the top right panel have been generated using 620 
arteriole and venule supply whereas in the top left panel the data has been generated using 
arteriole supply only. The real data in the lower maps are taken from Yuan et al44, the lower 
left panel being an autoradiography image traced with 64Cu-ATSM while the lower right 
panel is an EF5 fluorescent stained image. The thresholded image is reprinted by permission 
of the Society of Nuclear Medicine from: Yuan H, Schroeder T, Bowsher JE, Hedlund LW, 625 



Wong T, and Dewhirst MW. Intertumoral Differences in Hypoxia Selectivity of the PET 
Imaging Agent 64Cu(II)-Diacetyl-Bis(N4-Methylthiosemicarbazone). J Nucl Med. 2006; 
47(6): 989-998. Figure 1. 
 

4.3 Oxygen diffusion distance 630 
 

The analytical solution of the simplest reaction diffusion model, introduced by Hill26 to 
estimate the maximum oxygen diffusion distance from one blood vessel, show a maximum 
diffusion distance of 143 µm. In contrast, in vivo and in vitro analyses have shown a wide 
diversity of values when measuring maximum oxygen diffusion distance, ranging from 70 – 635 
200 µm. The wide range of oxygen diffusion distance is directly related to the major impact of 
oxygen consumption rate. The latter usually varies from 4.44 – 11.85 mmHg s-1 (14). 
 
In this work, a comparison has been made between oxygen diffusion distance data taken from 
Hill26, Padhani45and Isa et al3 and simulated values. Real values vary from 70 – 200 µm, 640 
whereas simulated results of neovasculature with MVD of approximately 120 vessels/mm2 are 
43 – 168 µm. Simulated results of neovasculature with MVD of approximately 60 
vessels/mm2 are 46 – 198 µm.  In the studies from Ljungkvist et al46 and Padhani45, hypoxic 
cells appear to occur 50 – 100 µm from blood vessels, whereas in simulated results for a 
neovasculature supply and MVD of approximately 60 vessels/mm2, hypoxic cells are 33 – 645 
125 µm from blood vessels.  
 
5. Conclusions 

 
Hypoxia and oxygen distribution are a heterogeneous problem. Therefore, tumours that 650 
appear identical in clinical and radiographic examination may vary significantly in the extent 
of their hypoxia, as demonstrated in Figures 4 and 5. Tumour-bearing vasculature can be 
classified into three major regions: (1) diffusion related hypoxia, caused by the increase of 
oxygen diffusion distances as a result of tumour expansion; (2) necrotic regions, known as the 
dead region, and; (3) blood vessels. These have been represented in Figure 5 as follows: red 655 
point sources are simulated suppliers (arterioles in pre-existing vasculature and venules in 
neovasculature) and light yellow point sources are simulated drainers (venules in pre-existing 
vasculature and neovasculature). In this study we have employed the available measurements 
of spatially averaged tissue oxygen partial pressure, together with the spatial images of 
hypoxia between capillaries, to validate our prediction of tumour vasculature oxygen 660 
heterogeneity. Comparison has been made between real and simulated values of oxygen 
tension in head and neck cancers and cervical cancers, where oxygen tension in advanced 
head and neck cancer is < 10 mmHg. 
 
The simulation of tumour-bearing neovasculature is shown to be in good agreement with real 665 
values for cases in which the mean oxygen tension in regions with high MVD is less than 19 
mmHg. For regions with low MVD the agreement is good for areas in which the mean 
oxygen tension is approximately 5 mmHg. Our development of the reaction diffusion model, 
as described in equation 2, allows for quantitative analyses of oxygen spatial distribution in 
tumours. It also enables areas of necrotic and hypoxia in different tumour regions to be 670 
established. With the representation of two distinct supply populations, one is able to vary 
blood vessel density together with changing the proportion of each type of supplier, allowing 
different scenarios to be examined and enabling visualization of the microcellular behaviour 
of tumour-bearing vascularity. In tumours that show a regular pattern of MVD distribution, 
ranging from the tumour periphery (with a high potential for growth in micro-vessel density, 675 
supporting the idea of tumour angiogenesis) to the tumour core (with severe lack of blood 
vessels), one can relate tumour vasculature geometry to oxygen heterogeneity and predict 
potential hypoxic regions within tumour.  
 



This finite difference based simulation model can be used to examine the typical range of 680 
vasculature oxygen concentrations in hypoxic tumour and provide information about the 
realistic oxygen concentration heterogeneity existing in tumour tissues. However, the major 
limitation with theoretical based studies is that actual regional data is incomplete and 
validation of results is difficult. The use of stained sectional images or microelectronic 
oxygen probes to provide input data usually results in partial regional data. Thus, estimation 685 
of capillary oxygen concentration is a probability estimate rather than the exact value. 
However, with these calculations one can visualize factors that influence tumour vasculature 
oxygen heterogeneity. In addition, the representative variability between micro-vessels 
density in the same tumour can help in understanding tumour vasculature heterogeneity. 
 690 
We note that oxygen diffusion distance for our model is within an order of magnitude to that 
seen experimentally. However, all current models of oxygen partial pressure fail to give 
oxygen diffusion distances of the correct order of magnitude and further work is required to 
ascertain the best model. In the current study, the simplified 2D simulation assumes that 
oxygen diffuses only within the plane and that all the capillaries are oriented orthogonal to the 695 
2D plane section. However, capillaries are randomly distributed in the domain. Further work 
is required to develop a 3D model. 
 

Further work is also being developed to simulate the uptake of various PET reagents, such as 
18F-FMISO and 64Cu-ATSM, to demonstrate their potential use in radiation therapy treatment 700 
planning as an indicator of tumour hypoxic regions47. In the present work, our refinement of 
vascular geometry by introducing two different sizes of mesh to replicate the typical size of 
tissue cells and blood capillaries, has significantly improved a number of numerical analysis 
issues. With this mathematical approach, (e.g., the smaller tumour vasculature mesh interval) 
simulation results offer a more detailed representation, leading to reduced uncertainty.  705 
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