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Abstract

This thesis is concerned with the analysis of multi-dimensional localised solutions of three

nonlinear partial differential equations.

In Chapter 2, numerical evidence is presented for the existence of stable heteroclinic cycles

in large parameter regions of the one-dimensional complex Ginzburg-Landau equation on the

unit, spatially periodic domain. These cycles connect different spatially and temporally inho-

mogeneous time-periodic solutions as time tends to plus or minus infinity. A careful analysis

of the connections is made using a projection onto 5 complex Fourier modes. An analytical

criteria for temporal stability is established for cycles of Shil’nikov type. Implications for

observed spatio-temporal intermittency in situations modelled by the CGL are discussed.

Chapter 3 sets out a numerical method which efficiently computes stationary (indepen-

dent of propagation distance) two- and three-dimensional spatiotemporal solitons in second-

harmonic-generating optical media. The method relies on a Chebyshev decomposition with

an infinite mapping, bunching the collocation points near the soliton core. Known results

for the so-called type-I interaction are extended and a stability boundary is found by two-

parameter continuation as defined by the Vakhitov-Kolokolov criteria.

Criteria for nucleation of spatially localised patterns in 2D is presented in Chapter 4. First,

we start with a generic pattern formation equation, namely the Swift-Hohenberg equation,

and develop an asymptotic method to reduce the nucleation process of localised squares

(and other localised patterns) to finding positive, localised radial solutions of a variational

semilinear elliptic equation. Using energy arguments we predict when such pulses connect

with a periodic cellular pattern. Numerical simulations of the Swift-Hohenberg equation are

then presented, showing the existence of localised square and other patterns.

Motivated by these results, in Chapter 5, we present rigorous estimates on the size of the

attractor of the time-dependent Swift-Hohenberg equation in large or unbounded domains.

We use weighted spaces to allow for solutions which decay to non-zero stationary states at

infinity. We also prove the existence of strong solutions of the Swift-Hohenberg in these

weighted spaces.
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Chapter 1

Introduction

Many physical systems can be modelled by sets of mathematical equations which govern

the evolution of deterministic variables over space and time. Such models arise in a variety

of contexts from fluid systems [98] to biological processes [108] and optical devices [24].

Analysing the behaviour of these models allows us to predict and understand the possible

behaviour of the physical systems. What are the steady states of the system? How does

the varying of a parameter effect the long-term behaviour of the system? Bifurcation theory

provides a basis to systematically investigate these models for invariant sets e.g., equilibria

or time-periodic orbits, and to assess whether they are stable or unstable.

Typically, these models yield partial differential equations (PDEs) governing the evolution

of system states with time, in two or more spatial coordinates. Exploring the behaviour of

PDEs using bifurcation theory provides many challenges both numerically and analytically.

Of particular interest, is understanding the formation, existence and stability of localised

pulses in PDEs. Localised pulses have a long history in hydrodynamics where they were first

discovered by a Scottish engineering called John Scott Russell in 1834 while undertaking a

series of experiments to measure the relationship between a boat’s speed and its propelling

force. He called this pulse ‘the great wave of translation’ and in his Report on waves [123]

described how he discovered this wave:

’I was observing the motion of a boat which was rapidly drawn along a narrow channel by

a pair of horses, when the boat suddenly stopped - not so the mass of water in the channel

which it had put in motion; it accumulated round the prow of the vessel in a state of violent

1



CHAPTER 1. INTRODUCTION

Fig. 1.1: Recreation of John Scott Russell’s soliton in 1995; from

www.ma.hw.ac.uk/solitons/press.html. Printed with permission from Heriot-Watt Univer-

sity.

agitation, then suddenly leaving it behind, rolled forward with great velocity, assuming the

form of a large solitary elevation, a rounded, smooth and well-defined heap of water, which

continued its course along the channel apparently without change of form or diminution of

speed. I followed it on horseback, and overtook it still rolling on at a rate of some eight or

nine miles an hour, preserving its original figure some thirty feet long and a foot to a foot

and a half in height. Its height gradually diminished, and after a chase of one or two miles

I lost it in the windings of the channel. Such, in the month of August 1834, was my first

chance interview with that singular and beautiful phenomenon which I have called the Wave

of Translation.’

The next year he built a 30ft tank to carry out experiments on this ‘great wave’. The

canal incident described above, was recreated at the original site, in 1995 at the Scott Rus-

sell Aqueduct near Heriot-Watt University; see http://www.ma.hw.ac.uk/solitons/press.html

and Figure 1.1.

In 1895, Korteweg and deVries published a theory of shallow water waves describing

2



the essence of Russell’s problem. Their key result was the derivation of a nonlinear partial

differential equation, which bears their name (KDV) and may be written in the form

∂u

∂t
+ c

∂u

∂x
+ ε

∂3u

∂x3
+ γu

∂u

∂x
= 0, (1.1)

where u(x, t) represents the height of the wave above the undisturbed fluid level and c is

the speed of small amplitude waves, ε is a parameter measuring dispersion, and γ = 3c/2d

measures the strength of the nonlinearity where c is the speed of small amplitude waves and

d is the depth of the channel. They showed that this equation had a pulse, sech2(κ(x− ct))

solution if one moved to a travelling frame x− ct, see Figure 1.2. In particular it was found

that the equation written in dimensionless form

∂v

∂t
+ 6v

∂v

∂x
+
∂3v

∂x3
= 0, (1.2)

has the explicit pulse solution

v = 2κ2sech2[κ(x− ct)], (1.3)

in which the effects of dispersion and nonlinearity are in balance.

Transverse coordinate

A
m

pl
itu

de
/L

ig
ht

 in
te

ns
ity

PSfrag replacements

Nonlinearity

Dispersion

Fig. 1.2: sech2 profile solution of the KDV equation (1.1).

Martin Kruskal and Norman Zabusky in 1965 discovered that if two of these pulse solu-

tions (1.3) centred on different origins of x, collided under the evolution of (1.2), they would

3
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pass through one another unchanged with no reduction in height or speed. They also dis-

covered that these pulses were highly stable and robust to strong perturbations. This special

nature of these pulses led to them to being called Solitons, a name to connote particle-like

qualities. The mathematical definition of a Soliton is a localised solution to an integrable

PDE (by integrable we mean possessing an infinite number of conservation laws; see [111]).

In nonlinear optics, the canonical amplitude equation (describing the evolution of the

envelope of a wave train) is the nonlinear Schrodinger equation (NLS)

i
∂q

∂t
+ ∇2q ± 2|q|2q = 0, (1.4)

where q(x, t) is a complex scalar field. This equation is valid when the underlying wave

packet is strongly dispersive, almost monochromatic and weakly nonlinear. Similar to the

KDV equation, the NLS is also integrable and has a sech solution. With the use of optical

fibres, light solitons provide a secure means to carry bits of information over many thousands

of kilometres [24]. The feature of solitons being able to pass through one another allows for

high bandwidths in the optical fibres to transmit large amounts of data.

There are other integrable PDEs which also have soliton solutions, e.g. the modified KDV,

Sine-Gordon and Kadomestev-Pelviashvili equations; see [128, 111]. Other non-integrable

PDEs have also numerically been observed to bear soliton-like pulses, which we also call

solitons, that have many similar properties of a soliton of an integrable system in that they

are robust to perturbations and can pass through one another with out significant diminishing

in height or speed (although typically a small amount of ‘radiation’ is shed in such a process).

Since most (almost all in a topological sense) evolution equations are non-integrable, the

analysis and computation of solitons for more general classes of PDEs has been the subject

of much study in the past decade; see e.g., [24] for applications in optics.

In one-spatial dimension, homoclinic theory provides a good explanation of the existence

and shape of solitons in general equations; see [27, 127] and references therein. Solitons

are the homoclinic orbits of a set of travelling-wave ODEs that move at the wave speed of

the soliton. That is, there exists a connection to the trivial state as the space variable, x,

goes from minus to plus infinity. Frequently, soliton-bearing equations have a reversibility

property (i.e., x 7→ −x) which allows for the homoclinic orbit to be structurally stable [27].

A close relative is the heteroclinic orbit which connects two different states as time/space

goes from minus to plus infinity which in the original equations correspond to fronts [127]. A

4



Fig. 1.3: The Severn Bore taken at Newnham and few surfers trying to ride it; from

http://www.severn-bore.co.uk/. Printed with Permission,

physical example of a front that occurs locally near Bristol is the Severn bore (see Figure 1.3

and http://www.severn-bore.co.uk/). It is a large surge wave that can be seen in the estuary

of the River Severn during a large spring tide and is the interface between the high upstream

water level and the low down stream water level.

Throughout this thesis, we look for localised solutions which are characterised by sudden

bursts of aperiodic, spatio-temporal evolution, ‘relaxing’ after a while to quasi-static states

(either equilibrium or periodic) for a long time. These solutions are localised since the sudden

bursting occurs over a relatively short period of time or space. In this thesis we are concerned

with localised solutions which require at least two independent coordinates to describe them.

The main problem is how to analyse and compute them. In this thesis we employ a variety

of analytical and numerical techniques to explore these localised solutions where one cannot

use simple 1D homoclinic or heteroclinic theory. Compared to 1D localised solutions, little

is known about localised solutions in higher spatial-dimensions since the techniques based

on ODEs developed in 1D cannot simply be extend to 2- and 3- dimensions. In this thesis

we explore localised solutions in three partial differential equations and show how one can

extend 1D techniques to explore these higher-dimensional solutions. Each equation models

a different physical process from laser pulses down an optical fibre to fluid turbulence and

5
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PSfrag replacements

Heat

Fig. 1.4: Cross-section diagram of the Rayleigh-Bénard convection experiment. A fluid is

heated from below with a temperature difference between the top and bottom plates. For

low temperatures the fluid is stationary. As the temperature is increased convection cells

form (see above), eventually as the convection cells destabilise and more complex structures

form. The CGL model is valid in an idealised version of this experiment where the plates

stretch horizontally to infinity.

pattern formation. Also each equation is a ‘canonical model’ which may be derived by some

(typically formal asymptotic) process as a normal form for more complex PDE systems, such

as the Navier-Stokes system for fluid flow under certain limiting conditions. We look at three

very different kinds of higher dimensional, localised solutions and therefore the bulk of the

thesis is split into three self contained parts comprising Chapter 2-4. Chapter 5 is somewhat

different and more or less stands alone as a rigorous approach to justifying the properties of

the localised solutions found in Chapter 4.

The first part, in Chapter 2, concerns a canonical model that explains onset of instability

in a variety of contexts, known as the complex Ginzburg-Landau (CGL) equation

∂q

∂t
= (1 + iν)∇2q +Rq − (1 + iµ)|q|2q, (1.5)

where ν, µ and R are real constants. The CGL has been derived in a variety of physical

contexts from nonlinear optics to fluid dynamics and it can be thought of as arising due to

a non-conservative perturbation of the NLS equation (i.e., the real terms of (1.5)). Under

periodic boundary conditions in space, the CGL models the onset of instability Rayleigh-

Bénard convection experiment where fluid is heated from below between two plates [110]; see

Figure 1.4. Solutions of the CGL on a periodic domain have been widely studied (see [98]

and references therein), but mainly for the parameter regime ν = −µ. The key reason for

most studies to concentrate on this choice is because in the limit ν = −µ → ∞ the NLS

is recovered from the CGL. Bifurcation structures for even, symmetric solutions, have been

6



traced out for ν = −µ = 4 by Luce [89], but is this structure generic? The simple answer

is no and we find, for parameter regions where ν 6= −µ, localised structures near the initial

bifurcation off the trivial solution not observed by Luce. These localised solutions connect

even, spatially dependent periodic states of the CGL (related by a spatial shift) as time tends

to plus and minus infinity and are only localised in time (not space). Since the connections

are robust, these localised solutions are known as robust heteroclinic cycles. Their study is

the concern of Chapter 2. It is thought that heteroclinic cycles are global organising centres

for spatio-temporal intermittency in fluid turbulence [75] and it is the O(2)-symmetry of the

CGL equation that allows for the existence of robust heteroclinic cycles.

In order to analyse these heteroclinic cycles we make a minimum Fourier truncation of

the CGL, reducing the problem to a system of 10 ordinary differential equations (ODEs).

‘Factoring out’ the complex phase symmetry of the ODEs we can consider the heteroclinic

cycle as a standard equilibrium to equilibrium cycle, see [75]. Since these cycles spend most

of their time near the equilibria, their stability is effectively governed by the eigenvalues of

the equilibria. Using standard Poincaré map analysis [76], we derive stability criterion for the

heteroclinic cycles and also predict what one might see when the cycle loses stability. This

criteria allows us to use numerical continuation software to trace out existence and stability

bifurcation diagrams. We then show how these results for the minimum Fourier truncation

apply to the full PDE and higher-order truncations. We observe a large number of new types

of heteroclinic cycles and heteroclinic dynamics that have not been seen in typical R
3 or R

4

ODE systems that have been previously studied.

Solitons in Kerr material optical fibres (described by the NLS equation), blow-up in 2- and

3-dimensions and the soliton solutions undergo wave collapse [24]. Chapter 3, is concerned

with existence and stability of solitons in optical materials with quadratic response where

blow-up does not occur. The equations governing solitons in quadratic response materials are

nonlinear due to interaction of the fundamental mode u(z, ρ, τ) with its own second harmonic

field v(z, ρ, τ). Owing to the traditional name of the quadratic term in the susceptibility

tensor, such a system is known as the χ(2) or second-harmonic-generation (SHG) equations

iuz + ∇2
ρu+ uττ − u+ vu = 0,

2ivz + ∇2
ρv + δvττ − γv +

1

2
u2 = 0, (1.6)

where u(z, ρ, τ) and v(z, ρ, τ) are complex functions and the diffraction operator ∇2
ρ =

∂2/∂ρ2 + [(D − 2)/ρ]∂/∂ρ where D = 2 or 3 is the spatial dimension of the transverse

7



CHAPTER 1. INTRODUCTION

coordinate ρ, z is the propagation distance along the fibre and τ is retarded time. Here

we have used optical coordinates where the propagation coordinate z is like time and that

τ (time) is like space (imagine a time trace on an oscilloscope propagating down a fibre).

These equations are non-integrable but still possess pulse solutions which are highly stable

and have all the main features of solitons in integrable systems. Since these equations are

non-integrable, numerical computation is required to explore the solitons and their stability.

In one-spatial dimension, the SHG equations are well known to support stable pulse solutions

and regions where they are stable have been traced out, see Buryak et al. [24].

In higher spatial dimensions, pulses known as light bullets, which are localised in all spa-

tial directions have been found in the SHG equations [24], see Figure 1.5 . Light bullets are of

interest since they are localised in both space and time. The existence and stability of station-

ary light bullets was initially carried out by Malomed et al. [91] who solved the initial value

problem (IVP) starting from a Gaussian pulse using a split-step Fourier method. Mihalache

et al. [100, 101] later carried out a more detailed exploration by solving the boundary-value

problem (BVP), discretising in space with finite-differences, using a Newton iteration scheme.

In both cases supercomputers were required to reduce the computational time to achieve the

required accuracy using such numerical schemes in 2 and 3 space dimensions.

In Chapter 3, we present a new numerical scheme to efficiently compute stationary spa-

tiotemporal solitons using a Chebyshev method with an infinite mapping to discretise in

space. This has the effect of bunching the collocation points near the soliton core and

reducing the number of equations needed to solve for the tails of the soliton. With this

discretisation scheme we can then use numerical continuation to continue the solution as an

equation parameter is varied. A necessary condition for stability of the computed soliton

can be calculated using the Vakhitov-Kolokolv criterion [130]. Though this condition is only

necessary for stability it frequently turns out to accurately predict the true stability boundary

and numerical computation of the linear spectrum verifies this.

The third major part of this thesis concerns a phenomenological model that also de-

scribes the generation of periodic patterns in a different limit of the Rayleigh-Bénard exper-

iment [139]. This is the so-called Swift-Hohenberg (SH) equation

∂u

∂t
= −∇4u− P∇2u− u+ γu3 − u5. (1.7)

More generally, the SH equation is a generic pattern formation equation describing the non-

linear interaction of plane waves [38]. This equation has also been used to describe pattern
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Fig. 1.5: A light bullet, localised in all directions.

formation in vibrated granular material [146] and the buckling of long elastic structures [65].

A long standing problem in buckling was that failure of subcritical structures such as long,

thin cylindrical shells typically occur at much lower loads P than the linear stability analysis

predicted. Recent theories of Hunt et al. [65] suggest that perfect structures would bifurcate

at the so-called Maxwell load PM . The key to understanding the problem is the subcritical

(Hamiltonian-Hopf) bifurcation off the trivial solution where a cellular pattern emerges at

P = 2 (in dimensionless variables). There exists a parameter region where both the cellu-

lar pattern and the trivial solution are stable and the Maxwell load occurs when there is a

heteroclinic connection between both solutions.

Hunt et al. [64, 65] (reported independently by Coullet et al. [33]) have a geometric

explanation for this connection to occur in 1-dimension based on homoclinic theory. Since

the SH equation inherits from the space isotropy the reversibility x 7→ −x, there exists

structurally stable homoclinic orbits to reversible states [27] (equilibria or periodic orbits).

When the initial bifurcation of the trivial state occurs, a pair of small amplitude homoclinics

emerge subcritically (in buckling problem these homoclinics correspond to a bowing of the

strut) and grow in height as P is decreased. Close to the Maxwell parameter value P = PM ,

there is a fold in the bifurcation diagram of the homoclinic pulses where they become stable

and begin to snake in a sequence of folds. At each fold a new bump in the pulse occurs and

eventually these folds tend to a heteroclinic connection from the trivial state to the cellular

periodic orbit at PM ; see Fig 1.6.

This explanation though cannot simply be extended into higher dimensions since the

stable and unstable manifolds forming the homoclinic connections are infinite dimensional

9
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Fig. 1.6: Bifurcation diagram for multipulses in the 1D Swift-Hohenberg equation with com-

peting nonlinearity. At each fold in the snake, on the lines P1 and P2, a new bump is formed

in the pulse. In the limit, a heteroclinic connection from the trivial solution to the cellular

pattern occurs at the Maxwell point PM .

if indeed they exist and there is no sense in which the spatial co-ordinates can be treated

as time-like variables. Hence, we need to develop a new understanding of localised pattern

formation in higher-dimensions. Figure 1.7 shows a ‘bird’s eye view’ of a localised hexagonal

pattern. In Chapter 4, we develop a multiple scales asymptotic method to analyse specific

localised patterns with dihedral symmetry. The problem is then reduced to looking for

a heteroclinic connection in a cubic-quintic Ginzburg-Landau amplitude equation. Using

variational methods we can then show that localised pulses exist and predict the Maxwell

point, PM . We then show the existence of stable localised patterns in the SH equation by

solving the IVP using a Fourier discretisation method in space and exponential time-stepping.

In Chapter 5, we prove the existence of strong solutions in the SH equation and derive bounds

for the long time behaviour of the solutions of the time-dependent SH equation.

These results shed light on how localised patterns form in generic situations. For example,

we explain how specific localised hexagon and triangular patterns form and provide criteria

for their formation.
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1.1. OVERVIEW OF THESIS

Fig. 1.7: Localised hexagon pattern.

1.1 Overview of thesis

Chapters 2 and 3 respectively are based on the following two papers:

• D.J.B Lloyd, A.R. Champneys and R.E. Wilson 2005 ‘Robust Heteroclinic cycles in

the one-dimensional complex Ginzburg-Landau equation’ Physica D 204(3-4) Pages

240-268 [88],

• D.J.B Lloyd, A.R. Champneys 2005 ’Efficient Numerical Continuation and Stabil-

ity Analysis of Spatiotemporal Quadratic Optical Solitons’ to appear SIAM J. Sci.

Comp. [87].

The material in Chapter 4 and 5 is yet to be published and is work still in progress provid-

ing a ‘snap-shot’ of new research. These chapters outline serveral new ideas and approches

for the problems tackled.

All chapters are self contained and have their own introduction and conclusion.

Chapter 2: deals with robust heteroclinic cycles in the complex Ginzburg-Landau equa-

tion (CGL). Section 2.1 contains the introduction with Section 2.2 outlines the problem and

numerical methods used. Analysis of the minimal Fourier truncation is carried out in Section

2.3. Heteroclinic cycles in the full PDE are discussed in Section 2.4 and in Section 2.5 we

draw some conclusions.

Chapter 3: presents an efficient numerical method for the computation of multi-dimensional

solitons. Sections 3.1 and 3.2 give an introduction and outline the problem. Section 3.3 de-

11
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scribes the numerical method and Section 3.4 presents the numerical results for the SHG

equations. The conclusion can be found in Section 3.5.

Chapter 4: we investigate the nucleation of localised patterns in the SH equation. Sec-

tion 4.1 gives an introduction to localised pattern formation and outlines the asymptotic

multiple-scales method described in Section 4.2. In Section 4.2 we derive an amplitude equa-

tion for the nucleation of localised square patterns. Analysis of the amplitude equation is then

carried out in Section 4.3. In Section 4.4, we derive amplitude equations for other localised

patterns and numerical calculations of localised patterns in the SH equation are carried out

in Section 4.5. In Section 4.6 we draw some conclusions from the work.

Chapter 5: we present estimates on the attractor and existence of strong solutions

of the time-dependent SH equation on large or unbounded domains. Section 5.1 give an

introduction and Section 5.2 introduces the weighted spaces used and preliminary estimates

for use in later sections. Section 5.3 proves the existence of strong solutions of the time-

dependent SH equation in the weighted spaces. Section 5.4 then derives estimates for the

attractor and Section 5.5 draws some conclusions.

Chapter 6: presents a general conclusion for the thesis and outlines some key open

problems in the area of localised solutions in multi-dimensional PDEs.

12



Chapter 2

Robust Heteroclinic cycles in the

One-Dimensional Complex

Ginzburg-Landau equation

In this chapter we concentrate on robust heteroclinic cycles in the one-dimensional complex

Ginzburg-Landau equation (CGL). This chapter is based on the paper by the same title in

Physica D Volume 204, Issues 3-4, pages 240-268 [88].

2.1 Introduction

Heteroclinic cycles have been observed and analysed in a variety of PDEs including the

Kuramoto-Sivashinsky equation and Navier-Stokes equations, see [75]. Such cycles are char-

acterised by metastable, recurrent behaviour, made up of long periods of quasi-static regimes

with sudden bursts of aperiodic, spatio-temporal evolution, ‘relaxing’ after a while to new

quasi-static states. Systems possessing symmetries are often found to admit robust hetero-

clinic cycles that persist under perturbations that respect the symmetry of the system. For

example, codimension-two mode interactions in systems with O(2) symmetry, are known to

provide a rich variety of robust heteroclinic cycles between equilibria and/or periodic solu-

tions, see [4, 105, 25, 94].

The one-dimensional complex Ginzburg-Landau (CGL) equation on a periodic domain
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GINZBURG-LANDAU EQUATION

can be written in the form

ut = (1 + iν)uxx +Ru− (1 + iµ)|u|2u, (2.1)

where u ∈ C, ν, µ,R ∈ R, x ∈ [0, 1] periodic. This equation can be shown to be the

generic amplitude equation on long space and time scales close to the critical Reynolds

number for spatio-temporal pattern formation in fluid dynamics, see Newell et al. [110]. More

generally, the CGL can be thought of as a normal form for a Hopf bifurcation in a variety of

spatially extended systems. The CGL has been used to study many practical problems such

as chemical turbulence, Poiseuille flow, Taylor-Couette flow, and Rayleigh-Bénard convection;

see Mielke [98] for a review.

Numerous analytical and numerical investigations of the CGL with periodic boundary

conditions have been carried out. Analytical results have concentrated on bifurcations from

the trivial solution where new solutions can be found from reductions of the CGL to an

ODE, see [48]. A closed form solution to the CGL for arbitrary initial data is not known

and so numerical investigations provide the only way to fully explore its dynamics away from

analytically known special solutions. There have been a few bifurcation sequences mapped

out for ν = −µ,R = 0 . . . 100 ([47, 72, 103, 89]). However, this chapter is concerned with

exploration away from the line ν = −µ, where we shall find wide parameter regions where

robust heteroclinic cycles occur.

Rodriguez and Schell [120], analysed a two-mode Fourier truncation in an invariant sub-

space of the CGL but only found structurally unstable heteroclinic cycles. The heteroclinic

cycles that we observe in the full PDE are structurally stable (i.e. they persist under per-

turbations that respect the symmetry of the CGL) and are not described by the truncation

of [120]. We find that the minimal truncation necessary to observe these cycles is 5 complex

Fourier modes, in which setting we carry out a Shil’nikov-type analysis which shows why the

cycles should be robust.

We will describe and explain the existence and stability of robust heteroclinic cycles

in the one-dimensional, complex Ginzburg-Landau equation posed on the spatially periodic

domain. Our approach to the problem is similar to that of Rucklidge and Matthews [122] who

analysed two-dimensional PDEs governing magnetoconvection. We tackle these heteroclinic

cycles in an intuitive manner based on observations made in the full PDE rather than looking a

priori at heavy restrictions/truncations and seeing where they apply to the CGL. A variety of

numerical and analytical techniques are used to gain insight into the dynamics associated with
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these cycles. We start with a minimal Fourier truncation which possesses the same symmetries

as the heteroclinic cycles. Then we use Poincaré return map analysis within this truncated

system to find an analytical criterion for asymptotic stability of the heteroclinic cycles and

predict analytically what happens when the heteroclinic cycle loses stability. Numerical

continuation is then used to explore the heteroclinic cycles observed in the Fourier truncation.

We also find a variety of Shil’nikov-type heteroclinic cycles including saddle-focus and bi-focal

cycles as well as heteroclinic cycles between limit cycles. We also observe other instabilities

due to perturbations outside the invariant subspaces which the heteroclinic cycles evolve

in. In particular, we find something akin to a blow-out bifurcation [8] for the limit-cycle to

limit-cycle heteroclinic cycle.

Using the results developed for the low-dimensional truncation, we prove a stability crite-

rion for the heteroclinic cycles in the full PDE which we then use with numerical continuation

to explore the existence and stability of the heteroclinic cycles in a higher-dimensional trun-

cation.

The chapter is outlined as follows. In Section 2.2 we set out the problem and discuss

some of the properties of the observed heteroclinic cycles. This leads us to a minimum

Fourier truncation of the CGL that still possesses heteroclinic cycles. A discussion of the

numerical techniques is given in Section 2.2.3. In Section 2.3 we explore the heteroclinic

cycles in the minimal truncation and analyse their persistence and existence in Section 2.3.1.

An analytic stability criterion is derived using Poincaré-maps constructed around an assumed

cycle in Section 2.3.2. This analysis also predicts the creation of an infinite number of large

period periodic orbits around the heteroclinic cycle when it loses stability. In Section 2.3.3 we

compare the analysis with numerical simulations and we use the analytical stability criterion

with numerical continuation to trace out existence and stability regions for the heteroclinic

cycles in the minimal truncation. Section 2.3.4 discusses other heteroclinic dynamics found

in the Fourier minimal truncation including limit-cycle to limit-cycle heteroclinic cycles and

blowout bifurcations. In Section 2.4 we discuss how these results extend to the full PDE

and prove an analytical stability criterion for the heteroclinic cycles in the CGL. Finally, in

Section 2.5 we draw conclusions and suggest avenues for further work.
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2.2 Problem statement

2.2.1 Relative equilibria

The CGL equation (2.1) is invariant under the action of two symmetries that are of interest

to us:

• S
1 phase symmetry - (α · u)(x, t) = eiαu(x, t) and,

• O(2) symmetry generated by,

– translation - (Td · u)(x, t) = u(x− d, t),

– reflection - (Rf · u)(x, t) = u(−x, t).

These symmetries mean that non-trivial solutions of the CGL exist on a 2-torus with S
1×O(2)

symmetry. In addition, due to the odd power nonlinearity in the CGL, an even (or odd) initial

condition yields a solution that remains even (or odd). For example the sub-space of even

functions,

ε= {u|Rf · u = u},

remains invariant under the flow of the CGL. By imposing Neumann boundary conditions on

(0, 1/2), we can restrict the S
1 × O(2) symmetry of the full dynamics to S

1 × Z2 symmetry

in an even subspace (see Luce [89] and Doelman [47]).

Let us first describe some known solutions of the CGL. The trivial solution (u = 0) is

stable for R < 0. At R = 0 there is a Hopf bifurcation and the trivial solution loses stability

to rotating wave solutions of the form

un(x, t) = rne
i(knx−ωnt), (2.2)

where

r2n = R− k2
n,

ωn = k2
n(ν − µ) + µR,

and kn = 2πn, n = 0, 1, 2, . . .. These solutions exist for R > k2
n and it can be shown that

the highest spatial frequency rotating wave is the first to become unstable as R is increased
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in the modulationally unstable region 1 + µν < 0. Successively, upon increasing R, rotating

waves with spatial frequency kn with decreasing n become unstable, as n→ 0 and finally the

spatially homogeneous rotating wave (k0) is the last wave to become unstable. This trivial

wave becomes unstable to side-band perturbations of spatial frequency km = 2πm, where

m = 1, 2, . . ., at

R2πm
crit = −(km)2

(1 + ν2)

2(1 + µν)
, (2.3)

(see Stuart et al. [138]), so that the first instability of the trivial wave is at R2π
crit = −(2π)2(1+

ν2)/2(1 + µν).

Throughout this chapter, and without loss of generality, we will take µ < 0 and ν > 0

since (2.1) is invariant under the transformation µ 7→ −µ, ν 7→ −ν, and u 7→ u, where an

overbar denotes complex conjugation.

Next note that new stable time-periodic solutions of the form,

u(x, t) = U(x)eiωt, (2.4)

bifurcate off the spatially homogeneous rotating wave at R2πm
crit . Several authors have studied

these time-periodic solutions, see [140, 112], although the function U(x) is not known in closed

form. These solutions have an amplitude, |U |, which is spatially dependent, but temporally

independent. The function U(x) solves the complex ODE

(1 + iν)Uxx + (R− iω)U − (1 + iµ)|U |2U = 0. (2.5)

Note that the rotating waves are also described by this equation with ω = −ωn and U(x) =

rne
iknx (2.2)

For some parameter regions, as R is increased further, time-periodic solutions (2.4) bi-

furcate to modulated time-periodic solutions where we observe temporal oscillations in the

amplitude. These new modulated time-periodic solutions break the Z2 symmetry and so

occur in pairs within the subspace ε. They correspond to two-frequency, quasi-periodic mo-

tions on an invariant 2-torus. Eventually, upon increasing R further, these pair of solutions

join up by colliding with the spatially homogeneous rotating wave via a homoclinic ‘gluing’

bifurcation [89].
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Fig. 2.1: A typical heteroclinic cycle for R = 70, ν = 1, µ = −4. (a) Shows a ‘bird’s eye’ view

of the amplitude of the CGL solution where dark colour corresponds to minima and light

colour maxima. Panel (b) shows the amplitude at t = 1.5 (dashed line) and at t = 2 (solid

line). Panels (c) and (d) show time traces at x = 0 and x = 1/4, respectively

2.2.2 Preliminary observation of Heteroclinic Cycles

In this section we shall describe a ‘typical’ heteroclinic cycle that we observe in the CGL; see

Fig. 2.1 We solve the CGL by the Crank-Nicolson method with a three-point approximation

for second spatial derivatives, see [104]. For Fig. 2.1, ∆x = 5 × 10−3 and ∆t = 10−4. Such a

scheme is stable and second-order accurate in both space and time. We observe quasi-static

behaviour followed by bursts of aperiodic, spatio-temporal evolution, relaxing to a new quasi-

static state. This behaviour is characteristic of heteroclinic dynamics. The quasi-static states

are characterised by spatially dependent solutions of time-periodic form (2.4), possessing Z2

symmetry (i.e., they possess spatial reflection about x = 1/2), and have spatial frequency
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k = 4π. The aperiodic bursts are characterised by initial symmetry breaking (with spatial

frequency k = 2π) of the quasi-static states (2.4). The ‘equilibria’ forming the heteroclinic

points, seen in the amplitude of the solution, are related by a 1/4-spatial translation (i.e.

(u(x ± 1/4) = u(x)) and are in fact fully periodic with S
1 symmetry due to the complex

phase. Hence, we should consider them to be relative equilibria. This allows us to consider

this heteroclinic cycle as a standard point-to-point cycle within the fixed point subspace of

the S
1 symmetry (see Melbourne et al. [94]). The overall solution is not periodic since the

solution shifts randomly by ±1/4 in space (i.e we do not observe a purely periodic sequence

of equilibria shifts u(x) → u(x+ 1/4) → u(x), but also some shifts of u(x) → u(x− 1/4)).

We believe that the chaotic shifting ±1/4 is due to numerical perturbations around the

equilibria of a robust heteroclinic cycle. In Fig 2.2(a) we see a zoom-in of the L2 norm as

it approaches equilibrium to within numerical error. In Mercader et al. [95], they observe

nearly heteroclinic cycles close to the 1 : 2 spatial resonance in two-dimensional Rayleigh-

Bénard convection without Boussinesq symmetry. They find that these nearly heteroclinic

cycles saturate with a finitely long period showing similar behaviour to that in the CGL. A

further discussion of the effect numerical error has on the period between burstings is given

in Section 2.3.3 below.
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Fig. 2.2: Panel (a) shows a ‘zoom-in’ of the L2 norm of the solution as it approaches the

time-periodic equilibria Ue(x)e
−ωt to within 10−4. (b) shows the phase/π of the solution at

x = 1/2.

Since the invariant sets to which heteroclinic connections occur are time-periodic solutions

and so are not known in closed form, we shall take two approaches to gain insight into
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their existence and stability. The first approach, in Section 2.3, is based on looking at the

minimal ODE projection of the CGL that still possesses these heteroclinic cycles. The second

approach will be to look at a high-dimensional ODE projection of the CGL, using some of the

techniques developed for the minimal projection, which we shall discuss in Section 2.4. First

let us consider the Fourier projection of the CGL which will be used in both approaches.

2.2.3 Fourier Projection and Numerical methods

Since we have periodic boundary conditions, it is natural to project the CGL into an infinite-

dimensional ODE system using Fourier modes. To do this we write

u(x, t) =
n=+∞∑

n=−∞
Wn(t)e

i2πnx, (2.6)

where the Wn(t) are complex. The Fourier projection (2.6) applied to (2.1) yields the infinite-

dimensional system of ODEs,

Ẇn = (R− (2πn)2(1 + iν))Wn − (1 + iµ)
∑

k−l+m=n

WkW lWm, (2.7)

where (·) = d
dt and an overbar denotes complex conjugation. In order to approximate the

infinite-dimensional system we shall truncate the Fourier projection to n = −N, . . . , N .

The symmetries of the CGL have simple representations in Fourier space with spatial

translation and reflection being defined, respectively, as:

Td : Wn 7→ exp(i2πnd)Wn, (2.8)

Rf : Wn 7→W−n, (2.9)

with the complex phase S
1-symmetry remaining unchanged.

We have chosen to use Matlab’s internal 4th-order Runge-Kutta solver to solve the ODE

system (2.7), since it allows for event detection and adaptive time-stepping (useful for het-

eroclinic cycles since a large amount of the time is spent near the relative equilibria). All

computations are made with an relative and absolute error of 10−8.

A standard approach to solving the initial value problem is to look only at solutions in a

symmetric (invariant) subspace; see Doelman [47] and Luce [89] (i.e., restrict the flow of the
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system to one with S
1×Z2 symmetry). Using a Fourier spectral representation this effectively

means the solutions can always be represented as a series of Fourier cosines. We can explicitly

decouple the phase symmetry (regardless of the spatial symmetry of the problem) by writing

a solution of (2.1) as

u(x, t) = eiφ(t)
n=+∞∑

n=−∞
Wn(t)e

i2πnx, (2.10)

where W0 = a0(t) and W|n|(t) = b|n|(t) + ic|n|(t) for n 6= 0 and a0(t), bn(t), cn(t), φ ∈ R.

Restricting the solutions of the CGL to a Z2-symmetric subspace implies that W−n = Wn.

Projecting (2.1) onto each mode separately, we obtain the infinite-dimensional system of

ODEs

iφ̇(t)Wn + Ẇn = (R− (2πn)2(1 + iν))Wn − (1 + iµ)
∑

k−l+m=n

WkW lWm, (2.11)

governing the Wn’s for n = 0, 1, 2, . . . , N . The phase velocity φ̇ is then expressed explicitly

by

φ̇ = Im

(
−(1 + iµ)

W0

∑

k−l+m=0

WkW lWm

)
, (2.12)

which is obtained by taking the imaginary part of the equation for Ẇ0 and using the fact

that W0 = a0 is real. Since W0 appears in the denominator of (2.12), this method is only

valid for dynamics for which W0 never vanishes.

On making the symmetry assumption W−n = Wn, along with the decoupling of the

phase, the (S1×O(2)) torus of solutions has been reduced to a locally unique solution, which

allows us to use numerical continuation techniques (e.g., AUTO [46]) to look at bifurcation

sequences of solutions from the spatially homogeneous rotating wave. Specifically, in this

representation the rotating wave is described by an equilibrium point in Fourier space where

W0 = R1/2 and Wn = 0, for n 6= 0. The time-periodic solutions (2.4) that bifurcate off the

rotating wave also correspond to equilibria in Fourier space.

One could carry out a centre-unstable manifold reduction about the bifurcation point

where the heteroclinic points come into existence (see Armbruster et al. [5]), however even

using computer algebra the transformation to eigencoordinates is highly involved. More

crucially, such a reduction would leave a problem in R
4, yet (as we shall see) the behaviour

observed in a wide region of parameter space requires at least seven phase space dimensions.

We still believe though, that close to the bifurcation from the spatially homogeneous state
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the dynamics are governed by a modified Kuramoto-Sivashinsky equation at R2πm
crit in which

case such a centre-unstable manifold reduction of a resultant Fourier truncation would be

possible and beneficial. We shall discuss this further in Section 2.5.

2.3 Analysis of the Fourier 5-mode truncation
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Fig. 2.3: (a) Heteroclinic cycle in Fourier space, R = 70, µ = −4, ν = 1, found by simulation

of (2.11) for N = 2, but with phase explicitly decoupled as in (2.12). The solid line shows

evolution of the W0 mode, the dashed line shows evolution of Re(W−1 −W1). The quantity

Re(W−2 −W2) = 0 for all time. Panel (b) shows a ‘zoom-in’ of the cycle.

In Fig. 2.3, we show a time evolution of the 5-mode Fourier truncation of the CGL (i.e.

with N = 2), with decoupled phase, starting from a small perturbation of the zero solution.

For the same set of parameter values as the simulation of the full PDE, we see qualitatively

similar behaviour to the heteroclinic bursting seen in Fig 2.1. In particular, from Fig. 2.3

we can see that the spatial average mode (W0), shown as a solid line, exhibits the standard

heteroclinic cycle behaviour. These dynamics are found to be qualitatively similar for N > 2

(see Section 2.4), but we shall concentrate here on the 5-mode truncation.

Our first observation is that the dynamics are strongly attracting. The initial condition

used in Fig. 2.3 was the zero state, and we can see rapid convergence to an attractor. We

have observed similarly strong convergence for a variety of other initial conditions including
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non-symmetric ones and large perturbations from zero.

Our second observation is that the period of bursting is small compared to that of the

quiescent phases (time spent at the equilibria). However, the quiescent period is also short

(∼ 0.5 time units) and one might be fooled into thinking the simulation in Fig. 2.3 represents

periodic motion since most previous numerical observations of heteroclinic cycles have pro-

duced large periods between bursting. As we shall see in Section 2.3.3 though, the bursting

occurs in invariant subspaces which the numerical simulations approach to within numerical

error (∼ 10−8). In these invariant subspaces we have a connection from an unstable equi-

librium to a stable one, but the leading destabilising eigenvalue (λ) is large and, as we shall

show in Section 2.3.2, the time spent at the equilibria is O(λ−1) before numerical error causes

the next burst to occur.

2.3.1 Existence of Heteroclinic cycles

Some other key observations about the heteroclinic cycles can be made by looking at the other

quantities plotted in Fig. 2.3, Re(W−1−W1) and Re(W−2−W2). These quantities correspond

to W−1 = W1 and W−2 = W2 symmetries. We find that the quantity Re(W−2 −W2) = 0 for

all time even though W−2 6= 0 and W2 6= 0. This implies, and can be checked numerically,

that W−2(t) = W2(t) is a spatial symmetry of the heteroclinic cycles. (Without explicitly

decoupled phase we would find that the quantity |W−2| − |W2| = 0 for all time, instead.

Throughout this section though, we shall assume that we are in the fixed point subspace

of the complex phase so that the complex phase has been decoupled.) The other quantity,

Re(W−1−W1) is zero at equilibrium and for approximately half the heteroclinic connections.

Hence ‘half’ of the heteroclinic connections lie in the invariant subspace where W−n = Wn,

n 6= 0: this is the (even) Z2 restriction discussed in Section 2.2. If we plotted Re(W−1 +W1)

then we would see that this quantity is also zero half of the time but, for precisely the other

half of heteroclinic connections. This then gives us another (‘odd’) Z2-invariant subspace

where W−2 = W2,W−1 = −W1. We shall refer to the even subspace as

Z2 = {W−1 = W1,W−2 = W2}, (2.13)

and the odd one as

Z̃2 = {W−1 = −W1,W−2 = W2}. (2.14)
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Both subspaces intersect at the equilibria where W−1 = W1 = 0 allowing for structurally

stable heteroclinic cycles to exist to such equilibria within either subspace.

In order to understand the heteroclinic cycles better, it is clear that we must look at

the Z2-subspace restrictions without loss of generality, we shall just consider Z2 since the

corresponding solutions in Z̃2 can be found by a simple spatial translation of 1/2. Therefore,

we reduce the 5 Fourier mode truncation to just looking at 3 Fourier modes (W0,W1 and

W2).

We shall first look at the equilibria which are invariant under T1/2 (i.e., T1/2(W0,W1,W2) 7→
(W0,−W1,W2)), which implies that W−1 = W1 = 0. Hence the equations reduce (in Fourier

space without decoupled phase) to,

Ẇ0 = RW0 − (1 + iµ)
{
W0

(
|W0|2 + 4|W2|2

)
+ 2W 2

2W0

}
,

Ẇ2 = (R− (4π)2(1 + iν))W2 − (1 + iµ)
{
W2(3|W2|2 + 2|W0|2) +W 2

0W2

}
.

(2.15)

The first thing to note here is that the equations are invariant under a spatial shift of a 1/4

(i.e., T1/4(W0,W2) 7→ (W0,−W2)). Consequently, any linearisation must also be invariant

under such action and we should expect steady bifurcations to be pitchforks which break this

symmetry. Following the notation introduced by Krupa and Melbourne [76], the eigenvalues

associated with the W0 and W2 modes are called radial eigenvalues i.e., the eigenvalues are

the same for both solutions related by T1/4.

If we explicitly decouple the phase as in (2.12), we get

ȧ0 = Ra0 − a3
0 − 2a0b

2
2 − 6a2

2a0 + 4µa2b2a0,

ȧ2 = Ra2 − (4π)2a2 + (4π)2νb2 − 3a2a
2
0 − 7a2b

2
2 − 3µa2

2b2 + µb32 − 3a3
2,

ḃ2 = Rb2 − (4π)2b2 − (4π)2νa2 + 3µa3
2 − b2a

2
0 − 2µa2a

2
0 + a2

2b2 − 3b32 − µa2b
2
2,

(2.16)

where W0 = a0 and W2 = a2 + ib2. We can see that the first bifurcation off the spatially

homogeneous rotating wave (W0 = +
√
R,W2 = 0) occurs at R4π

crit. Specifically, if we linearise

about the spatially homogeneous state we get the three eigenvalues (λ1,2,3), λ1 = −2R, λ2,3 =

−(R+(4π)2)±
√
R2 − 2(4π)2νµR− (4π)4ν2, and we may observe that the wave loses stability

at R = R4π
crit defined in (2.3). At this bifurcation point, the spatially homogeneous rotating
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wave undergoes a supercritical (for the parameters we are interested in) pitchfork bifurcation

to two new equilibria, ξ1 and ξ2, which are related by a 1/4 spatial shift (i.e., T1/4ξ1 =

ξ2). Both equilibria must bifurcate off with the same stability and in this reduction both

are asymptotically stable since we have no 2π-periodic destabilising sideband-perturbation

associated with the W1 mode.

As R is increased we eventually find that for some parameter values, the equilibria (ξ1, ξ2)

undergo supercritical Hopf bifurcations. Again both have the same stability and bifurcate at

the same point in parameter space. Since the W1 mode is zero for the emanating limit cycles,

this throws up the possibility of a Shil’nikov-Hopf bifurcation of the heteroclinic cycles; see

Section 3.3 below.
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Fig. 2.4: Bifurcation diagram in the subspace Z2 for ν = 1, µ = −4. Solid lines denote

stable equilibria and dashed lines unstable ones. Here stability is calculated with respect to

full perturbations in Z2 for which W1 6= 0 in general. Squares denote pitchfork bifurcations.

Circles denote periodic solutions emanating from a Hopf bifurcation. The heteroclinic points

correspond to the two equilibria bifurcating off the spatially homogeneous rotating wave at

R4π
crit for the sideband perturbation km = 4π (both equilibria are initially unstable). At the

square on the ξ1, ξ2 branch, one equilibrium ξ2 becomes stable with the other equilibrium ξ1

remaining unstable (see insert). Other equilibria solutions bifurcate off when the equilibrium

ξ2 becomes stable (not shown).

We shall now turn to numerical continuation to assess the stability of the relative equilibria
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with respect to full perturbations in Z2 i.e., we look at the system for theW−2,W−1,W0,W1,W2

modes. Fig. 2.4 shows the bifurcation diagram of equilibria in the Z2 subspace for ν = 1, µ =

−4. Between R = 0 and R = R2π
crit ≈ 13.16, the spatially homogeneous rotating wave is

stable (solid line). At R = R2π
crit there is a supercritical pitchfork bifurcation to the time-

periodic solutions, related by a 1/2 spatial shift (i.e. W0 6= 0,W1 7→ −W1,W2 7→W2). These

new solutions are also stable in the full truncation and eventually undergo a supercritical

Hopf-bifurcation at R2π
Hopf . The limit-cycles eventually connect to the spatially homogeneous

rotating wave in a homoclinic gluing bifurcation as described by Luce [89].

At R = R4π
crit ≈ 52.64 two new equilibria (ξ1 and ξ2) bifurcate off the rotating wave

which are, initially, unstable since the rotating wave is unstable for R = R4π
crit. This initial

instability does not last long for one branch of solutions (corresponding to ξ2), which becomes

stable at R ≈ 57.11. At this point another unstable branch of solutions bifurcates off (not

shown). This situation (ξ2 stable and ξ1 unstable) continues until the Hopf-bifurcation at

R = R4π
Hopf ≈ 117.13. Since the Hopf bifurcation is supercritical the equilibria ‘transfer’

their stability to the resulting limit cycles and so we have one stable and one unstable limit

cycle. Clearly, having one stable and one unstable branch of solutions, related by symmetry,

is due to the eigenvalues associated with the W1 mode not being invariant under the spatial

shift of a 1/4 (unlike the W0 and W2 modes) such modes are called expanding eigenvalues

in the notation of Krupa and Melbourne [76]. Hence, the eigenvectors associated with the

W1-mode are orthogonal to the eigenvectors associated with the W0 and W2-modes. This

fact will be important for us in calculating asymptotic stability of the heteroclinic cycles, see

Section 3.2. One would hope that it would be possible to start at the unstable equilibrium,

say ξ1, and evolve to the stable equilibrium, ξ2. Indeed this is the case and we have found

that this is the case for all the parameter values of interest. That is, in the Z2 subspace,

the one-dimensional unstable manifold of ξ1, connects to ξ2. Note that this is structually

stablebecause ξ2 is completely stable within Z2.

If there exists a connection taking us from ξ1 to ξ2 in the Z2-subspace then there is a

connection back to ξ1 to form a homoclinic cycle. To show this we now consider the other

Z2-invariant subspace Z̃2 (2.14). It is straightforward to show that equilibria ξ1, ξ2 ∈ Z̃2∩Z2,

moreover, a transformation T1/4 maps ξ1 → ξ2 and maps any solution u(t) ∈ {W0,W1,W2} ∈
Z2 to a solution ũ(t) = T1/4u(t) ∈ Z̃2. Hence, the bifurcation diagram of equilibria in Z̃2 is

identical to that in Fig. 2.4, but if ξ1 is stable and ξ2 is unstable with respect to perturbations

in Z2, precisely the opposite is true in Z̃2. Most importantly, the existence of a structurally
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stable heteroclinic orbit within Z2, h : ξ1 → ξ2, implies that there exists another structurally

stable heteroclinic connection in Z̃2 since ξ2 = T1/4ξ1 → T1/4 ◦ (T1/4ξ1) = ξ1. Therefore, the

homoclinic cycle in the full 5 mode truncation is ξ1 → ξ2 → ξ1. Note that T1/4ξ1 = T3/4ξ1

so in the full system one can shift either to the right or left, to connect back to the other

equilibrium (i.e. ξ1 → T3/4ξ1 = ξ2 → T3/4 ◦ (T3/4ξ1) = ξ1).

Pictorially, we can consider the heteroclinic cycle existing in two subspaces (shown as

planes in Fig 2.5) which are orthogonal to one another with the heteroclinic connections ex-

isting in either subspace. Of course, in the full PDE these subspaces are infinite-dimensional.PSfrag replacements

ξ1 ξ2

Z2

Z̃2

T 3
4
h

T 1
4
h h

T 1
2
h

Fig. 2.5: Pictorial representation of the heteroclinic cycle in both Z2 and Z̃2-subspaces.

One question that needs to be asked is how large is the parameter space where the situation

of Fig. 2.5 exists. Using numerical continuation, we can answer this question by continuing in

two parameters the locus of the bifurcation point where one equilibrium becomes stable within

a subspace. E.g., in Fig. 2.6, we show a two-parameter plot in the (R, ν)-plane showing the

region of existence of structurally stable heteroclinic connections for µ = −4. Other choices

of µ produce similar diagrams but to simplify the presentation of the dynamics of the CGL

we shall stick to µ = −4. The circles denote the locus of the Hopf bifurcation passing through

this region. Somewhere in this region, heteroclinic cycles become asymptotically stable and

so we might be able to observe them numerically. Conditions for asymptotic stability of the

heteroclinic cycles and what happens when we lose stability are discussed in the following

section.
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Fig. 2.6: Existence region of structurally stable heteroclinic connections for µ = −4 in the 5

Fourier mode truncation (shown as the shaded region (b)). The bifurcation locus for R4π
crit is

the dashed line, the Hopf-bifurcation locus is shown as circles. Other parameter regions are

identified as follows (a) is the region 1 + µν < 0 where the trivial solution is modulationally

stable. (c) is the region where we have possible heteroclinic connections between limit-cycles

and (d) is where stable 4π-time-periodic solutions can be found; region (e) is where the

limit-cycles are stable. More details inside the shaded region (b) are given in Fig. 2.11.

2.3.2 Stability and other dynamics near the Heteroclinic cycles

An important feature of robust heteroclinic cycles is that they may attract nearby dynamics,

that is they are asymptotically stable. The standard approach to analysing stability of

heteroclinic cycles is based on the construction of the Poincaré return map for the flow near

the cycle. In this section we shall analytically derive an asymptotic stability criterion for

heteroclinic cycles of Shil’nikov type that we observe for R = 70, ν = 1, µ = −4.

The symmetry of the problem complicates issues somewhat producing an unusual result in

that stability is governed by eigenvalues which are not necessarily the closest to the imaginary

axis (as they would be for standard homoclinic stability, see e.g. Kuznetsov [77]). The

general theory of Krupa and Melbourne [76] is applicable here, but in order to find out what

happens when we lose asymptotic stability, we shall also construct approximate Poincaré

maps from first principles. The analysis will also help us explain the numerical observation

of the short ‘period’ between bursts in the heteroclinic cycles. We follow similar Shil’nikov-
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type constructions in Glendinning and Sparrow [56] and Hirschberg and Knobloch [63]. The

approach is to linearise the flow close to ξ1 and ξ2 which can be justified by (generalisations

of) the Hartman and Grobman theorem provided the equilibria remain hyperbolic. Rigorous

justification of this approach for general non-equivariant systems has been proved by Deng [39]

and Lin [82].

In this section we shall use the following notation:

• Td translation map - (Td · u)(x, t) = u(x− d, t),

• Rf reflection map - (Rf · u)(x, t) = u(−x, t),

• ξ1 and ξ2 - equilibria of the heteroclinic cycle related by T1/4ξ1 = ξ2,

• h - heteroclinic orbit taking us from ξ2 to ξ1,

• x0, y0, z0 points belonging to the connecting orbits h,

• a0, r1, θ1, r2, θ2 - local eigencoordinates near either equilibrium ξ1 or ξ2,

• Poincaré sections:
∑in

i and
∑out±

i sections around equilibria ξi for orbit trajectories

entering and leaving the neighbourhood of ξi, i = 1 or 2,

• ψ - local map ψ :
∑in

1 7→∑out±
1 ,

• φ - global map taking us from ξ1 to ξ2,

• g - composite map taking us around the heteroclinic cycle.

Close to R4π
crit, we find that all the leading eigenvalues in the Z2 and Z̃2-subspaces are real

and so the results from the O(2)-equivariant normal form apply (Armbruster et al. [4] and

Campbell and Holmes [25]). Campbell and Holmes find that the stability of the heteroclinic

cycle is governed by the ratio ρ = −α/λ, where α is the maximum eigenvalue at ξ2 in the

Z2-subspace and λ is the unstable eigenvalue at ξ1 in Z2. If ρ > 1 then the cycle is found

to be asymptotically stable. As ρ passes through unity, Armbruster et al. [4] find that an

unstable, modulated travelling wave bifurcates off the heteroclinic cycle. As R is increased

further away from R4π
crit, the leading eigenvalues become complex conjugate and so the 1:2

mode interaction O(2)-equivariant normal form results of Armbruster et al. no longer apply.
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Since general parameterised expressions for the eigenvalues at ξ1 and ξ2 are cumbersome,

we shall start by looking at the stability of our ‘typical’ heteroclinic cycle for R = 70, µ =

−4, ν = 1 where the leading stable eigenvalues are complex conjugate. In the 5-mode trunca-

tion the linearisation around either equilibrium yields the following eigenvalues in the fixed

point subspace of the complex phase (S1) symmetry. The eigenvalues associated with the

W−1 and W1 modes are

λ1 = +82.3, λ2,3 = −92.5 ± 24.8i, λ4 = −175.9,

and the ‘radial’ eigenvalues associated with the W0,W−2 and W2 modes are

λ5 = 0, λ6,7 = −44.8 ± 74.7i, λ8 = −356.2, λ9 = −367.1.

Let the corresponding eigenvectors be v1 . . .v9, respectively. The first observation is that we

have a Shil’nikov saddle-focus situation with a 1D unstable manifold. The zero eigenvalue

is due to the O(2) symmetry and so there is no motion in the direction corresponding to

that eigenvector. Hence we can ignore this eigendirection when considering the stability and

the dynamics near the heteroclinic cycle. Other eigenvalues that we can ignore (somewhat

anticipating the result) are λ4, λ8 and λ9 since they are not the leading stable eigenvalues

(i.e., closest to the imaginary axis) in either the Z2 or Z̃2 subspaces. Hence, in what follows

we shall carry out an analysis in a 5-dimensional space, which in a neighbourhood of ξ1, ξ2 is

spanned by v1,v2,v3,v6,v7. One is essentially appealing to the homoclinic centre manifold

Theorem [77].

In order to carry out the Poincaré map analysis, we now consider the eigencoordinates

a = (a1, . . . , a5) written in polar form as (a1, r1, θ1, r2, θ2), where a1 is the coordinate in the di-

rection of v1, (r1cosθ1, r1sinθ1) is in the direction spanned by v2 and v3, and (r2cosθ2, r2sinθ2)

is in the direction spanned by v6 and v7. We shall assume that in Z2 at equilibrium ξ1, we

have r2 = θ2 = 0 and at equilibrium ξ2, we have a1 = 0. This is consistent with the hete-

roclinic cycle problem and can be considered as another representation of the Z2-subspace.

The representation of Z̃2 at ξ1 is a1 = 0 and at ξ2 the representation is r2 = θ2 = 0. Hence,

we assume the linearisation (in polar co-ordinates) of the flow about ξ1 or ξ2, can be written
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in the form

ȧ1 = λ1a1,

ṙ1 = γr1,

θ̇1 = Ω,

ṙ2 = αr2,

θ̇2 = β, (2.17)

where λ6,7 = γ ± iΩ and λ2,3 = α± iβ. Here λ1 > 0 > Re(λ6,7) > Re(λ2,3).

Take one of the invariant subspaces, say Z2, such that equilibrium ξ1 is unstable and ξ2

is stable. For ξ1 to be unstable we must have r2 = 0, and for ξ2 to be stable a1 = 0. We

let η > 0 be a small real number and we define the following five Poincaré sections, shown

schematically in Fig. 2.7, as follows.
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Fig. 2.7: Pictorial representation of the heteroclinic connections.

Let x0, y
±
0 , z

±
0 ∈ R

5 define points belonging to the connecting orbits h : ξ2 → ξ1, T1/4h :

ξ1 → ξ2 and T3/4h : ξ1 → ξ2 as depicted in the figure, with |x0 − ξ1| = |y±0 − ξ1| = |z±0 − ξ2| =

η � 1. Here the sign of y±0 is determined by the sign of a1, z
+
0 is categorised by 0 < θ1 < π

and z−0 by π < θ1 < 2π. This restriction on θ1 implies that in Cartesian coordinates, z+
0 has

a3 = r1sinθ1 > 0 and z−0 , has a3 < 0. Let the corresponding θ1 value for z+
0 be called θ∗.

31



CHAPTER 2. ROBUST HETEROCLINIC CYCLES IN THE ONE-DIMENSIONAL COMPLEX
GINZBURG-LANDAU EQUATION

Around ξ1 we define the Poincaré sections,

∑in
1 : x0 + {(a1, r1, θ1, r2, θ2)| − δ ≤ a1 ≤ δ, r1 = η,−δ ≤ θ1 ≤ δ,

0 ≤ r2 ≤ δ, 0 ≤ θ2 ≤ 2π},
∑out±

1 : y0 + {(a1, r1, θ1, r2, θ2)|a1 = ±η, 0 ≤ r1 ≤ δ, 0 ≤ θ1 ≤ 2π, 0 ≤ r2 ≤ δ,

0 ≤ θ2 ≤ 2π}, (2.18)

and around ξ2,

∑in±
2 : z0 + {(a1, r1, θ1, r2, θ2)| − δ ≤ a1 ≤ δ, r1 = η, θ∗ − δ ≤ θ1 ± π ≤ θ∗ + δ,

0 ≤ r2 ≤ δ, 0 ≤ θ2 ≤ 2π}, (2.19)

here 0 < δ � η is a small real number. We could of course, factor out the symmetry of the

heteroclinic cycles by identifying Poincaré sections at the different heteroclinic connections

by using the symmetry of T1/4. This would result in a system possessing one homoclinic

orbit instead of a homoclinic cycle. This method is known as the orbit space reduction. We

shall however, stick to this more intuitive choice of Poincaré sections, as this will be helpful

in understanding the sequence of connections h, T1/4h, T1/2h and T3/4h.

Let U be a neighbourhood of the origin x0 in
∑in

1 . If U is sufficiently small then all

trajectories starting in U either converge to ξ1 (this happens for all points with a1 = 0) or

hit one of the other sections,
∑in+

2 or
∑in−

2 . With a slight abuse of notation, we write the

map from
∑in

1 to
∑in

2 as g(a) instead of g(x0 + a). We shall also use the notation Fix(Z2)

to define the fixed point subspace of Z2 i.e., at ξ1, {r2 = θ2 = 0} and at ξ2 {a1 = 0}. We

shall now construct this map as a composition of local maps in the neighbourhood of ξ1 and

ξ2 and global maps in the neighbourhoods of h, T1/4h and T3/4h.

For all initial conditions in U\T1/4Fix(Z2) the map g2 is the return map generated by the

flow along the heteroclinic cycle the connections ξ1 → ξ2 → ξ1 defined by T1/4 (or T3/4).

The local map ψ at ξ1 under the linear flow of initial conditions (a1, η, θ1, r2, θ2), is given

by

ψ± :
∑in

1 7→∑out±
1 : (a1, η, θ1, r2, θ2) 7→ (sgn(a1)η, ηe

γT ,ΩT + θ1, r2e
αT ,

βT + θ2) + h.o.t, (2.20)
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where T = λ−1
1 ln(η/|a1|). In Cartesian co-ordinates (a1, a2, a3, a4, a5), ψ becomes, to leading

order

ψ :
∑in

1 7→∑out±
1 : (a1, η, a3, a4, a5) 7→

(
sgn(a1)η,

η

(
η

|a1|

)γ/λ1

cos

(
Ω

λ1
ln

(
η

|a1|

))
, η

(
η

|a1|

)γ/λ1

sin

(
Ω

λ1
ln

(
η

|a1|

))
,

(
η

|a1|

)α/λ1
[
a4cos

(
β

λ1
ln

(
η

|a1|

)
+ θ∗2

)
− a5sin

(
β

λ1
ln

(
η

|a1|

)
+ θ∗2

)]
,

(
η

|a1|

)α/λ1
[
a4sin

(
β

λ1
ln

(
η

|a1|

)
+ θ∗2

)
+ a5cos

(
β

λ1
ln

(
η

|a1|

)
+ θ∗2

)])
. (2.21)

For the global map taking us from ξ1 to ξ2 in a neighbourhood of the robust heteroclinic

connection, T1/4h, T3/4h, we assume the connection occurs in the Z2-subspace. Moreover,

we consider the connection from
∑out±

1 to
∑in±

2 , hence our global map φ maps Fix(Z2) ∩∑out±
1 7→ Fix(Z2) ∩

∑in±
2 . This map must therefore be a diffeomorphism of the form:

φ : (±η, ã2, ã3, ã4, ã5) 7→ (±(f1ã4 + f2ã5), η,±f3, f4, f5), (2.22)

where fi = fi(ã2, ã3, ã4, ã5), i = 1 . . . 5 are smooth functions for which we make the non-

degeneracy assumptions that f1 and f2 have nonzero constant terms. The condition that

fi(0, 0, 0, 0) 6= 0, i = 3 . . . 5 can easily be expressed as a condition on the variational equa-

tion (Melnikov integral) for the connection ξ1 → ξ2. Although we do not have explicit

expressions for the functions fi in this mapping, their arguments are vanishingly small as

η → 0. We therefore expand them in a Taylor series about (a2, a3, a4, a5) = (0, 0, 0, 0). Note

that f1(0, 0, 0, 0) = f2(0, 0, 0, 0) = 0, f3(0, 0, 0, 0) = ±â3, fi(0, 0, 0, 0) = âi, i = 4, 5, where

(0, η,±â3, â4, â5) are the coordinates of the intersection of the heteroclinics with
∑in±

2 and

|â3|, |â4|, |â5| ∼ O(δ).

If we compose the map g = φ ◦ ψ, it takes the leading order form:

g(a1, a3, a4, a5) = (sgn(a1)h1|a1|ρcos(∆1ln|a1| + ∆2), sgn(a1)h2, h3, h4).

Here ∆i are O(1) constants, hi = hi(a1, a3, a4, a5), i = 1 . . . 4 are smooth functions and

ρ = −α/λ1. For asymptotic stability we need to show g is a contraction. Since there exists

a constant K > 0 such that

|hi(a1, a3, a4, a5)| ≤ K|a1|ρ, i = 2..4 and,

|h1(a1, a3, a4, a5)| ≤ K where (a1, a3, a4, a5) ∈ U,
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and for a generic choice of (λ1, γ,Ω, α, β) there exists a constant L > 0 such that L ≤
h1(a1, a3, a4, a5) for (a1, a3, a4, a5) ∈ U , hence |g(a1, a3, a4, a5)| ≤ K|a1|ρ. It is now straight

forward to show that g is a contraction if ρ > 1, and |a1| < 1 (see Proposition 3, and Lemma 1

in [75]). Therefore if ρ > 1, the heteroclinic cycle should be asymptotically stable. Note that

this criteria is a necessary and sufficient condition for asymptotic stability. For our typical

heteroclinic cycle (R = 70, ν = 1, µ = −4) the quantity ρ = α/λ1 ≈ 1.12, which implies

stability. But what if α/λ1 < 1?

If we assume that the heteroclinic connection pierces
∑in

1 at (0, η, â3, â4, â5), after some

linearisation, the return map g to lowest order is given by,

g : (a1, a3, a4, a5) 7→ (sgn(a1)×

{∆1

(
η

|a1|

)α/λ1
[
a4cos

(
β

λ1
ln

(
η

|a1|

)
+ θ∗2

)
− a5sin

(
β

λ1
ln

(
η

|a1|

)
+ θ∗2

)]

+ ∆2

(
η

|a1|

)α/λ1
[
a4sin

(
β

λ1
ln

(
η

|a1|

)
+ θ∗2

)
+ a5cos

(
β

λ1
ln

(
η

|a1|

)
+ θ∗2

)]
},

sgn(a1)(â3 + ∆3Π1 + ∆4Π2 + ∆5Π3 + ∆6Π4),

â4 + ∆7Π1 + ∆8Π2 + ∆9Π3 + ∆10Π4,

â5 + ∆11Π1 + ∆12Π2 + ∆13Π3 + ∆14Π4), (2.23)

where,

Π1 = η

(
η

|a1|

)γ/λ1

cos

(
Ω

λ1
ln

(
η

|a1|

))
,

Π2 = η

(
η

|a1|

)γ/λ1

sin

(
Ω

λ1
ln

(
η

|a1|

))
,

Π3 =

(
η

|a1|

)α/λ1
[
a4cos

(
β

λ1
ln

(
η

|a1|

)
+ θ∗2

)
− a5sin

(
β

λ1
ln

(
η

|a1|

)
+ θ∗2

)]
,

Π4 =

(
η

|a1|

)α/λ1
[
a4sin

(
β

λ1
ln

(
η

|a1|

)
+ θ∗2

)
+ a5cos

(
β

λ1
ln

(
η

|a1|

)
+ θ∗2

)]
,

(2.24)

and ∆1 = f1(0) and ∆2 = f2(0).

If we assume that for small a1, a3 ≈ ±â3, a4 ≈ â4 and a5 ≈ â5, then the essential dynamics

of (2.23) is given by the map

a1 7→ sgn(a1) ×
(
|a1|ρΛcos

(
β

λ1
ln(|a1|) + Φ

))
, (2.25)
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where Λ and Φ are arbitrary constants. This map is similar to the standard Shil’nikov

map at homoclinicty and so for ρ < 1 we have an infinite number of (saddle) periodic

orbits. In the usual 3D case (e.g Glendinning and Sparrow [56]) the homoclinic orbit (here

a heteroclinic cycle) would be destroyed as a parameter is varied (an additive parameter on

the r.h.s of (2.23)). Here however, owing to the symmetry properties, the heteroclinic cycle

persists. However, as one varies a system parameter ρ, β, λ1, and ∆i, i = 1 . . . 14, are likely

to vary.

The crucial parameter here is ρ. If we have ρ > 1, the origin a1 = a4 = a5 = 0 of the map

is stable, which implies a stable heteroclinic cycle. However, if ρ < 1 then there exist infinitely

many unstable periodic orbits (see Fig. 2.8) and a chaotic invariant set corresponding to shift

dynamics on an infinite set of symbols (L,R corresponding to left or right spatial shift). Note

that the Shil’nikov nature of the map only exists if β 6= 0. For β = 0, the map reduces to the

standard map for heteroclinic cycles in the O(2)-equivariant normal form. Note here though,

that the condition on temporal stability is weaker than the one given by Armbruster et al. [4].

PSfrag replacements

a1

g(a1)

Fig. 2.8: Plot of the left side of the a1 component of (2.25) versus |a1| for ρ < 1 showing

many periodic solutions which are given by fixed points of the approximate 1D map.

2.3.3 Comparison with numerics

We are now in a position to answer the mystery of why the period of the heteroclinic cycles

is small. Numerically, we approach the invariant subspaces Z2 and Z̃2 to within numerical

error (∼ 10−8), but the time spent at the equilibria will be approximately given by T ∼

35



CHAPTER 2. ROBUST HETEROCLINIC CYCLES IN THE ONE-DIMENSIONAL COMPLEX
GINZBURG-LANDAU EQUATION

1/λ1ln(1/ε), where ε is the numerical tolerance. For our typical heteroclinic cycle λ1 = 82 � 1

and so the time spent at the equilibria according to this prediction will be small (∼ 0.5)

time units regardless of the numerical tolerance. In order to demonstrate the effect of the

numerical error on the time spent at the equilibria we shall look at numerical simulations of

the heteroclinic cycles for R = 150, ν = 0.5, µ = −4 for two different numerical tolerances.

For these equation parameters λ1 ≈ 22.11. In Fig. 2.9(a), we see two plots of the heteroclinic

cycle for TOL = 10−5 (shown as a dashed line) and TOL = 10−14 (solid line). For the

lower tolerance simulation we see that the time spent at the equilibria is T ≈ 0.5 whereas

T ≈ 1.1 for the higher tolerance simulation. These times are consistent with our Poincaré

return map approximation for the time spent at the equilibria where T ∼ 1/λ1ln(1/10−5) =

0.5207 for the lower tolerance, and T ∼ 1/λ1ln(1/10−14) = 1.4580, for the higher tolerance

(T ∼ 1/λ1ln(1/10−10) = 1.0414). In Fig. 2.9(b), we have plotted the quantity ln(Re{W−1 −
W1}) to show how the simulations approach the Z2-subspace to within numerical error i.e.,

ln(Re{W−1 − W1}) ≈ −30 numerical error 10−14. In Fig. 2.9, we see the characteristic

‘slowing-down’ of the heteroclinic cycle for odd initial conditions. Here ρ = 8.36 so we

observe rapid convergence to the heteroclinic cycle, but for smaller ρ we find a longer period

of slowing down.
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Fig. 2.9: Panel (a) shows a numerical simulation of the heteroclinic cycles for R = 150, ν =

0.5, µ− 4 with two different tolerances. The dashed line shows the simulation of the hetero-

clinic cycle with a tolerance of 10−5 and the solid line with a tolerance of 10−14. Note that

the period between burstings is smaller for the dashed line. Panel (b) shows a plot of |W0|
shown as a solid line and ln(Re{W−1 −W1}) (dashed line) for the heteroclinic cycle starting

from odd initial conditions with a tolerance of 10−14. Note the initial lengthening of the

period.
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Fig. 2.10: Computation of the ratio ρ = −α/λ1 for N = 2 and ν = 1, µ = −4 and R =

60 . . . 120 demonstrating stability of the heteroclinic cycle.

In Fig. 2.10, we plot the value of ρ for ν = 1, µ = −4 for R = 50..140, passing though the

parameter region where our ‘typical’ heteroclinic cycle exists. Observe that we should see

stable heteroclinic cycles for R ∈ (68.68, 79.82) and R ∈ (103.78, 117.77). At R = 110.08 we

see another bifurcation where we have a two distinct, unstable (real) eigenvalues, associated

with the unstable branch of equilibria, ξ1 in the Z2-subspace. As R is increased further

these two unstable eigenvalues collide and become complex conjugate, resulting in a bifocal-

heteroclinic cycle, before we eventually see a Hopf bifurcation at R = 117.77 in the 5-mode

truncation. One would expect that the quantity ρ = α/Re(λ1) still governs stability of

the cycles. In the next section we shall discuss the bifocal heteroclinic cycle and the Hopf

bifurcation.

Using the condition ρ > 1 for asymptotic stability, we can use numerical continuation

to trace out, in two parameters, the stability region for the heteroclinic cycles defined by

ρ = 1. To do this we continue one branch of the equilibria in the Z2-subspace and calculate

the eigenvalues associated with the odd modes. This calculation is made easier by the fact

that the eigenvectors associated with the radial eigenvalues (i.e W0 and W2) are orthogonal

to the eigenvectors associated with the odd Fourier modes (i.e W1) and so the Jacobian can

be decomposed into two block matrices, one associated with the radial-eigenvalues and the

other with the odd Fourier modes; see Section 4. In order to calculate either α or λ1, we

need only find the maximum eigenvalue of the matrix associated with the odd Fourier modes

evaluated along one branch of the equilibria (ξ1 or ξ2). The other eigenvalue, allowing us
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to calculate ρ, can be found by using T1/4 to find the other equilibrium and evaluating the

same block matrix associated with the odd Fourier modes, as we continue along one branch

of equilibria.

Continuing in R and ν while ρ = 1, yields a two parameter bifurcation diagram for

µ = −4, shown in Fig. 2.11. Fig.2.12 shows a particular solution inside each of the open

parameter regions of Fig.2.11. From Fig. 2.11, we can see that as ν → 0.25, the loci for

existence and stability of the heteroclinic cycle tend to the R4π
crit locus. This suggests that a

centre-unstable manifold reduction would be useful in analysing the heteroclinic cycles in this

region of parameter space. As we have mentioned before, this calculation is highly involved

even with the use of computer algebra software, suggesting that we need to go back and look

at a reduction of the full PDE first before entering Fourier space. In Fig. 2.13, we show

the evolution of a heteroclinic cycle close to the spatially homogeneous rotating wave in the

region where a centre-unstable manifold reduction we be useful. Note here that the dynamics

is constrained to a small region around the rotating wave solution, for which |W0| =
√
R.
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Fig. 2.11: Bifurcation diagram for µ = −4 (see Fig 2.6). Asymptotically stable heteroclinic

cycles can be found in shaded regions (d) and (e). Plots of the spatial average mode W0

against time for parameters in regions (a), (b), (c), (d), (e), (f), (g), and (h) are shown in

the corresponding panels of Fig. 2.12.
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Fig. 2.12: Plots of the spatial average against time in the 5-mode Fourier truncation for the

bifurcation diagram Fig.2.11 in regions (a)-(h). Panels (a), (c) and (h) show chaotic dynamics,

whereas (d), (e) and (g) show heteroclinic cycles (in the case of (g), between periodic orbits

rather than equilibria). Panel (b) shows evolution to a periodic solution and panel (f) shows

evolution to one of the equilibria ξ1 or ξ2.
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Fig. 2.13: Heteroclinic cycles forR = 480, ν = 0.3, µ = −4 close toR4π
crit. Note the fluctuations

of |W0| are very much smaller that the rotating wave W0 =
√
R ≈ 21.9.

Let us now consider in more detail what is observed numerically in region (c) of Fig.2.11

where heteroclinic cycles exist but ρ < 1. Fig. 2.14 shows heteroclinic cycles for R = 70

and R = 90, ν = 1, µ = −4 in the (a0, a1)-plane, where a0 = W0 and a1 = Re(W1). The

linearisation about the heteroclinic points for both R = 70 and R = 90 is of the form described

in Section 3.2. For R = 70, ν = 1, µ = −4, we have ρ = α/λ1 ≈ 1.12 implying asymptotic

stability and a unique heteroclinic cycle. In Fig 2.14(a), we see only one heteroclinic cycle

for R = 70, but for R = 90, where ρ = α/λ1 ≈ 0.92, we see in Fig 2.14(d) what appears to be

chaotic dynamics close to the now unstable heteroclinic cycle, as predicted by the analysis of

the 1D map (2.25) for ρ < 1.
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Fig. 2.14: Heteroclinic cycles in the (a0, a1)-Fourier plane for ν = 1, µ = −4 and (a),(b)

R = 70 (for which ρ = 1.12 > 1) and (c),(d) R = 90 for which ρ = 0.92. Panels (b) and

(d) show a zoom-in around the equilibria. In (b) we see only one heteroclinic cycle around

the equilibrium centered at (a0, a1) = (6.745, 0), but in (d) we see a large number of cycles

around the equilibria centered at (a0, a1) = (6.19, 0) (note that the scales are the same).
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The situation is not as simple as this since we also have the possibility of competing

(chaotic)-attractors in the CGL. In Fig. 2.15 we see a case where ρ = 1.05, the heteroclinic

cycle appears to attract dynamics from the zero solution before eventually the trajectory

becomes chaotic.
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Fig. 2.15: Competing attractors for R = 75, ν = 1, µ = −4, ρ ≈ 1.05.

2.3.4 Other heteroclinic dynamics

Let us now turn to an explanation of the observed dynamics in region (e) of Fig. 2.11, before

the Hopf bifurcation. In this region we find that the heteroclinic cycles have a 2D unstable

manifold. The construction of the Poincaré return map follows in much the same manner as

before. The main difference here is that the real leading eigenvalue λ1 is replaced with a 2D

space associated with complex eigenvalues λ1, λ1 where Re(λ1) > 0. Hence, the linearisation

about the heteroclinic points must change as well as the connecting global diffeomorphism

φ; c.f. Fowler and Sparrow [53]. For the sake of brevity we do not carry out the analysis

here, but from the results of Krupa and Melbourne [76], we see that the saddle quantity

ρ = α/Re(λ1), governs the stability of the heteroclinic cycle. Ashwin and Chossat [10] have

studied homoclinic cycles with a 2D unstable manifold. Let us now turn to an explanation

of the observed dynamics in region (g) and (h) of Fig. 2.11 beyond the Hopf bifurcation.

At R = 117.11, ν = 1, µ = −4, the equilibria (ξ1, ξ2) involved in the stable heteroclinic

cycles undergo a Hopf bifurcation. The simulation in Fig. 2.16, suggests that after this Hopf

bifurcation a limit-cycle to limit-cycle heteroclinic cycle can be observed. In the full PDE,

these solutions correspond to connections on a two-frequency invariant torus related by a 1/4

spatial symmetry in the amplitude. Since the Hopf-bifurcation is due to (invariant) radial
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Fig. 2.16: Examples of a limit cycle to limit cycle heteroclinic connection (cf Fig. 2.3 for

internal structure), (a) R = 118, µ = −4, ν = 1 and (b) R = 120, µ = −4, ν = 1.2. W0 is

plotted as a solid line, W−1 −W1 is shown as a dashed line. W−2(t)−W2(t) = 0 for all time.

eigenvalues crossing the imaginary axis, the structural stability and robustness of the cycles is

still preserved since the two invariant subspaces (Z2 and Z̃2) still intersect at the limit-cycles

(i.e. W−1 = W1 = 0 at the limit-cycles). Since the Hopf bifurcation occurs in the direction

associated with the radial eigenvalues, the heteroclinic cycle can remain stable up to the

bifurcation, unlike the standard Shil’nikov-Hopf bifurcation for non-equivariant systems.

We can construct a return map valid in a neighbourhood of the boundary between region

(e) and (g) e.g., similarly to the approach used by Hirschberg and Knobloch [63] for the

standard Shil’nikov-Hopf bifurcation. For brevity we omit the details, although it is clear

that the saddle quantity ρ still to govern the stability of the heteroclinic cycles, close to the

Hopf bifurcation. The shaded region (g) in fig 2.11 is defined by ρ = 1, in terms of the

eigenvalues of the equilibria rather than the Floquet multipliers of the limit cycles. We have

still found though that the boundary is fairly sharp and that in region (h) we find no stable

heteroclinic cycles.

As well as observing stable limit-cycle to limit-cycle, heteroclinic cycles in region (g) of

Fig. 2.11 corresponding to ρ > 1, we also find a region (h), where ρ < 1 immediately before the

Hopf bifurcation. Here one can find a variety of different dynamics in particular heteroclinic

cycles interrupted by regions of chaos; see Fig. 2.17. The dynamics here are reminiscent of a

blow-out bifurcation since we have an invariant sub-manifold on which heteroclinic dynamics

evolve and this invariant sub-manifold has a locally riddled basin of attraction; see Ashwin
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et al. [8]. Blowout bifurcations provide a general mechanism by which attractors in invariant

subspaces (heteroclinic cycle in our case) lose stability with respect to perturbations out of

the subspace. We can see this type of behaviour in Fig. 2.17 (c), where we have plotted

the invariant quantity for the heteroclinic cycles (without decoupled phase), |W−2| − |W2|.
This quantity should be zero if we are evolving in the invariant sub-manifold containing the

heteroclinic cycles. We see that this quantity intermittently becomes chaotic, signifying a

transverse instability and then becomes zero again with the dynamics relaxing back to the

heteroclinic cycle.
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Fig. 2.17: An intermittent attractor comprising of a limit-cycle to limit-cycle heteroclinic

cycle and spatio-temporal chaos. Phase is not decoupled. R = 111.7, ν = 1.5, µ = −4. The

saddle quantity is ρ = 0.88. Panel (c) shows the invariant quantity (|W−2|2 − |W2|2) for the

heteroclinic cycles. The fact that this quantity is intermittently zero and chaotic suggests a

blow-out bifurcation has occured.
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2.4 Heteroclinic cycles in the full PDE

We can use the results from the Fourier 5-mode truncation to help guide an explanation

of the heteroclinic cycles that are observed in the full CGL. The invariant Z2-subspaces

that the heteroclinic cycles evolve in are defined by the subspace of solutions even about

x = 1/2 (Z2) and x = 1/4 (Z̃2). Hence, in Fourier space Z2 = {W−n = Wn, n 6= 0} and

Z̃2 = {W−n = Wn, n even,W−n = −Wn, n odd} (i.e., T1/2Z2 = Z̃2), where Wn are the

Fourier modes. In Fourier space, all the odd modes are zero at the equilibria. This can be

seen by looking at the equilibria that are equivariant under T1/2. Applying T1/2 to the Fourier

expansion yields

T1/2u(x) =

n=+∞∑

n=−∞
Wn(t)exp(i2πn(x+ 1/2)),

=
n=+∞∑

n=−∞
(−1)nWn(t)exp(i2πnx). (2.26)

By equating coefficients, we see that the right-hand side of (2.26) can only equal the left-hand

side if and only if Wn = 0 for n odd.

The following two lemmas show that the structure of the subspaces in the 5-mode trun-

cation is preserved in the infinite-dimensional projection. The first lemma generalises the

result that equations (2.15) are equivariant under T1/4. The second lemma shows that the

Jacobian of the heteroclinic equilibria can be decomposed into two block matrices, one as-

sociated with the even modes and the other with the odd modes i.e., the Jacobian has an

isotypic decomposition. These two lemmas then allow us to define stability criteria for the

heteroclinic cycles in arbitrary-order truncations.

Lemma 1 In the fixed point subspace of T1/2, the spatial translation of x = 1/2, equa-

tion (2.7)

Ẇn = (R− (2πn)2(1 + iν))Wn − (1 + iµ)
∑

k−l+m=n

WkW lWm,

is equivariant under T1/4.

Proof: Since the fixed point subspace T1/2 is invariant under the action of spatial

reflection, we can simply just consider the restriction of T1/2◦Rf where all odd Fourier modes
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are zero; see (2.26). Therefore, n ≥ 0 is even and we consider the equation, n = 2p, p ∈ N,

Ẇ2p = (R− (4πp)2(1 + iν))W2p − (1 + iµ)
∑

k−l+m=2p

WkW lWm. (2.27)

Now T1/4W2p 7→ (−1)pW2p. Hence, the linear part of (2.27) is equivariant under T1/4. To

show that the nonlinear part of (2.27) is equivariant under T1/4 we shall consider the cases

of p being even and odd separately. Consider first p = 4q, q ∈ N , then we need to show

T1/4WkW lWm = WkW lWm, (2.28)

where k − l +m = 4q. Since k, l and m must be even, we can write k = 2k̂, l = 2l̂, m = 2m̂

where k̂, l̂, m̂ ∈ N and now the relation k − l +m = 4q becomes k̂ − l̂ + m̂ = 2q. Now either

2 of k̂, l̂, m̂ are odd or all 3 are even, in either case note that the product WkW lWm is fixed

by T1/4. Similarly, we can show in the case that p is odd that

T1/4WkW lWm = −WkW lWm,

where k − l +m = 2(2q + 1). Hence equation (2.27) is invariant under T1/4 for all p ∈ N. �

In Lemma 2, we show that the eigenvectors of the odd Fourier modes are orthogonal to

the eigenvectors of the even and spatial average modes, by looking at the Jacobian row for

Wn of the Fourier projection without decoupled phase (2.7).

Lemma 2 Let x be the vector of all even Fourier modes and their complex conjugate (includ-

ing the W0-mode) and y be the vector of all odd Fourier modes and their complex conjugate,

such that,

x = [· · · ,W−2n,W−2n, · · · ,W0,W 0, · · · ,W2n,W 2n, · · · ] and

y = [· · · ,W−2n+1,W−2n+1, · · · ,W−1,W−1,W1,W 1, · · · ,W2n+1,W 2n+1, · · · ].
Define X = [x,y], then the linearisation of (2.7) about equilibria, ξ1 and ξ2, invariant under

T1/2, has the form

Ẋ =

(
Je 0

0 Jo

)
X, (2.29)

where Je is the Jacobian of the even, (x), Fourier modes and J0 is the Jacobian of the odd,

(y), Fourier modes. Furthermore, the linearisation ẋ = Jex is T1/4-equivariant but ẏ = Joy

is not.
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Proof: We need only consider the n’th equation of (2.7) since Ẇn can be found by

complex conjugation of (2.7). The n’th row of the Jacobian of (2.7) is defined by Jn,2j =

∂Ẇn/∂Wj and Jn,2j+1 = ∂Ẇn/∂W j , where

∂Ẇn

∂Wj
= (R− (2πn)2(1 + iν)) − 2(1 + iµ)

∑

m−l=n−j
W lWm j = n, (2.30)

= −2(1 + iµ)
∑

m−l=n−j
W lWm j 6= n, (2.31)

∂Ẇn

∂W j

= −(1 + iµ)
∑

k+m=n+j

WkWm. (2.32)

Using the fact that all odd modes are zero for equilibria invariant under T1/2, we see that for

all three summations above to be non-zero they must only include even modes, i.e., k, l,m

must be even integers. Let us look first at the summation (2.31). If m and l are even integers

then so are m−l and hence n−j. So the parity of j is the same as the parity of n. This is also

true for (2.30) and (2.32). Hence for all even Wn-modes, all the odd terms in the Jacobian

are zero and visa versa for the odd Wn-modes. So the linearisation about even equilibria that

are invariant under T1/2 has the form (2.29).

Using Lemma 1, we see that the linearisation ẋ = Jex is invariant under T1/4.

Taking (2.31), we see that m−l = 2n+1−(2j+1) = 2(n−j) or m−l = 2n+1+(2j+1) =

2(n+ j) + 2. Hence, the summation has even and odd terms so that JoT1/4y 6= T1/4Joy. �

Hence, the Z2 subspaces and the heteroclinic equilibria seen in the 5-mode truncation

maintain their structure in the full PDE allowing for structurally stable heteroclinic cycles

to exist in the infinite-dimensional ODE system.

We can now state the main result of this section that will allow us to trace out a bifurcation

diagram in higher Fourier truncations.

Theorem 1 For R sufficiently close to R4π
crit there exists 2 solutions (ξ1 and ξ2) to

Ẇn = (R− (2πn)2(1 + iν))Wn − (1 + iµ)
∑

k−l+m=n

WkW lWm, (2.33)

that are T1/2-equivariant and are related by T1/4ξ1 7→ ξ2. The linearisation about either ξ1 or

ξ2 is of the form

Ẋ =

(
Je 0

0 Jo

)
X. (2.34)
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Furthermore, if there exists a robust connection in Fix(Z2), such that ξ1 → ξ2 then there

exists a heteroclinic cycle that is asymptotically stable if

ρ =
max{Re(eig[Jo|ξ2 ])}
max{Re(eig[Jo|ξ1 ])}

> 1. (2.35)

Proof: Following the work of Takac [140], at R4π
crit we see that the centre-eigenspace is

spanned by {e−i4πx, ei4πx}. Hence, we have the parameterised family of centre-manifolds as

graphs of the form

Wn = hn(W−2,W2, R, ν, µ), n 6= −2 or 2. (2.36)

Therefore, the centre-manifold is T1/2-equivariant (T1/2hn(W−2,W2, R, ν, µ) = hn(W−2,W2, R, ν, µ)),

hence all the odd Fourier modes are zero. Since we have a pitchfork bifurcation (see Takac [140]),

we have two new solutions ξ1 and ξ2 related by T1/4 (or T3/4). Using Lemma 2, we see that

the linearisation about either ξ1 or ξ2 has the form (2.29).

A robust connection from ξ1 → ξ2 in Fix(Z2) implies that in, say, Fix(Z2) ξ1 is linearly

unstable and ξ2 is linearly stable and there is a connection ξ1 → ξ2. From Section 3.1 we

see that such a connection implies a heteroclinic cycle (ξ1 7→ ξ2 7→ ξ1). The condition for

asymptotic stability of the cycle is found using the results of Krupa and Melbourne [75]. �

Our results on the temporal stability of the heteroclinic cycles carry through unchanged

since the Poincaré map analysis in Section 3.2 is defined in terms of the set-up of the lead-

ing eigenvalues, ignoring directions corresponding to the strong stable and strong unstable,

manifold. Hence, for ρ < 1 we would still expect to find infinitely-many heteroclinic cycles.

Theorem 1 allows us to use numerical continuation to trace out bifurcation loci corre-

sponding to ρ = 1 for an arbitrary Fourier truncation. In Fig. 2.18, we plot a bifurcation

diagram corresponding to a 13-mode truncation (N = 6). Here, for the values ν = 1, µ = −4,

R4π
crit is identical to the 5-mode truncation, RHopf = 120.02 (showing an O(1) difference from

the five-mode truncation but within 10−2 of the true value found for high mode truncations).

A locus of folds of the equilibrium ξ2 passes through this region intersecting the Hopf locus at

R = 141, ν = 0.7, µ−4. At this point the Hopf bifurcation of the heteroclinic points no longer

takes place (the Hopf bifurcation shifts onto a different branch) and below this region we see

a large region of parameter space where robust heteroclinic cycles exist. Note here that for

ν = 1, µ− 4, the saddle quantity ρ does not dip below 1, after the initial crossing, until after

the Hopf bifurcation. This would suggest that the heteroclinic cycles in the full PDE should
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Fig. 2.18: Bifurcation diagram N = 6, µ = −4. Asymptotically stable heteroclinic cycles can

be found in the shaded region. Open blue circles denote the Hopf-locus after a fold (shown

as dashed/dotted line).

be asymptotically stable for the entire region, R = 65 . . . 120, µ = −4, ν = 1, unlike for the

5-mode truncation (c.f. Fig. 2.11). In the five-mode truncation for R = 90, ν = 1, µ − 4,

Fig. 2.14 indicated that for ρ < 1, many heteroclinic cycles are observed. In Fig. 2.19, the

13-mode truncation we no longer see many-heteroclinic cycles in the region where ρ dips

below 1 in the 5-mode truncation.

2.5 Conclusion

In this chapter we have described and explained the existence of robust heteroclinic cycles

in the one-dimensional, complex Ginzburg-Landau equation posed on a spatially periodic

domain. These cycles have provided us with many numerical and analytical problems which

we have only begun to solve in this chapter. Our approach has been to tackle these hetero-

clinic cycles in an intuitive manner based on observations made in the full PDE rather than

looking a priori at heavy restrictions/truncations and seeing where they apply to the CGL.

A combination of numerical and analytical techniques is then required to gain insight into

the dynamics associated with these heteroclinic cycles.

The CGL is a well studied amplitude equation whose dynamics one might believe have

been exhaustively studied [47, 72, 103, 89] yet, we have found large parameter regions of
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Fig. 2.19: Heteroclinic cycles in the (a0, a1)-Fourier plane for R = 90, ν = 1, µ = −4 in the

13-mode truncation. Panel (b) shows a zoom-in around the equilibria. In (b) we observe only

one heteroclinic cycle compare with fig 2.14(d).

new behaviour consisting of large quiescent periods of time-periodic solutions interspersed by

rapid bursts causing a 1/4 period shift, away from the arbitrarily chosen line µ = −ν studied

by most authors. For example, we have found a variety of Shil’nikov-type heteroclinic cycles

including saddle-focus and bi-focal cycles as well as heteroclinic cycles between limit cycles.

We have observed other instabilities due to perturbations outside the invariant subspaces

which the heteroclinic cycles evolve in. In particular, we have found something akin to

a blow-out bifurcation for the limit-cycle to limit-cycle heteroclinic cycle. For example in

Fig. 2.20, we show the heteroclinic connection between ξ1, ξ2 and a new relative equilibria,

for a 7-mode Fourier truncation with R ≈ 73.73, ν = 1, µ = −4. This new heteroclinic

bifurcation serves to show how rich the dynamics of the CGL in this parameter region are.

It would be interesting to study the onset of the cycles with local analysis. Most of

the heteroclinic cycles require a high-dimensional phase space, but close to the R4π
crit bi-

furcation the cycles appear to be described by the dynamics of the 1:2 mode-interaction,

O(2)-equivariant normal form [4]. A centre-unstable manifold reduction of the Fourier trun-

cation is not straightforward. Also the dynamics would be governed by real eigenvalues rather

than being of Shil’nikov-type. Perhaps a more promising approach would be to perform an

analysis close to R4π
crit where the cycles have small amplitude modulations. Several reductions

are possible here (e.g. sideband perturbation etc.), but perhaps the most promising reduc-

tion comes from the analysis of hole solutions and weak turbulence in the CGL by Lega [79].

She shows how to reduce the CGL formally by assuming that the amplitude is ‘slaved’ to
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Fig. 2.20: A degenerate heteroclinic cycle for a 7-mode truncation (i.e. N = 3), R =

73.7264, ν = 1, µ = −4. Here the phase has not been decoupled since |W0| → 0. A connection

to W0 = 0 occurs in between the heteroclinic connections between ξ1 and ξ2.

phase when it is very much smaller than the amplitude of the spatially homogeneous rotating

wave. This reduction effectively yields a Kuramoto-Sivashinsky equation with some extra

nonlinearities. This is a particularly compelling equation to study since that KS-equation is

known to support robust heteroclinic cycles, see Armbruster et al. [5], which could provide a

local explanation of the birth of such cycles in the CGL close to R4π
crit.

Another open problem is how to use numerical continuation to explore the global bifur-

cations of the heteroclinic cycles that we cannot find. The two continuous symmetries of

the CGL (complex phase and spatial translation) provide significant challenges to numerical

continuation techniques since they result in a multi-parameter family of solutions. Ashwin

et al. [7, 9], have adapted the numerical continuation scheme for continuation of homoclinic

orbits by Champneys et al. [28], for continuation of homoclinic cycles in the Kuramoto-

Sivashinsky equation. Further work will concentrate on adaption of these methods for the

CGL and those of Muñoz-Almaraz et al. [107] on factoring out symmetries, in the Hamiltonian

context, for numerical continuation.

Although all the presented numerical experiments have been confined to the case µ = −4,

further experiments not presented suggest the behaviour to persist for a large range of µ-values

where the heteroclinic cycles exist in ‘bubbles’ of parameter space. Another interesting piece

of evidence that points to the robustness of what we have observed is that using numerics we
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have found structually stable heteroclinic cycles in the quintic CGL,

ut = (1 + iν)uxx +Ru− (1 + iµ)|u|4u,

which appear to have an even larger stability region than those for the cubic CGL. Sev-

eral other open problems remain. For example, whether the equivalent of these heteroclinic

cycles exists in higher spatial dimensions, what happens to the dynamics near forced sym-

metry breaking and what happens when other symmetries are imposed e.g., the CGL with a

conservation law [93]?

Let us turn finally to possible physical applications. Heteroclinic cycles have been used

to describe spatio-temporal intermittency in a variety of applications; see Krupa [75] for a

review. For example, experiments on Taylor-Couette flow by Mullin et al. [106] have shown

a wide variety of Shil’nikov-like behaviour as well as spatio-temporal intermittency close to

the critical Reynolds number for the onset of rolls, at which the CGL is valid. Thus, the

robust Shil’nikov heteroclinic cycles that exist in the CGL could provide an explanation for

the structure of the chaotic dynamics in the Taylor-Couette flow. More generally, spatio-

temporal intermittency is a feature of many weakly turbulent fluid flows and the discovery of

these new heteroclinic cycles in this chapter might prove incisive in describing experiments

where gradual transition to turbulence occurs, following an initial onset of patterned state.

Finally, we remark that a modification to the CGL with rapidly-oscillating nonlocal terms

has been shown rigorously by Melbourne [67] to be derived as a normal form close to the

critical Reynolds number bifurcating directly from the Navier Stokes equation. It would be

interesting to see therefore whether the robust structures we have computed, qualitatively

survive under the addition of these nonlocal terms and therefore can be confidently connected

to what is observed in fluid experiments.
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Chapter 3

Efficient Numerical Continuation and

Stability Analysis of Spatiotemporal

Quadratic Optical Solitons

This chapter is based on the work of the paper published in SIAM Journal on Scientific

Computing [87].

3.1 Introduction

Optical spatiotemporal solitons in second-harmonic-generating media have received much

attention due to the possibility of creating fully localised, self-supporting objects which freely

propagate in a nonlinear medium [70]. Unlike cubicly nonlinear (Kerr) media, it has been

shown that there is no wave collapse in (2+1) and (3+1)D in quadratic (χ2) media and

localised objects have been observed experimentally; see Liu et al. [86, 85]. The equations

governing the evolution of these quadratic solitons are non-integrable so that analytical closed

form stable solutions do not exist. For a review of solitons due to quadratic nonlinearities

see [24].

Malomed et al. [91] studied general stationary, non-radially symmetric solitons found in

the type-I interaction second harmonic generation (SHG) case. Their approach was to first

construct a Gaussian variational approximation of solitons in (2+1)D and (3+1)D and analyt-
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ically find an approximate stability boundary. They then carried out numerical simulations of

the full z-dependent equations to ascertain the accuracy of the approximate stability bound-

ary. Since this Gaussian approximation amounts to a one-mode Galerkin truncation, the

stability boundary was found to be ‘rather fuzzy’. Part of the problem is that the accuracy

of this approximation deteriorates with increasing dimensionality due to the approximation

‘cutting off’ the tails of the soliton.

A more thorough analysis of stationary solitons in type-I interaction was carried out

by Mihalache et al. [100] who considered the numerical boundary value problem (BVP) for

stationary light bullets. Existence and stability of ‘elliptic’ solitons was explored in (2+1)D

and (3+1)D with and without ‘walk-off’ [100, 101] . Later, Beckwitt et al. [14] and Towers et

al. [142] explored the region where the second harmonic dispersion is normal via solving the

initial value problem starting from an initial Gaussian pulse. They also showed analytically

that solitons with small oscillating tails at infinity, known as ‘quasi-solitons’, should exist in

this region, though they were unable to find any numerically. One of the key problems with

both numerical approaches is the high computational effort required to solve the equations

with either finite-differences or Fourier spectral methods. In both cases supercomputers were

required to reduce the computational time.

The aim of this chapter is to provide an efficient and simple numerical method for calculat-

ing stationary spatiotemporal solitons, not necessarily just in the second-harmonic-generation

equations, but also in other soliton bearing equations in (2+1)D and (3+1)D. There are sev-

eral benefits with using our method. Firstly, we can easily move through parameter space

and between (2+1)D and (3+1)D, assuming radial symmetry in (3+1)D. Secondly, we can

accurately compute light bullets with a mesh in the order of tens of modes rather than hun-

dreds, greatly reducing the computational effort. Thirdly, this approach also allows us to

embed the method in a numerical continuation environment, e.g. AUTO [45], to compute

branches of the solutions. Fourthly, and perhaps most crucially, using criteria such as that

due to Vakhitov and Kolokolov which define soliton instabilities [130], one can then append

the stability criteria to the numerical continuation problem. The Vakhitov-Kolokolov (VK)

condition states that solitons will become unstable if the gradient of the energy of the solu-

tion (Q) as the effective propagation constant (κ) varies, becomes negative (i.e ∂κQ < 0). A

stability boundary of the solutions corresponds to when the gradient is zero (i.e. ∂κQ = 0).

In a continuation environment this corresponds to a fold in the energy of the solution as the

effective propagation constant is varied. Thus we can trace out stability boundaries automat-
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ically and accurately with the kind of computational effort that takes minutes on a Pentium

4, 2GHz processor.

Finally, criteria such as the VK are only necessary conditions for stability. The sufficiency

of this condition can also be checked by computation of the spectrum linearised about the

localised solution, see Mihalache et al. [100] for confirmation of the validity of the VK criteria

in (2+1)- and (3+1)-dimensions. We demonstrate that an adaption of our Chebyshev method

can be used to calculate the linear spectrum. The description in terms of only tens of modes

helps make such computations feasible.

Chapter 3 is organised in the following way. In section 3.2 we set out the problem. The

numerical scheme for the computation of stationary solitons and their stability is stated in

section 3.3. Our results for the type-I SHG interaction equations are presented in section 3.4.

Section 3.5 draws conclusions and suggests avenues for future work.

3.2 Problem statement

We are interested in stationary (z-independent) soliton solutions to the scaled equations

describing co-propagation of the fundamental harmonic (FH) and second harmonic (SH)

field in a quadratic optical medium,

iuz + ∇2
ρu+ uττ − u+ vu = 0,

2ivz + ∇2
ρv + δvττ − γv +

1

2
u2 = 0, (3.1)

(see [60] for their derivation and physical meaning).

Here u =
√

2Φ1e
−iz/z0z0ω2

1χ
(2)/(k1c

2) and v = Φ2e
−2iz/z0z0ω

2
1χ

(2)/(k1c
2), Φ1,2 are com-

plex electric-field envelopes at the frequencies ω1 and 2ω1, k1 ≡ k(ω1) is the FH carrier

wave number. The normalised propagation distance and reduced time are ξ = z/z0 and

τ = (t − z/νg)/t0, respectively, with νg and t0 being the group velocity and time scale at

FH. z0 = 2t20/k
′′

1 , where k
′′

1 is the group-velocity-dispersion (GVD) coefficient at FH, and the

non-dimensional transverse radial co-ordinate is ρ =
√
x2 + y2/r0 where r20 = (z0/2k1). The

diffraction operator, ∇2
ρ ≡ ∂2/∂ρ2+[(D−1)/ρ]∂/∂ρ, where D is the number of spatial dimen-

sion, acts on the transverse spatial co-ordinate(s) (we shall assume cylindrical symmetry in

(3+1)-dimensions). The phase mismatch between the harmonics γ = 4+2z0[2k(ω1)−k(2ω1)]
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and the ratio of the SH and FH GVD coefficients is δ = k
′′

2/k
′′

1 .

Under the substitution, u(z, ρ, τ) = u(ρ, τ)eiκz, v(z, ρ, τ) = v(ρ, τ)e2iκz, where κ is the

effective propagation constant, we seek stationary, z-independent soliton solutions defined on

the infinite domain, −∞ < ρ < ∞ and −∞ < τ < ∞, given by the following equations for

the real functions u and v:

uρρ + (d− 1)ρ−1uρ + uττ − (1 + κ)u+ vu = 0,

vρρ + (d− 1)ρ−1vρ + δvττ − (γ + 4κ)v +
1

2
u2 = 0. (3.2)

Equations (3.2) are known to support localised solutions, known as solitary waves, that are

able to survive strong perturbations and remain approximately intact after collisions with

other solitary waves [23]. Exact solitary wave solutions to equations (3.1) are not available,

except in special degenerate limits, since the equations are non-integrable and so numerical

methods provide the only way to accurately calculate the solutions. Since the solitary waves

seen in (3.1) have similar soliton shapes to solutions of integrable systems, we shall follow

the physics convention and use the word ‘soliton’ interchangeably with solitary wave.

We are seeking physical localised solutions of (3.1) which correspond to solutions that

decay (exponentially) to zero as ρ, τ → ∞. We can see from the linearisation of the equations

(3.2) at infinity, that exponentially decaying solutions in both harmonics forming the soliton

exist if the effective propagation constant, κ > max(−1,−γ/4) and the GVD ratio coefficient

δ ≥ 0. This last constraint corresponds to anomalous or zero dispersion in the second-

harmonic. So we compute on a ‘large’ domain and apply zero Dirichlet boundary conditions

at the far-field edge of the domain. If the group-velocity-dispersion is normal at the second-

harmonic (δ < 0), both Beckwitt et al. [14] and Towers et al. [142] showed analytically there

should be a non vanishing, oscillating tails in the second harmonic v as τ → ∞.

3.3 Numerical approach

Our numerical method is based on setting up the boundary value problem of equations

(3.2) and using numerical continuation software e.g. AUTO [45], to explore the parameter

space of solitons. In particular, AUTO software implements the robust technique of pseudo-

arclength continuation (Keller [73]) for systems of nonlinear ordinary differential equations

by solving the boundary value problem using orthogonal collocation; see [6]. In order to
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use such software we need to discretise equations (3.2) to form an ODE system and apply

appropriate boundary conditions. The numerical continuation software will then solve the

BVP ODE system as an equation parameter is varied. To use such software one must provide

an equations file defining the right-hand side of a first-order ODE system as well as specifying

which equation parameters one wants to continue in. The AUTO manual and a tutorial on

AUTO can be found in [44].

Two problems need to be tackled for this approach to work. The first is to efficiently

discretise the problem in either the ρ or τ co-ordinate. A straight Fourier or finite-differences

discretisation scheme, though possible, has been found to require a large number of modes and

hence a huge amount of computing power is required to solve the resulting ODE system (both

Towers et al. [142] and Mihalache et al. [100] cite the use of supercomputers). The reason for

the inefficiency is due to interpolation points being equi-spaced, so a large number of these

points are required to interpolate the solution near the edge of the computational domain

where the soliton is zero. A more efficient approach is to reduce the number of interpolation

points near the edge of the domain and move them to the centre of the stationary soliton,

where they can increase the accuracy of the method. To do this we use an adapted mesh

to the localised soliton problem. Effectively, we map the spatial co-ordinate to a new scaled

space and equidistribute. A similar approach to homoclinic orbits in 1D was proposed by

Liu et al. [83]. Another property of these solitons is that they are smooth and infinitely

differentiable. For these type of problems, spectral methods provide exponential accuracy

(unlike finite-differences which is only algebraic) and so only 10s of modes should be required

to accurately interpolate the soliton. The second problem is to find good solution data at a

certain fixed D, δ, γ parameters, for numerical continuation code to get started.

We shall tackle both of these problems in the next two sub-sections. In the third section

we describe how we can adapt our numerical method to compute the stability of the solitons

using the Vakhitov-Kolokolov (VK) criteria and computation of the linear spectrum.

3.3.1 Numerical Continuation

Using an adapted mesh to solve soliton bearing equations is not a new idea. Boyd [18]

talks about rational Chebyshev functions and other possible spectral functions for soliton

equations including: Hermite, Whittaker cardinal and Fourier domain truncation functions.
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The biggest advantage with using Fourier or Chebyshev basis is that their functions and their

corresponding collocation points have simple representations as well as there existing a fast

transform between the physical and spectral domains. Boyd [19] shows how the Chebyshev

polynomials are just Fourier cosine functions in disguise and how a mapping can be used to

adapt the mesh to the localised problem while still maintaining spectral accuracy.

There are three approaches one can take to implement the rational Chebyshev method:

the discrete-Fourier-transform (DFT), the fast Fourier transform (FFT), and collocation dif-

ferentiation matrices [143]. We have implemented all three methods and have found that they

all produce the same results at roughly the same speed for truncations in the order of 10s of

modes. However, we have found that the collocation differentiation matrices approach to be

the most simple to program, and hence to be the method of choice in practice. Henceforth,

we describe only that method applied to equations (3.2). Note the approach is quite general

and is easily extended to other systems.

For the problem at hand, we choose to discretise in the τ co-ordinate since we wish to

explore the δ = 0 region and discretising in ρ would make the problem singular at δ = 0. To

discretise in τ we expand u and v, such that:

ui = u(ρ, τi = f(xi)),

vi = v(ρ, τi = f(xi)), i = 0 . . . N, (3.3)

where x ∈ [−1, 1] is the computational Chebyshev co-ordinate, N is the number of interpola-

tion points and f is a function that maps [−1, 1] to the infinite domain [−∞,∞]. There two

standard choices for such mapping ([19, 26]): the algebraic map

f(x) = L
x√

1 − x2
, (3.4)

and the exponential map

f(x) = Ltanh−1x. (3.5)

The constant L sets the length scale of the map and it can vary anywhere between 0 and

+∞; with the collocation points being more ‘bunched’ near the origin for small L. In general,

if the solitons decay exponentially then the exponential map will be the most efficient but

it is also the most sensitive to changes in the mapping constant L; see Boyd [19]. Some

experimentation of various length scales and number of collocation points is required to find

a reasonable mapping. We shall stick with the exponential map in this chapter since we shall

mostly be exploring a parameter region where soliton tails decay exponentially.
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Differentiation in τ is carried out using the chain rule for Chebyshev differentiation ma-

trices [143] so that

(uττ )i =

[(
∂2f−1(τi)

∂τ2
D

(1)
N +

[
∂f−1(τi)

∂τ

]2

D
(2)
N

)
u(ρ, xi), i = 0 . . . N

]
,

≡ ANu(ρ, xi), i = 0 . . . N, (3.6)

where f−1(τ) is the inverse of the infinite mapping (3.5),

AN = ∂2f−1(τi)/∂τ
2D

(1)
N + [∂f−1(τi)/∂τ ]

2D
(2)
N is an (N + 1) × (N + 1) matrix carrying out

the differentiation in τ composed by the Chebyshev differentiation matrices, D
(1)
N where,

(DN )00 =
2N2 + 1

6
, (DN )NN = −2N2 + 1

6
,

(DN )jj =
−xj

2(1 − x2
j )
, j = 1, . . . , N − 1,

(DN )ij =
ci
cj

(−1)i+j

(xi − xj)
, i 6= j, i, j = 0, . . . , N,

and,

ci =

{
2 when i = 0 or N,

1 otherwise.

and D
(2)
N = D

(1)
N ◦D(1)

N . Finally, retaining a system of first-order ODEs in the ρ co-ordinate

we have the BVP formulation:

(uρ)i = wi,

(wρ)i = −(d− 1)

ρ
wi − (uττ )i + (1 + κ)ui − (uivi),

(vρ)i = yi,

(yρ)i = −(d− 1)

ρ
yi − δ(vττ )i + (γ + 4κ)vi −

1

2
(ui)

2,

ρ̇ = 1. (3.7)

The numerical experiments in [91, 100, 101, 142] suggest that stable soliton solutions are

even in both ρ and τ , respecting the reflectional symmetry of the equations ρ → −ρ and

τ → −τ . So we compute on the 1st. quadrant and re-write the differentiation matrix AN

taking advantage of this symmetry.

We apply Neumann boundary conditions on u and v (i.e. wi = yi = 0) at both ends of the

domain since we wish to preserve symmetry at the origin and any linear boundary conditions
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at the far field end of the domain are known to exponentially converge to the solution if

we take a large enough truncation of the domain, say P , such that u and v decay to zero

numerically; see [55]. So for the BVP equations (3.7), we imposed the boundary conditions:

(w)i = 0 and,

(y)i = 0, (3.8)

for i = 0, . . . , N at ρ = 0 and ρ = P .

3.3.2 Initial Solution

The problem (3.7) and boundary conditions (3.8) is well set up for continuation of one-

parameter families of solutions. First we need a starting solution at one particular parameter

value.

To acquire good starting data we assume that δ = 1, κ = 0 at which parameter values

the equations (3.2) are radially symmetric. These symmetric solutions can be obtained from

the reduced equations:

urr +
d

r
ur − u+ uv = 0,

vrr +
d

r
vr − γv +

1

2
u2 = 0, (3.9)

where r =
√
ρ2 + τ2 is the radial co-ordinate. Taking d = 0 and γ = 1, equations (3.9) have

an exact soliton solution [23], of the form:

u(r) =
3
√

2

2
sech2(r/2),

v(r) =
3

2
sech2(r/2). (3.10)

We can set up a simple continuation problem of solutions to (3.9), up to d = 1; see Champneys

et al. [28]. Once we have our new solution for d = 1 we need to appropriately separate the

data for the full continuation problem. Data for u and v is straight forward and the data for

the first derivatives w and y are found by applying the chain rule to yield,

w = uρ =
ρ

r

du(r)

dr
,

y = vρ =
ρ

r

dv(r)

dr
,

where du(r)/dr is the numerical continuation, computed derivative. Finally, the data needs

to be interpolated to the Chebyshev grid in τ .
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3.3.3 Computation of Stability

Since we can now solve the BVP (3.7) to find the solitons, it would useful to know if the

solitons found are stable or not. A standard approach to check the stability of stationary

solitons is to use the Vakhitov-Kolokolov (VK) criterion; see Skryabin [130]. This VK criteria

is a non-rigorous, necessary condition stating that solitons in Hamiltonian systems cannot be

stable if ∂κQ < 0, where Q is the energy of the system and κ is the effective propagation

constant. The energy for this problem (3.2) being defined in (2+1)-dimensions as the integral

Q =
∫∞
−∞

∫∞
−∞(|u|2 +4|v|2)dτdρ and in (3+1)-dimensions, Q = 2π

∫∞
−∞

∫∞
0 (|u|2 +4|v|2)ρdτdρ.

Integration with respect to τ is carried out by changing to Chebyshev coordinates to

obtain the integral (in (2+1)-dimensions),

Q =

∫ ∞

−∞

∫ 1

−1
(|u(ρ, τ)|2 + 4|v(ρ, τ)|2)

[
∂f−1(τ)

∂τ

]−1

dxdρ. (3.11)

Noting that the internal integral is of the form
∫ 1
−1 p(x)dx and can be computed efficiently

via Clenshaw-Curtis quadrature, see [143], we can append the BVP (3.7) and boundary

conditions (3.8), with an integral condition:

Q− q = 0, (3.12)

where Q is the energy of the system and q is a ‘free’ continuation parameter. This ‘free’

parameter is introduced into the BVP is used to monitor rather than fix a value of Q. Using

parameter continuation in both κ and q, we can find where ∂Qκ = 0. This particular point

presents a fold in the solution branch where we think of q as the bifurcation parameter and

κ as part of the solution. Standard path-following techniques exist to follow fold points as

another parameter, either γ or δ, is varied (see [129]) and hence trace out the VK stability

criterion in two physical parameters.

Since the VK criterion is found as the compatibility condition arising in the leading

(zero) order asymptotic expansion of the linear eigenvalue problem governing the stability

of the soliton (see [130]), the stability boundary only defines a necessary region for stability.

Hence, we need to check its validity. In order to do this, we have implemented the above

Chebyshev discretisation scheme in both the ρ and τ co-ordinates, together with a 4th order

Runge-Kutta scheme (see [19, 26, 143] for temporal discretisations) to simulate the full z-

dependent equations (3.1), as well as, calculating the linear spectrum directly. The data
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from the numerical continuation software is interpolated to a new mesh for use as an initial

condition. For δ < 0 the end points of u and v in the τ direction are set to zero to stop Runge

interpolation errors. All solutions shown have been interpolated onto a finer equi-spaced grid.

It should be noted that the Runge-Kutta method is only suitable for solutions which do not

have large changes in their z-derivatives since the PDEs are numerically stiff.

In order to calculate the linear spectrum of the PDEs (3.1) about the stationary soliton,

we perturb the stationary soliton such that,

u(ρ, τ, z) = us(ρ, τ, z) + eλz(ũr(ρ, τ) + iũi(ρ, τ)) and,

v(ρ, τ, z) = vs(ρ, τ, z) + eλz(ṽr(ρ, τ) + iṽi(ρ, τ)), (3.13)

where us = u(ρ, τ)eκzi, vs = v(ρ, τ)e2κzi is the stationary soliton and |ũ|, |ṽ| << 1 are

small perturbations in the fundamental and second harmonic, respectively. Substituting

the ansatz (3.13) in the PDEs (3.1) and retaining terms of first order in ũ and ṽ, we obtain

the linear eigenvalue problem; see Buryak [23]. To carry out the 2-dimensional differentia-

tion we have used Kronecker products with either Chebyshev or Fourier collocation matrices;

see [143] for application of the Kronecker product to the 2D Laplace equation. Taking advan-

tage of reflectional symmetry in the equations (3.1) we can reduce the size of the eigenvalue

problem and hence make the problem tractable with direct linear algebra without resorting

to iterative matrix computations.

3.4 Results

3.4.1 Implementation details

We have used the numerical continuation package AUTO [45] in our computations, see [42,

90, 145] for other possible continuation software.

We have found that for a mesh of 11 points and L = 6 in the τ co-ordinate and NTST =

10, NCOL = 4 in AUTO, in the ρ co-ordinate, we have an error (10−4) in the maximum

amplitude of u and v for δ = 1, γ = 1, κ = 0 compared to AUTO computed ODEs (3.9)

with NTST = 50 and NCOL = 4. For a mesh of 21 points (L = 6) the error decreases to

(10−6). The stability boundaries computed on the two meshes differ quantitatively at the

third decimal place, though qualitatively they do not change; see Figures 3.2(a) and 3.2(c).
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Standard AUTO tolerances are used, see [45]. On a Pentium 4, 2GHz processor, computation

of the stability boundaries, as in Figure 3.2(a), takes roughly 30 minutes depending on the size

of the branch being computed. For numerical and interpolation reasons the infinite domain

is truncated to τ, ρ ∈ [−50, 50].

Since we are using small grids of the order of 11 × 11 modes, we have implemented the

Runge-Kutta scheme simulating the full z-dependent equations (3.1) and the linear stability

analysis, in Matlab. We have found that using an 11 × 11 grid the computation of the

eigenvalues takes less than a minute on a 2GHz PC and going up to an 21×21 grid takes less

than five minutes. Taking advantage of symmetry is important here to minimise the size of

the linear eigenvalue problem in Matlab since the matrix grows like 4N 2. Typical mesh sizes

are for the Fourier method 20 × 20 points over [0, 15]2 and the Chebyshev method 11 × 11

points with L = 6. Again the AUTO computed solution is interpolated to the new mesh.

Any other mesh sizes will be stated where used.

3.4.2 Continuation and Stability boundaries for δ ≥ 0 in (2+1)D

Embedding the above continuation scheme into AUTO we have explored the parameter re-

gion of the stationary soliton solutions to equations (3.1), as well as produced VK-stability

boundaries for various mismatch parameters.

For δ 6= 1 the solitons are known to be ‘elliptic’ in shape; see [100], where ellipticity

is defined as the ratio of the soliton’s temporal width to its transverse spatial width. In

Figure 3.1, we see cross-sections of the computed light bullets for δ = 0 and δ = 5, along

the spatial (ρ) and temporal (τ) co-ordinate. The continuous lines show the cross-section of

the soliton along the temporal co-ordinate with the dashed lines showing the cross-section

along the spatial co-ordinate. From Figure 3.1, for δ = 5, the dashed line occurs below the

solid line, in both harmonics, showing expansion along the temporal co-ordinate relative to

the transverse co-ordinate, whereas for δ = 0 we observe the opposite: the dashed line occurs

above the solid line showing contraction along the temporal co-ordinate.
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Fig. 3.1: Spatial and temporal sections of the light bullets along ρ = 0 (solid line) and

τ = 0 (dashed line), respectively, for γ = 1, κ = 0 in (2+1)D and, δ = 0 and δ = 5. The

fundamental harmonic is shown in (a) and the second harmonic is shown is (b).

The VK-stability plots δ vs. κ are shown in Figure 3.2. Consider first Figure 3.2(a).

The region of stable solitons can be found in the top-right-hand corner of the Figure with

the unstable region directly below. The stability boundary described by the VK criteria is

shown as a line separating the stable and unstable regions. Beneath the unstable region we

have drawn the line showing the existence boundary of the solitons governed by the bound

κ > max{−γ/4,−1} such that the tails in both harmonics decay exponentially. The region for

the possible existence of ‘quasi-solitons’ is shown as δ < 0. A ‘dip’ in the stability boundary

can be observed for mismatch parameters, γ < 4, close to δ = 0 in (2+1)-dimensions.

Qualitatively similar behaviour has been found by Malomed et al. [91] using a Gaussian

approximation, albeit with gross quantitative differences. As γ is increased towards 4, the

stability boundary is found to uniformly approach the line κ = −1 (δ > 0), such that for γ ≥ 4

all solitons are found to be stable; see Figure 3.2(a),numerically confirming and extending

the result found by Pelinovsky et al. [116] and Steblina et al. [133]. For all γ between 0 and

4 the stability boundary is found to have similar qualitative shape (results not depicted).

We can test the accuracy of the VK criteria by carrying out the linear stability analysis

about the AUTO-computed solitons using direct spectral computations on the linearised

equations (3.13) with a complete Chebyshev discretisation in both ρ and τ . For a comparison

we also take a complete Fourier decomposition. In Figure 3.2(a) we have drawn a dotted line

taking a cross section through the VK-stability boundary at γ = 1 and δ = 1. In Figure 3.3 we
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Fig. 3.2: Continued on the next page

depict the maximum computed positive eigenvalue for γ = 1 and δ = 1 in (2+1)-dimensions

for a range of κ values as we move along this dotted line in parameter space. The VK-stability

boundary for these parameters occurs at κ ≈ −0.19; shown in Figure 3.3 as a vertical dashed

line. Using both the Chebyshev method and the Fourier method with a coarse mesh, described

in §3.3, we see that the VK criteria gives an over-estimate for the stability region of the light

bullets. Close to the stability boundary both the Chebyshev method and the Fourier method

give similar results. Under higher resolution, the Chebyshev method shows the solitons losing

stability closer to the VK-boundary. These results suggest (but do not prove) that in fact

the VK criterion provides a sharp stability boundary. They also indicate the efficiency of our

numerical approach. We have been able to compute the VK-boundary accurately using 10s

of modes whereas a finite difference or Fourier spectral computation would clearly require

many more modes to achieve the same accuracy.
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Fig. 3.2: Existence and stability boundaries for soliton solutions. The left-hand plots are in

(2+1)D (d = 1) and right-hand in (3+1)D (d = 2) The vertical dotted line in (a) represents

the parameter path taken in Figure 3.3. In (a) and (c) the stability boundaries computed

with 11 Chebyshev modes (solid line) and 21 Chebyshev modes (dashed line), L = 6, are

shown. Possible existence region for quasi-solitons is noted in each figure. The ‘No Existence’

boundary is defined as κ = max{−γ/4,−1} such that the tails in both harmonics decay

exponentially.

Figure 3.4(a) shows an evolution plot of the intensity of the second harmonic of a stable

stationary soliton along the line ρ = 0. Just past the stability boundary at δ = 1 and

κ = −0.2 we see from Figure 3.5(b) that the evolution of the stationary soliton, at this point,

eventually becomes unstable after a long distance.
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Fig. 3.3: Maximum eigenvalue computed from the linearisation about the stationary soliton

for γ = 1 and δ = 1. The VK-stability boundary is shown as a vertical dashed line at

κ = −0.186 (calculated on a mesh of 21 points). The dashed line with circles corresponds

to the linear spectrum computed with a Fourier method with an 20 × 20 grid over [0, 15]2

domain. The dashed-dot line corresponds to the linear spectrum being computed with the

Chebyshev method with an 11 × 11 grid, L = 6, and the solid line corresponds to a 21 × 21

grid with L = 13.

3.4.3 The region δ < 0 in (2+1)D

For δ < 0, Towers et al. [142] showed that no true solitons exist in this parameter region.

Instead one should be able to find solutions that do not decay at infinity but have oscillatory

tails; known as quasi-solitons [84]. Using our numerical method we find (for small negative

δ values), solitons with oscillating tails; see Figure 3.5 with the corresponding evolution plot

shown in Figure 3.4(b) showing the quasi-soliton eventually becoming unstable.
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Fig. 3.4: Continued on the next page.

We have found, numerically, that one does not need go far into the quasi-soliton (δ < 0)

region to hit an existence boundary; e.g in (2+1)D, κ = −0.15 and γ = 1, the threshold

for existence of such quasi-solitons appears to be 0 > δ ≥ −0.042. This may explain why

Malomed et al. [91] found numerically stable quasi-solitons for small negative δ, but no

stable solitons far out into this region: they had stepped outside the existence boundary.

As δ → −0.042 the fundamental harmonic tends to zero and the oscillations in the second

harmonic grow.

If either γ or κ is increased the existence region appears to increase in size with some

of these quasi-solitons found to be numerically stable; see Figure 3.6. Computation using

a Chebyshev basis on the infinite interval is known to poorly approximate solitons with

oscillatory tails regardless of the number of modes used; see the discussion in Chapter 9

of Boyd [18]. The reason for the poor approximation of the oscillating tails is due to the

Chebyshev method implicitly imposing zero boundary conditions at the ends of the domain

hence, ‘cutting off’ the oscillating tails. However, the numerical solution is known to provide

an acceptable approximation of the core of soliton, but questions of stability depend crucially

on details of the tails and so cannot be answered with any certainty. As solitons become

unstable in their tails this numerical method may falsely impose (in)stability where none

may exist. This ‘cutting off’ of the tails becomes more pronounced as either γ or κ is

increased. In [102] it was shown that for equations in (1+1)D quasi-solitons close to the limit

corresponding to δ = 0 in the system discussed here, are always unstable albeit with a small

unstable eigenvalue. We conjecture that this property also true for quasi-soltions in higher
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Fig. 3.4: Evolution plots of |v(z, 0, τ)|2 starting from initial data computed from numerical

continuation for γ = 1 and: (a) stable soliton δ = 1 and κ = −0.15, (b) unstable quasi-soliton

δ = −0.04 and κ = −0.15, (c) unstable soliton on stability boundary δ = 1 and κ = −0.2,

(d) unstable soliton δ = 1 and κ = −0.225
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Fig. 3.5: Quasi-soliton for γ = 1, κ = −0.15 and δ = −0.04. Note the oscillations in the

second harmonic v.
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dimensions. Therefore, any numerical results on existence and stability of quasi-solitons using

a Chebyshev discretisation method would be at best speculative. Hence, in Fig. 3.3 for the

region δ < 0, any possibility of existence is labelled ‘Quasi-Solitons’.

Several amendments to the Chebyshev method on the infinite domain have been suggested

(see Boyd [18]) but the computation of quasi-solitons remains a challenging problem and has

only been solved in (1+1)-dimensions; see Champneys et al. [29]. On should also stress

that quasi-solitons have questionable physical validity since they require sources and sinks

of energy at infinity. At best their existence represents parameter regimes where finite-time,

almost localised structures may be expected to be observed in an experiment.
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Fig. 3.6: Evolution of the (a) fundamental and (b) second harmonic for δ = −0.12, γ = 2, κ =

0 in (2+1)D. This soliton is outside the stability boundary found by Towers et al. [142]

3.4.4 Stability boundaries in (3+1)D

If we assume radial symmetry in (3+1)-dimensions, we can reduce the equations to an effective

(2+1)-dimension with the addition of a (1/ρ)d/dρ term. This allows us to use our method

and compute VK-stability boundaries in (3+1)-dimensions. (We shall not attempt to verify

the VK-criteria in (3+1)D since results are already known, see Mihalache et al. [100].) The

results here are aimed at showing how to efficiently compute the full 3-parameter shape of

the stability boundary.

In (2+1)-dimensions it is known that solitons cannot be unstable for γ ≥ 4, but in (3+1)-
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dimensions it is possible to find unstable regions for this parameter space; see Figure 3.3(b).

This unstable region decreases in size until γ = 4 where all solitons are found to be stable. As

we pass through γ = 4 we see the existence of a new unstable region. This region is always

larger than the one found in (2+1)-dimensions for equivalent parameters; see Figures 3.2(a)

and 3.2(b).

3.5 Conclusion

In this chapter we have set out an efficient numerical method for finding stationary soliton so-

lutions for the type-I second-harmonic-generation equations in (2+1)- and (3+1)-dimensions.

The method described uses an adapted mesh applied to the localised soliton problem and

Chebyshev differentiation matrices to carry out either the spatial or temporal differentia-

tion. This adapted mesh method allows us to reduce the size of the discretised problem

enabling the use of numerical continuation software. Using the Vakhitov-Kolokolov (VK)

criterion we can trace out stability boundaries for various equation parameters in (2+1)- and

(3+1)-dimensions. We have also found, numerically, quasi-solitons when the dispersion at the

second harmonic is normal. Known results for the ellipticity of the light bullets for various

dispersion coefficients at the second harmonic and validity of the VK-criteria are confirmed,

and extended to 3-parameter plots in δ, κ, γ.

We have used our discretisation scheme to test the validity of the VK-stability criteria

in (2+1)-dimensions via numerical simulation of the full z-dependent equations, as well as

direct computation of the linear spectrum about the stationary soliton. Confirmation of the

validity of the VK-stability criterion in (3+1)-dimensions can be found in [100].

Our results in (2+1)-dimensions confirm the findings of Mihalache et al. [100] and Skryabin

et al. [131], yet in addition we have been able to provide a full two-parameter plot of the

stability region and indeed how this region shrinks when we vary a third parameter.

Our numerical method can be extended for a wide range of soliton bearing equations

including dissipative systems, though for dissipative systems the VK-criteria is no longer

valid and so stability boundaries would have to be calculated another way. Group velocity

mismatch between the first and second harmonic could also be accommodated with our

numerical method by moving into a travelling frame of reference (Mihalache et al. [101]), but

73



CHAPTER 3. EFFICIENT NUMERICAL CONTINUATION AND STABILITY ANALYSIS OF
SPATIOTEMPORAL QUADRATIC OPTICAL SOLITONS

in this case the equations describing the soliton shape would be complex. For continuation

purposes one must deal with the extra symmetry generated by the complex phase shift since

the Jacobian of the symmetry will be singular. To form a well posed boundary value problem

one could either explicitly decouple the complex phase (see Luce [89] and the next chapter)

or use phase minimisation techniques, see Munoz et al. [107]. Future work will concentrate

on the type-II interaction, second-harmonic-generation equations (see [23]) where far less

is known about the structure of the solutions in (2+1)- and (3+1)-dimensions. Preliminary

investigations there suggest that a greater number of Chebyshev modes are required to resolve

the stability boundary with sufficient accuracy.
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Chapter 4

Nucleation of localised patterns in the

2D Swift-Hohenberg Equation:

Asymptotic analysis

4.1 Introduction

Localised patterns have been observed to form, spontaneously, in a variety of physical exper-

iments from vertically vibrated granular materials [146, 52], liquid crystals [20], binary-fluid

convection [113], the Belousov-Zhabotinhsky reaction [148], localised micro-structures in so-

lidification [68], to nonlinear optics [141]. Localised patterns have also been observed in a

variety of nonlinear models such as those derived from magnetohydrodynamics [17], flame

fronts [57], lasers [80], vibrated granular material [49, 144], and cellular buckling [65] as well

as the general Swift-Hohenberg type models [36, 126, 34, 62, 37] that arise as ‘normal forms’

for all these situations.

In the vertically vibrated granular material experiment, for example, a plate of sand is

periodically forced vertically with the driving frequency f and the dimensionless acceleration

being the experimental control parameters, see Umbanhowar et al [146]. If the experi-

ment is set up with the flat layer state being stable, small circularly symmetric spatially

localised excitations which oscillate at frequency f/2 are sometimes observed (dubbed oscil-

lons). During one cycle of the container, the oscillon is a peak and on the next cycle it is a

crater. Oscillons tend to be highly stable and can form tightly packed clusters of oscillating

75



CHAPTER 4. NUCLEATION OF LOCALISED PATTERNS IN THE 2D SWIFT-HOHENBERG
EQUATION: ASYMPTOTIC ANALYSIS

patterns. They were first observed in plasma physics by Stenflo et al. [134, 135, 136] but

since then oscillons have been observed in Faraday experiments (vertically vibrated viscous

fluid), magneto-convection, cavity solitons in nonlinear optics, and flame combustion fronts.

It was first proposed by Pomeau [117], that a subcritical bifurcation of the trivial solution

and subsequent bistability between the trivial and cellular patterned states, was required for

these localised patterns to exist.

Since these oscillons occur in such a variety of physical contexts, a standard approach

to studying their formation is to look at a generic pattern formation equation, namely the

Swift-Hohenberg equation (SH),

ut = −(1 + ∇2)2u− µu− f(u), (4.1)

where f(u) is a polynomial nonlinearity in u i.e., f(u) = α2u
2 + α3u

3 + α4u
4 + α5u

5 + · · · .
The Swift-Hohenberg equation describes the nonlinear interaction of plane waves, see Cross

and Hohenberg [38] and also Fife [51]. Swift and Hohenberg first derived (4.1) by weakly

nonlinear analysis of the Boussinesq equations describing Bénard convection with random

thermal fluctuations; see [139].

From here, previous analysis of localised patterns in the Swift-Hohenberg equation falls

broadly into two kinds: analysis of localised patterns as an ensemble of interacting localised

objects (‘atoms’), as in Aranson et al. [3], or analysis of 1D localised periodic patterns [65,

114, 147]. Treating localised patterns as an ensemble of interacting localised objects has two

major drawbacks. First, the analysis requires the ‘atoms’ to be exponentially localised in

space and hence well separated from one another, but frequently in experiments they form

closely packed patterns. And second, the analysis becomes highly complicated when dealing

with more than 2 localised objects. The analysis of 1D localised periodic patterns has the

advantage of explaining how localised, closely packed patterns form, but heavily relies on the

equations being 1-dimensional.

Both Sakaguchi and Brand [125] and Coullet et al. [34] have numerically observed localised

patterns in 2-dimensions. In particular, they both observed localised hexagon patterns but

neither could explain their formation apart from a basic 1D explanation. Sakaguchi and

Brand also observed localised square patterns in the SH equation with a nonlinear gradient

term [124]. The aim of this chapter is to understand the process of nucleation of such localised

patterns in the 2D SH equation.
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Fig. 4.1: Bifurcation diagram for multi-pulses in the 1D Swift-Hohenberg equation with

competing nonlinearity. At each fold in the snake, on the lines P1 and P2, a new bump is

formed in the pulse. In the limit of ‖u‖ → ∞, a heteroclinic connection from the trivial

solution to the cellular pattern occurs at the Maxwell point PM .

We can rescale the Swift-Hohenberg equation (4.1) by letting x′ = βx, t′ = β4t, and

dropping the primes to obtain

ut = −∇4u− P∇2u− u+ f(u), (4.2)

where P = 2β2, β4 = 1/(1 + µ) and the coefficients, αi, in f(u) have all been multiplied by

β4. To be definite we shall mainly consider two types of nonlinearity

Case I α2 = α4 = αi = 0, i = 6, 7, . . ., hence f(u) = a3u
3 − u5 where a3 → α3/

√
α5 upon

rescaling u,

Case II and αi = 0, i = 4, 5, . . . hence f(u) = u2 − a3u
3 where a3 → α3/α

2
2 upon rescaling.

We shall principally be interested in the cases when |a3| � 1. The first type of nonlinearity

is equivariant under u 7→ −u (as is the rest of the Swift-Hohenberg equation) and this up-

down symmetry greatly simplifies the asymptotic analysis. The second type of nonlinearity

destroys this up-down symmetry and is known to give preference to hexagonal and triangular

patterns, see Knobloch [74].
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The general bifurcation structure of the 1D Swift-Hohenberg equation with competing

subcritical nonlinearity is as follows, see Figure 4.1. The trivial solution is linearly stable

for −2 ≤ P ≤ 2. At P = 2 there is a Hamiltonian-Hopf bifurcation (in space) of the trivial

solution from which emerges periodic and localised pulse solutions. These localised pulses

grow in height until they undergo a fold bifurcation near P = PM (known as the Maxwell

point [65, 15, 109]). Around PM the pulse solutions ’snake’ and at each fold they acquire

a new bump; see Woods and Champneys [152] also [34] for similar results. In the limit as

‖u‖ → ∞ of this snaking a heteroclinic connection, from the trivial state to the cellular

pattern, occurs.

For localised patterns to form it is known that a necessary condition is that both the

trivial solution and the periodic pattern solution be temporally stable (see Pomeau [117]).

For this necessary condition to be fulfilled we require the bifurcation at P = 2 to be subcritical

which puts constraints on the nonlinearity f(u). For localised patterns to form we then need

to look for a ‘heteroclinic’ connection from the trivial state to the cellular pattern state.

The Swift-Hohenberg equation has a variational formulation with energy functional

J(u) =

∫

Rn

(
1

2
(∇2u)2 − P

2
(∇u)2 + V (u)

)
dx, (4.3)

where V ′(u) = f(u). That is the Swift-Hohenberg equation defines a gradient flow so that

ut = − δJ(u)
δu . As long as the minima of (4.3) are isolated, u(x, t) → U(x) as t → ∞. There-

fore, we shall only consider the stationary Swift-Hohenberg equation. Using this variational

formulation it would be possible to predict which stationary solutions are stable by showing

that they are minima of (4.3).

Budd et al. [22] carried out a multiple-scales analysis of the 1D Swift-Hohenberg equa-

tion by deriving a reduced-amplitude equation to find an analytical criterion on P and the

nonlinearity f(u) for this heteroclinic connection to form. The amplitude equation describes

the shape of the envelope of a periodically modulated solution, of the form

u(x) ∼ δA1(X)eikx + c.c.+ δ2[A0(X) +A2(X)e2ikx + c.c.] + O(δ3) . . .

where X is a slow spatial variable, δ is small and 2k2 = P . They found that the amplitude

equation had both localised (homoclinic) solutions and fixed points corresponding to spatially

periodic solutions of the Swift-Hohenberg equation. At P = PM they found that the ampli-

tude equation had a heteroclinic solution connecting the trivial state to the cellular periodic

solution. This periodic solution corresponds to an equilibrium in the amplitude equation.
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The formal derivation of the amplitude equation made use of two asymptotic limits, a

global stabilisation limit and the linear bifurcation limit P → 2. By introducing a balance

parameter ν (as a measure of global stability) they could study not only the case when
√

2 − P

is small in absolute magnitude but also when comparable to ν, which leads to the heteroclinic

behaviour. After introducing appropriate scalings, they derived an integrable second-order

equation of the form

2PRxx = ε2R− 2νR3 + gR5, (4.4)

where u(x) = R(x)eikx + c.c.+ other modes and 2k2 = P, ε2 = 1 − 1
4P

2 and g is a constant

of O(1). If P is close to 2 (
√
P − 2 � ν) then the cubic terms in (4.4) dominate, balancing

with the linear term, and the quintic terms can be neglected. This occurs when ε � ν, and

leads to small-amplitude homoclinic solutions of the form

R(x) =
ε

ν1/2
sech

(
X√
2P

)
,

with X = εx. When ν ∼ ε, then the quintic and cubic terms also balance, leading to near

heteroclinic solutions with amplitude R = O(ε1/2). In particular, if

ε2 = 3ν2/4g, (4.5)

then there is a heteroclinic connection for which

R2(x) =
ε

γ(1 + eθX)
, with γ =

√
1
3g and θ =

√
2
P .

Equation (4.5) leads to an expression for the critical value of P = PM (Maxwell point) such

that we get localised cellular structures. In 2D this analysis corresponds to the formation of

localised stripes (localised in one spatial direction only).

The snaking behaviour in the 1-dimensional amplitude equation can be explained by a

front (between the trivial and patterned states) interaction which alternates between attrac-

tive and repulsive, see [15, 109, 31]. This front propagates from the global minimum to a local

minimum and at the Maxwell point PM the equilibrium states have the same energy where

the front is motionless. The localised pattern can be considered as the (weakly nonlinear) in-

teraction of two fronts. This interaction is governed by exponentially small terms which vary

rapidly as ε→ 0. The width of the snaking is controlled by these exponentially small terms.

In the Swift-Hohenberg with an odd nonlinearity, it was first shown by Bensimon et al. [15]

that the oscillations about PM as a3 → 0 is of O(ec/a
2
3); see Figure 4.2. In 2-dimensions, we

would also expect to observe localised patterns in a small envelope around PM .
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Fig. 4.2: Schematic diagram of the PM curve (dashed line) and the widths of the snaking in

1D (solid lines) for the Swift-Hohenberg equation with an odd nonlinearity.

Clerc et al. [30, 119], studied pattern formation, defect dynamics and spatio-temporal

instabilities in liquid crystals under a field induced distortion with optical feedback. They

derive an amplitude equation similar to (4.4) and look for travelling fronts and the Maxwell

point of the system corresponding to a phase transition. Beyond the phase transition, they

also derive a Lifshitz normal form PDE,

ut = −uxxxx + Puxx + η + µu− u3 + c(ux)
2.

Numerical simulations of this equation also show the existence of localised patterns. Recently,

Clerc and Falcon [31] derive a quintic Ginzburg-Landau equation for localised patterns in the

one-dimensional Swift-Hohenberg equation. This amplitude equation retains some rapidly

varying, non-resonant terms to predict the interaction of two fronts. Close to the Maxwell

point (PM ) they then derive a bifurcation equation describing the interaction and show the

homoclinic snaking behaviour first described in [152].

The object of this work is to take some of the analysis which has been developed for 1D

localised periodic patterns and adapt it to localised periodic patterns in 2D. In particular, we

shall extend the multi-scale analysis of the 1D Swift-Hohenberg equation by Budd et al. [22]

to derive a nonlinear elliptic amplitude equation and predict the formation of specific localised

patterns. We find that this amplitude equation is non-integrable (unlike the equation derived

in 1D) but we can still analyse the amplitude equation to show that equation (4.5) applies

for 2D localised patterns but with different ν and g.

In general, we wish to describe the amplitude envelope for an underlying cellular pattern.

Spatially doubly periodic, cellular patterns can be expressed as a Fourier series with respect

80



4.1. INTRODUCTION

to some periodic lattice L, see [74, 59, 58, 43]. In particular, we consider the expansion

u =

n/2∑

i=1

Ai(X,Y )eiki·x + c.c, (4.6)

where the critical wave vectors, each of magnitude k, are oriented so that
∑

i ki = 0 on a

dihedral lattice Dn. We seek complex amplitude equations for the critical modes of the form

∇2Ai + gi(A;λ) = 0, i = 1, . . . , n, (4.7)

where λ is the set of equation parameters and gi is a complex function of A = (A1, A2, . . . , An).

Methods for calculating the general structure of gi can be found in [58]. Our choice of scalings

leads to amplitude equations of the form (4.7) while yielding good approximations of the

coefficients in gi. Since we are interested in symmetric, dihedral patterns we set Ai = A

and so the amplitude equations are reduced to one complex equation. From there we can

separate out the modulus and phase of A to reduce the equations to a 2nd-order variational

semi-linear elliptic equation,

∇2r = ε2r − νr3 + gr5. (4.8)

For Squares we find that ν = −32a2
2P

2 − 18a2
2 + 18a3P

2 + 9a3 = 0. Elliptic equations of the

form (4.8) have several properties allowing us to predict the formation of localised patterns.

Firstly, since this equation has a variational structure, we can prove the existence of localised

pulses near onset. Similar to the 1D amplitude equation, when ε� ν the quintic term can be

ignored and the localised pulse is a mountain pass point (for every ε, ν > 0) of the variational

formulation of (4.8) and so is initially unstable. We prove the existence of a localised pulse

in 2D for 9ν2−64ε2g > 0. If we assume that close to onset the localised pulses in 2D are well

approximated by the 1D version of (4.8) we may use the 1D conservation law to calculate

the height of the localised pulse and predict when it makes a heteroclinic connection with

cellular patterns (corresponding to spatially homogeneous equilibria of (4.8)). We may also

make the approximation that the localised structures in (4.8) are radially symmetric then we

can reduce the 2D problem to a radial ODE.

The chapter is outlined as follows. In Section 4.2 we carry on the formal derivation of

the amplitude equation for square cellular patterns. In the following section 4.3, we then

analyse the amplitude equation to show the existence of localised solutions and a connection

from the trivial state to the square cellular pattern. From this we then derive an algebraic

condition for the nucleation of localised square patterns. Then in Section 4.4 we discuss
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extensions to other cellular patterns. Finally, in Section 4.5 we present numerical simulations

of the 2D Swift-Hohenberg equation exploring the existence of localised square patterns and

we conclude in Section 4.6.

4.2 Amplitude Equation

4.2.1 Asymptotic ansatz

Taking our guidance from Budd et al. [22] we define the linear differential operator L such

that

Lu+ f(u) = ∇4u+ P∇2u+ u+ f(u) (4.9)

where f(u) can be a general polynomial nonlinearity, f(u) = a2u
2 + a3u

3 + a4u
4 + a5u

5. We

define the following scalings X = εx, Y = εy, and ε = O(δ2). We then expand the function

u(x,X, y, Y ) in terms of the small parameter δ,

u(x, y) ≡ u(x,X, y, Y ) ∼ δu1(x,X, y, Y ) + δ2u2(x,X, y, Y ) + . . . (4.10)

where we let δ = ε/ν1/2. We also define the symbol of the operator L by

µ(k) = k4 − Pk2 + 1 = (k2 − 1

2
P )2 + 1 − 1

4
P 2. (4.11)

We set ε2 = µ(k) as a measure of the distance of P from P = 2 and k = 1. We then replace

the following,

ux ⇒ ux + εuX , (4.12)

uxx ⇒ uxx + 2εuXx + ε2uXX , (4.13)

uxxx ⇒ uxxx + 3εuXxx + 3ε2uXXx + ε3uXXX , (4.14)

uxxy ⇒ uxxy + ε(uxxY + 2uXxy) + ε2(2uXY x + uXXy) + ε3uXXY , (4.15)

uxxyy ⇒ uxxyy + ε(2uY yxx + 2uXxyy) + ε2(uY Y xx + 4uXY xy + uXXyy)

+ ε3(2uXY Y x + 2uXXY y) + ε4uXXY Y , (4.16)

uxxxx ⇒ uxxxx + 4εuXxxx + 6ε2uXXxx + 4ε3uXXXx + ε4uXXXX , (4.17)

∇2u⇒ (uxx + uyy) + 2ε(uXx + uY y) + ε2(uXX + uY Y ), (4.18)
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∇4u⇒ (uxxxx + 2uxxyy + uyyyy) + 4ε(uXxxx + uY yxx + uXxyy + uY yyy)

+ε2(6uXXxx+2uXXyy+8uXY xy+2uY Y xx+6uY Y xx)+4ε3(uXXXx+uXY Y x+uXXY y+uY Y Y y)

+ ε4(uXXXX + 2uXXY Y + uY Y Y Y ). (4.19)

Similar to Budd et al., we mainly consider the case

ν = O(ε) ⇒ δ = O(ε1/2) (4.20)

anticipating that we are looking for a connection from the trivial state to the cellular pat-

tern. From the derivatives we then get terms which have coefficients εj , and from (4.20) are

O(δ2j). We now substitute the expansion in the Swift-Hohenberg equation and we equate

the coefficients of like powers of δ:

O(δ) : Lu1 = 0, (4.21)

O(δ2) : Lu2 = −a2u
2
1, (4.22)

O(δ3) : Lu3 = −4
ε

δ2
[u1Xxxx +u1Y yxx +u1Xxyy +u1Y yyy ]−2P

ε

δ2
[u1Xx +u1Y y ]−2a2u1u2−a3u

3
1,

(4.23)

O(δ4) : Lu4 = −a2u
2
2 − 2a2u1u3 − 3a3u

2
1u2 − a4u

4
1 − 4

ε

δ2
[u2Xxxx + u2Y yxx + u2Xxyy + u2Y yyy ]

− 2P
ε

δ2
[u2Xx + u2Y y ], (4.24)

O(δ5) : Lu5 = −2a2u1u4 − 2a2u2u3 − 3a3(u
2
1u3 + u1u

2
2) − 4a4u

3
1u2 − a5u

5
1

− ε2

δ4
[6u1XXxx + 2u1XXyy + 8u1XY xy + 2u1Y Y xx + 6u1Y Y yy ] −

ε2

δ4
P [u1XX + u1Y Y ]

− 4
ε

δ2
[u3Xxxx + u3Y yxx + u3Xxyy + u3Y yyy ] − 2P

ε

δ2
[u3Xx + u3Y y ]. (4.25)

To keep the algebra to a minimum we will set a4 = 0 as it is in the two model nonlinear-

ities CASES I and II of interest. Nonzero a4, can however be easily accommodated in the

expansion.

4.2.2 Evaluation from localised square patterns

To proceed with the expansion we need a suitable ansatz for u1. For reasons of exposition,

we start the expansion for a square cellular pattern with the ansatz

u1 = A(X,Y )(eikx + eiky) + c.c. (4.26)
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and equation (4.21) becomes

[k4 − Pk2 + 1]Aeikx + [k4 − Pk2 + 1]Aeiky = 0. (4.27)

Let µ(k) = k4 − Pk2 + 1 = O(ε2). Then we get

µ(k)A(eikx + eiky) = ε2A(eikx + eiky) = O(δ4). (4.28)

Thus the equation at O(δ) simply gives the identity 0 = 0 and this term contributes to the

amplitude equation as the linear term.

Solving the O(δ2) equation, we have

u2 = B0(X,Y ) +B1(X,Y )eik(x+y) +B2(X,Y )(e2ikx + e2iky) +B3(X,Y )eik(x−y) + c.c,

where

B0(X,Y ) = −4a2|A(X,Y )|2,
B1(X,Y ) = −2a2A(X,Y )2,

B2(X,Y ) = −a2A(X,Y )2

2P 2 + 1
,

B3(X,Y ) = −2a2|A(X,Y )|2.

Now, considering the O(δ3) terms we have (after substituting in the coefficients Bi(X,Y ))

Lu3 =

[
− ε

δ2
(−2ik(2k2 − P )AX) − −32a2

2P
2 − 18a2

2 + 18a3P
2 + 9a3

2P 2 + 1
|A|2A

]
eikx

+

[
− ε

δ2
(−2ik(2k2 − P )AY ) − −32a2

2P
2 − 18a2

2 + 18a3P
2 + 9a3

2P 2 + 1
|A|2A

]
eiky + h.o.modes

(4.29)

Since the linear operator L is self-adjoint, we can avoid secular terms by requiring both

brackets to be zero; see [92, 149]. If we set

ν = −32a2
2P

2 − 18a2
2 + 18a3P

2 + 9a3 = O(δ2) > 0, (4.30)

then the nonlinear terms do not play a role at O(δ3). The solvability condition is the same

as in 1D i.e P = 2k2 and so we have eliminated both brackets. If we set a2 = −1 then we

find that a3 < 146/81 ∼ 1.8 (for stripes the critical value is a3 < 38/27; see [152]).
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Carrying on the with the expansion at O(δ3) we find that,

u3 = C1(e
3ikx + e3iky) + C2(e

ik(2x−y) + eik(2y−x)) + C3(e
ik(2y+x) + eik(2x+y)), (4.31)

since

u3
1 = 9|A|2A(eikx + eiky) +A3(e3ikx + e3iky) + 3A3(eik(x+2y) + eik(2x+y))

+ 3|A|2A(eik(2y−x) + eik(2x−y)) + c.c. (4.32)

We find that (setting k =
√
P/2)

C1 = −4(a3(2P
2 + 1) − 2a2

2)A
3

(2P 2 + 1)(4 + 63P 2)
,

C2 = −4(3a3(3P
2 + 1) − 2a2

2(3 + 4P 2))|A|2A
(2P 2 + 1)(15P 2 + 4)

,

C3 = −4(3a3(3P
2 + 1) − 2a2

2(3 + 4P 2))A3

(2P 2 + 1)(15P 2 + 4)
.

The solvability condition is automatically satisfied for the O(δ4) equation with

u4 = E0(X,Y )+E2(X,Y )e2ikx+E3(X,Y )e2iky+E4(X,Y )eik(x+y)+E5(X,Y )eik(x−y)+c.c.+h.o.t.

The coefficients are found in a similar manner as before (after a lot of algebra).

At O(δ5) we obtain a solvability condition for u5, avoiding secular terms. This leads to 2

equations (one for the eikx and the other for eiky) and upon addition of these two equation

we get an amplitude equation for A

−2P
ε2

δ4
∇2A+ 2

ε2

δ4
A+ 2

ν

δ2
A|A|2 + 2c|A|4A+ i

ε

δ2
d|A|2(AX +AY ) = 0 (4.33)

where

c =
8

((2P 2 + 1)2(15P 2 + 4)(63P 2 + 4))
(400a5 − 228a2

3 − 1712a4
2 − 13788a2

3P
6 − 14700a2

3P
4

− 4359a2
3P

2 + 506889a3a
2
2P

4 + 99060a3a
2
2P

2 + 4512a3a
2
2 + 952884a3a

2
2P

6

− 34124a4
2P

2 − 134546a4
2P

4 − 207768a4
2P

6 − 120960a4
2P

8 + 612360a2
2a3P

8

+ 94500a5P
8 + 125700a5P

6 + 56425a5P
4 + 9400a5P

2). (4.34)

d =
4
√

2a2
2P

3/2(8P 4 + 8P 2 + 5)

2P 2 + 1
. (4.35)
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The coefficient c takes on a simplified form if a2 = 0, a5 = 1 (CASE I),

c =
4

(63P 2 + 4)(15P 2 + 4)
(23625P 4 − 3447a2

3P
2 + 7800P 2 + 400 − 228a2

3).

We can simplify this equation by separating the modulus of A by substituting,

A(X,Y ) = r(X,Y )eiϕ(X,Y ), (4.36)

with r(X,Y ) and ϕ(X,Y ) real, then unpon taking real and imaginary parts we have

−P ε
2

δ4
(∇2r − r(ϕ2

X + ϕ2
Y )) +

ε2

δ4
r +

ν

δ2
r3 + cr5 − ε

δ2
dr3(ϕX + ϕY ) = 0, (4.37)

−P ε
2

δ4
(r∇2ϕ+ 2rXϕX + 2rY ϕY ) +

ε

δ2
d(r). (4.38)

In general one would look for phase equilibria (ϕ =constant) which would allow us to ignore

the contribution from the d terms. In this case though we can find a solution to the above

equations yielding the following system

P
ε2

δ4
∇2r =

ε2

δ4
r − ν

δ2
r3 + gr5, (4.39)

where g = (2c− 3d2

16P
ε2

δ4
)/2 and

ϕX =
δ2

ε

(
dr4

4
+ c1

)
1

Pr2
, (4.40)

ϕY =
δ2

ε

(
dr4

4
+ c1

)
1

Pr2
. (4.41)

If we express equation (4.39) in unscaled variables by setting R = δr and x = X/ε, then

we obtain

∇2R = aR− bR3 + cR5, (4.42)

where a = ε2/2P, b = 2ν/2P, c = g/2P .

We want to show there is a positive homoclinic solution of (4.42). In 1D there is an

analytic sech solution.

To simplify the problem further we now assume that the amplitude is radial symmetric

implying that we can reduce this equation to a 1D problem i.e., we look for a R ∈ H2
O(2)(R

2)

where O(2) is the orthogonal symmetry group.
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Equation (4.42) is non-integrable though approximate radial pulse solutions, called Pereira-

Stenflo solitons, are known; see Anderson et al. [2]. It is would be possible to use the Pereira-

Stenflo soliton approximation to predict when a heteroclinic connection from the trivial so-

lution to the cellular pattern occurs. Doing this will reduce the problem to an algebraic

constraint, but we do not do this here.

As we shall show in Section 4.4, this is the general form of the amplitude equation for other

symmetric cellular patterns with the difference between pattern showing only in different

coefficients a, b and c. Hence, we need to analyse equation (4.42) to find when a connection

from the trivial state to the cellular pattern state occurs.

4.3 Analysis of the Amplitude Equation

Equation (4.42) is non-integrable in 2-dimensions (c.f. in 1D, Budd et al. [22]), but, qualita-

tively, a lot is known about positive solutions of semilinear elliptic equations [118, 50].

Numerically, it has been found that pulses in 2D are higher than the 1D pulse but we have

found that the 2D pulses are with in ∼ 10−3 of the 1D pulse for the parameter regions we are

interested in and so it is reasonable to make the assumption that the 1D and 2D pulses have

the same height. This approximation allows us to use the conservation law in 1D to derive

an algebraic condition for when the heteroclinic connection should occur at PM value. We

would expect the heteroclinic connection to occur earlier than predicted below.

In 1D we can multiply (4.42) by Rx and integrate to find that

1

2
(∇R)2 =

a

2
r2 − b

4
r4 +

g

6
r6. (4.43)

Assuming we have a localised solution, we know that the maximum amplitude of the pulse

(rmax) occurs at rx = 0 and rmax satisfies

r2max =
3b−

√
9b2 − 48ac

4c
(4.44)

provided c < 9b2/48a.

To understand when we have a connection from the trivial state to the cellular pattern

state we need to find nontrivial steady states of (4.42) which correspond to the spatially
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periodic cellular pattern. The two other nontrivial equilibria that are possible can be found

by setting ∇2R = 0 in (4.42) at r±0 ,

(r±0 )2 =
b±

√
b2 − 4ac

2c
. (4.45)

We find that r−0 < rmax ≤ r+0 where rmax is the max value of the homoclinic and a heteroclinic

connection occurs when rmax = r+0 i.e., at

c =
9b2

48a
. (4.46)

at this value

r20 = r2max =
4a

b
(4.47)

Since ε2 = 1 − 1
4P

2 we find a value for PM (when the heteroclinic connection occurs).

Since c = c(P, a3), PM has to be found numerically (unless we make some approximation).

In the next section we shall existence of a 2D positive radial pulse.

4.3.1 Variational analysis

In this section we shall show there is a 2D positive pulse solution to equation (4.42) for the

parameter values c < 9b2/64a using variational methods. The constraint c < 9b2/64a is

required to find a mountain pass solution.

When a� b, the cubic terms in (4.42) balance with the linear term and the quintic terms

can be neglected. This situation occurs near the bifurcation off the trivial solution and in

this case the pulse solutions correspond to mountain-pass points of the functional

J (R) =

∫

R2

1

2
(∇R)2 +

a

2
R2 − b

4
R4. (4.48)

This functional fits into the standard mountain-pass theory for nonlinear elliptic equations

of the form −∆r + λr = |r|p−2r, see Willem [150]. Since this pulse is a mountain-pass point

of the above functional it is an unstable solution of (4.42). This pulse remains unstable until

PM where there is a fold and a heteroclinic connection from the trivial solution to the cellular

pattern state.

To show the existence of a positive 2D pulse for the full equation (4.42) we shall use

Mountain-Pass theory. The problem here is that the highest nonlinearity of the functional
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J(R) is of the wrong sign and so we need to use the monotonicity trick of Struwe [137] to

find the mountain-pass point for c < 9b2/64a.

To do this we introduce a new potential

Wb(R) =

{
0 for R < 0
b
4R

4 − c
6R

6 otherwise
(4.49)

where b, c > 0 and a new functional

Ib(R) =

∫

R2

(
1

2
(∇R)2 +

a

2
R2 −Wb(R)

)
. (4.50)

Note here that Wb(R) is of class C1 for all R ∈ H1
O(2)(R

2). [From the proof Chapter 1,

Willem [150], the existence and continuity of a Gateaux derivative for an Lp functional

(2 ≤ p < ∞) is showing using the Sobolev embedding theorem H1(R2) ⊂ Lp(R2).]. We

choose the norm

‖R‖2
1 =

∫

R2

1

2
(∇R)2 +

a

2
R2

on H1
O(2)(R

2) (which is equivalent to the usual H1 norm because a > 0).

The reason for introducing this new potential is to limit the solutions to positive ones

only.

To show that a mountain-pass solution of (4.50) we first show that Ib has mountain pass

structure for b ∈ (0, 8
3

√
ac). We then use the theorem of Jeanjean [69, Theorem 1.1] to show

that Ib has a bounded Palais-Smale sequence. We can then use this to show that there

is a solution which converges weakly to a non-trivial critical point of Ib for almost every

b ∈ [0, 8
3

√
ac] we then show that weak solutions of (4.42) are also strong solutions. Finally,

we show that the solution is positive.

We summarise the results of this section.

Theorem 2 For a, c > 0 and almost every b ∈ [0, 8
√
ac/3] there exists a nontrivial, positive

radially symmetric pulse solution of (4.42).

The proof of the theorem is split into 3 steps

1. The functional (4.50) has mountain-pass structure, (Lemma 3)
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2. There exists a bounded Palais-Smale sequence {Rn} of Ib at level cb and the sequence

{Rn} contains a convergent subsequence, (Lemma 4)

3. Any weak critical point of I corresponds to a strong (classical) solution of equation

(4.42) and this solution is positive, (Lemma 5).

Remark: The bound c < 9b2/64a is only a sufficient condition to find a mountain-pass

structure and there may be pulses that exist beyond this bound.

First we collect two standard results from functional analysis we shall need along the way.

Further results can be found in the appendix and are cited throughout this section.

Theorem 3 (Mountain-Pass, Brezis and Nirenberg [21]) Consider a Hilbert space X

and a functional F ∈ C1(X,R) with the properties that F (0) = 0, that 0 is a strict local

minimum of F and that there is an element x ∈ X with F (x) < 0. There exists a Palais-

Smale sequence {xn} ⊂ X such that F (xn) → a, F ′(xn) → 0 as n→ ∞, where

a = inf
γ∈Γ

max
s∈[0,1]

, Γ = {γ ∈ C([0, 1], X) : γ(0) = 0, F (γ(1)) < 0}.

Theorem 4 (Bounded Palais-Smale sequence) Let X be a Banach space equipped with

a norm ‖ · ‖X and let J ⊂ R
+ be an interval. We consider a family (Iλ)λ∈J of C1-functionals

on X of the form

Iλ(R) = A(R) − λB(R), ∀λ ∈ J,

where B(R) ≥ 0, ∀R ∈ X, and such that either A(R) → +∞ or B(R) → +∞ as ‖R‖X → ∞.

We assume there are two points v1, v2 in X such that

cλ = inf
γ∈Γ

max
t∈[0,1]

Iλ(γ(t)) > max{Iλ(v1), Iλ(v2)} ∀λ ∈ J,

where

Γ = {γ ∈ C([0, 1], X)|γ(0) = v1, γ(1) = v2}.

Then, for almost every λ ∈ J , there is a sequence {vn} ⊂ X such that

1. {vn} is bounded,

2. Iλ(vn) → cλ,
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3. I ′
λ(vn) → 0 in the dual X−1 of X.

Here we have monotone dependence of cλ upon λ ∈ J and the function λ → cλ is non-

increasing (and so is almost everywhere differentiable and continuous. Using this fact Theo-

rem 3 is proved using the Quantitative Deformation of Willem [150, Lemma 2.3] which does

not require a Palais-Smale condition).

We now need to show that the functional (4.50) has mountain-pass structure and there

exists a bounded Palais-Smale sequence {Rn}.

A functional that satisfies the hypothesis of Theorem 2 is said to have mountain-pass

structure.

Lemma 3 The functional Ib(R) has mountain-pass structure for provided b ∈ (0,+8
√
ac/3).

Proof: Step 1: Let R ∈ H1(R2), with ‖R‖1 = r, for r > 0. Then

Ib(R) =
r2

2
−
∫

R2

Wb(R).

Now,
∫

R2

|W (R)| ≤
{

0 for R < 0

C1

∫
R2 R

6 for R ≥ 0

and by the Sobolev theorem, there exists a c2 > 0 such that, on R ∈ H1(R2)

‖R‖Lp ≤ c2‖R‖1.

Hence we have

Ib(R) ≥ r2

2
− Cr6,

and for sufficiently small r we have that Ib(R) ≥ r2

2 = κ > 0.

Step 2: Let e := exp(−ξ(x2 + y2)) on R
2 where e ∈ H2(R2). Now

A =

∫

R2

1

2
(∇e)2 +

a

2
e2 =

1

4
+

a

8ξ
,

B =

∫

R2

b

4
e4 =

b

32ξ
,

C =

∫

R2

c

6
e6 =

c

72ξ
.
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Now looking at Ib(te) we have

Ib(te) = t2A− t4B + t6C (4.51)

Finding minima of (4.51) with respect to t, yields

t2 = 0, (3b±
√

9b2 − 48ac− 96cξ)/4c.

choosing t∗ = +

√
(3b+

√
9b2 − 48ac− 96cξ)/4c makes Ib(t∗e) < 0 provided 9b2 − 64ac > 0

since we can find a 0 < ξ < (9b2 − 64ac)/128c only if ξ < (9b2 − 64ac)/128c.

�

From the above lemma we see that for each b ∈ (0,+8
√
ac/3), Ib has mountain-pass

structure with corresponding mountain-pass level cb > 0. The first step is to show that, for

almost every b ∈ [0,+8
√
ac/3], Ib possesses a bounded Palais-Smale sequence at the level cb.

To do this, we shall use Theorem 3 with ‖ · ‖X = ‖ · ‖1, J ∈ [0,+8
√
ac/3], v1 = 0, v2 = e,

λ = b and

A(R) =

∫

R2

1

2
(∇R)2 +

a

2
R2 +

c

6
R6,

B(R) =

∫

R2

1

4
R4.

It is clear that B(R) ≥ 0 and A(R) → +∞ as ‖R‖1 → ∞. Hence we have a bounded

Palais-Smale sequence {Rn} for almost every b ∈ [0, 8
3

√
ac].

From Theorem 3 we see that ∀b ∈ (0,+8
√
ac/3), Ib(Rn) → cb > 0 and that Rn cannot

uniformly converge to zero otherwise ‖Rn‖1 → 0 would imply that Ib(Rn) → 0 and contradict

the fact that cb > 0.

Lemma 4 Let {Rn} ⊂ H1
O(2)(R

2) be a bounded sequence such that

sup
n

Ib(Rn) <∞ I ′
b(Rn) → 0.

Then the sequence contains a convergent subsequence for almost every b ∈ [0, 8
√
ac/3].

Proof: Let w(R) := W ′(R). Since {Rn} is bounded, we can assume that Rn ⇀ R in

H1. Since H1
O(2)(R

2) ⊂ Lp(R2) compactly [150] (2 < p < ∞), Rn → R in Lp. It suffices to

show that ‖Rn −R‖1 → 0 as n→ ∞. We find that

‖Rn −R‖2
1 = 〈I ′

b(Rn) − I ′
b(R), Rn −R〉 +

∫

R2

(w(Rn) − w(R))(Rn −R).
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Now 〈I ′
b(Rn)−I ′

b(R), Rn−R〉 → 0 and so we are left to show that
∫

R2(w(Rn)−w(R))(Rn−
R) → 0. From Holder’s and Youngs inequalities we obtain

|w(ξ)| ≤ δ|ξ| + Cδ|ξ|5,

where δ = bε/2 and Cδ = (c+ b/2ε). Hence
∣∣∣∣
∫

R2

(w(Rn) − w(R))(Rn −R)

∣∣∣∣ ≤
∫

R2

[
δ[|Rn| + |R|] + Cδ[|Rn|5 + |R|5

]
(Rn −R),

≤ 4δ[|Rn|2L2 + |R|2L2 ] + Cδ[|Rn|5Lp + |R|5Lp ]|Rn −R|Lp ,

≤ c(δ + Cδ|Rn −R|Lp),

where c is independent of δ and n. Thus, on taking the limit Rn → R and δ → 0, we find that

‖Rn −R‖ → 0, as n→ ∞. Hence, the sequence {Rn} contains a convergent subsequence.

�

In the following Lemma we show that a weak solution R ∈ H1
O(2)(R

2) is also a classical

solution of (4.42). Now since R ∈ H2
O(2)(R

2) is nontrivial solution of (4.42) it is a pulse

solution.

Lemma 5 Suppose R is a minimiser of (4.50). Then R is a positive, radially symmetric

classical solution of (4.42).

Proof: Define

F (t) = Ib(R+ tr),

where r is an arbitrary function in C∞
0 (R2) and t ∈ R and R ∈ H1

O(2)(R
2). Then, since F

has a minimum at t = 0, and F is differentiable near the origin (since F (t) is finite for all t),

it follows that F ′(0) = 0 (e.g. Evans [50, Theorem 4]), or
∫

R2

∇R∇r + [aRr − bR3r + cR5r]dx = 0. (4.52)

This equation states that the weak derivative ∇2R exists and equals the term in square

brackets. Hence R belongs toH2(R2) and satisfies (4.42). By the Sobolev embedding theorem

R ∈ C1(R2). If R < 0 then

∇2R− aR = w(R) = 0,

and the Strong Maximum Principal implies that R is positive, hence R > 0.

�
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4.4 Other pattern asymptotics

4.4.1 Stripes

The ansatz for stripe patterns in 2D is simply the 1D ansatz

u1 = A(X)eikx or u1 = A(Y )eiky.

Note here the amplitude A will only be localised in one space dimension. This choice of

ansatz yields the 1D amplitude equation (4.4) derived by Kuske et al. [22]. We can then use

the results of Kuske et al. to plot the PM curve for stripes in 2D.

It should be noted that Sakaguchi and Brand [125] observed localised stripe patterns

which are localised in both spatial dimensions. These patterns are clearly anisotropic and

do not fall under the frame of work described in this chapter. The elliptic nature of the

patterns is reminisent of the elliptic solitons observed in Chapter 3. In order to deal with

these localised stripes one could possibly try an expansion along the lines of the Newell-

Whitehead-Segal equation where the spatial scalings become X = ε1/2x, Y = ε1/4y (see [38]).

The Newell-Whitehead-Segal equation for the envelope function A(X,Y ) is

−4(∂X − i

2
∂2
Y Y )2A = εA− 3|A|2A. (4.53)

Note that the asymptotic expansion yields a non-symmetric (variational) differential op-

erator. It is unclear whether pulse solitons exist in this equation without numerical compu-

tation of the full 2D amplitude equation. The asymption that a radial pulse bifurcates in

the amplitude equation (and hence reduce the problem to a non-automous ODE) would be

in appropriate here.

4.4.2 Hexagon and triangle asymptotics - with odd nonlinearity

Hexagon patterns can be dealt in a similar manner as the square patterns and the analysis

carries out in much the same way as before. We first treat the case a2 = a4 = 0. We start

by substituting the hexagon ansatz (see Golubitsky et al. [59])

u1 = A(X,Y )(e−ikx + eik(x+
√

3y)/2 + eik(x−
√

3y)/2) + c.c, (4.54)
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into equations (4.21)-(4.25). As with the square asymptotics, we find that µ(k) = k4−Pk2 +

1 = O(ε2) so that the equation at O(δ) simply gives the identity 0 = 0. At O(δ2) we can set

u2 = 0. Now, considering the O(δ3) term we have

Lu3 =
[
− ε

δ2
(4ik3AX − 2iPkAX) − 15a3|A|2A

]
e−ikx+

[
− ε

δ2
(2ik3AX − iPkAX + 2

√
3ik3Ay −

√
3PikAy) − 15a3|A|2A

]
eik(x+

√
3y)/2

+
[
− ε

δ2
(2ik3AX − iPkAX − 2

√
3ik3Ay +

√
3PikAy) − 15a3|A|2A

]
eik(x−

√
3y)/2+h.o.modes

(4.55)

To avoid secular terms we require all three brackets to be zero. Here ν = a3 in (4.8). If

we set a3 < 0 and |a3| = O(δ2) then the nonlinear terms do not play a role at O(δ3). The

solvability condition is the same as before i.e. P = 2k2. Carrying on with the expansion at

O(δ3) we find that,

u3 = C0+C1(e
ik(x+3

√
3y)/2+eik(2x+

√
3y))+e−ik(5x+

√
3y)/2)+C2(e

−ik(x+
√

3y)+e2ikx+e−ik(x−
√

3y))

+ C3(e
− 3

2
ik(x−

√
3y) + e−

3

2
ik(x+

√
3y) + e3ikx) + C4(e

1

2
ik(3x+

√
3y) + e

√
3iky) + c.c. (4.56)

where

C0 = −6a3(A
3 +A

3
),

C1 = −12a3|A|2A
35P 2 + 4

,

C2 = −6a3|A|2A
1 + 2P 2

,

C3 = − 4a3A
3

4 + 63P 2
,

C4 = −12a3(A
3 +A

3
)

3P 2 + 4
,

with P = 2k2.

Going to O(δ5) we find that

u5
1 =

(
310|A|4A+ 30A

5
)

(e−ikx + eik(x+
√

3y)/2 + eik(x−
√

3y)/2) (4.57)

Carrying on with the expansion we find at O(δ5) a solvability condition for u5 by de-

manding there are no secular terms. This leads to three equations, one for each for the
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e−ikx, eik(x−
√

3y)/2, eik(x+
√

3y)/2 modes and upon addition of these equations we get an ampli-

tude equation

ε2

δ4
P∇2A− ε2

δ4
A− 15

a3

δ2
|A|2A+ a|A|4A+ bA

5
= 0 (4.58)

where

a = − 10

(2P 2 + 1)(4 + 3P 2)(35P 2 + 4)(63P 2 + 4)

(
(47628 − 410130a2

3)P
8

+(824817 − 270900a2
3)P

6 + (410068 − 236118a2
3)P

4

+(54064 − 39504a2
3)P

2 + 1932 − 1632a2
3

)
(4.59)

b =
6((15 − 18a2

3)P
2 + 20 − 60a2

3)

4 + 3P 2
(4.60)

At first sight the presence of an A
5

term might seem a bit strange. However, this term is

also present in the normal form for bifurcations which are invariant under the symmetry

group D6 +T 2 ×C2 (see Golubitsky et al. [59], where D is the dihedral group, T is the torus

group and C is the cyclic symmetry group), as the following argument shows. The group

D6 + T 2 × C2 leaves the following polynomials invariant:

σ1 = u1 + u2 + u3,

σ2 = u1u2 + u2u3 + u3u1,

σ3 = u1u2u3,

q = A1A2A3 + Ā1Ā2Ā3,

where

u(x, t) = Re

{
3∑

i=1

Ai(t)e
iki·x

}
, and (ui = |Ai|2).

If we also assume invariance under A 7→ −A, then the general form of the amplitude equation

(equation (2.7) in Golubitsky et al. [59]) is

Ȧ1 = ∇2A1 +A1(l1 + u1l3 + u2
1l5) + Ā2Ā3q(m5 + u1m7 + u2

1m9), (4.61)

where lj ,mj are functions of σ1, σ2, σ3, σ4, q and a bifurcation parameter. If we now set

A1 = A2 = A3 = A we see from the last term in (4.61) and the q polynomial that there is an

A
5

term.

96



4.4. OTHER PATTERN ASYMPTOTICS

To proceed from here we separate out the modulus and phase of A and then look for

phase equilibria i.e., A = r(X,Y )eiφ,

ε2

δ4
P∇2r − ε2

δ4
r − 15

a3

δ2
r3 + (a+ b cos(6φ))r5 = 0, (4.62)

−b sin(6φ)r5 = 0, (4.63)

where a is the coefficient for |A|4A and b is the coefficient for A
5
. Now hexagons correspond

to the phases φ = 0 or φ = π and triangles correspond to φ = π/2 or 3π/2. Choosing these

phases eliminates (4.63) and reduces (4.62) to a semilinear equation of the form (4.42). We

can now proceed in a similar manner as before in the previous sections and find an algebraic

condition for PM .

4.4.3 Hexagon and triangle asymptotics - Breaking the odd symmetry

Carrying out a similar analysis for a general polynomial nonlinearity in the SH equation, say

f(u) = a2u
2 +a3u

3, we acquire the terms a2A
2
, a2A

4 and a2|A|2A2
in the amplitude equation

for hexagon patterns. For these terms to balance we would then require that a2 = O(δ3).

The resulting amplitude equation is

−3P
ε2

δ4
∇2A+ 3

ε2

δ4
A+ 6

a2

δ3
A

2 − 3ν

δ2
|A|2A+

3c

δ
|A|2A2

+
3d

δ
A4 + 3e|A|4A+ 3fA

5
= 0 (4.64)

where

ν =
202a2

2P
2 + 88a2

2 + 72a2
2P

4 − 90P 4 − 165P 2 − 60

(3P 2 + 4)(2P 2 + 1)
, (4.65)

c =
2a2

(3P 2 + 4)(2P 2 + 1)
(−492P 2 − 240 + 64a2

2 − 144P 4), (4.66)

d =
2a2

(3P 2 + 4)(2P 2 + 1)
(−123P 2 + 16a2

2 − 36P 4 − 60), (4.67)

e =
1

(4 + 35P 2)(3P 1 + 4)3(4 + 63P 2)(2P 2 + 1)2
6(4286520P 14−38578680a2

2P
14+8573040a4

2P
14

+ 44389296a4
2P

12 − 274765932a2
2P

12 + 37954980P 12 + 121394538a4
2P

10 + 111792960P 10

− 818997885a2
2P

10 + 150511230P 8 − 1166483700a2P
8 + 204157872a4

2P
8 + 99190560P 6

+ 176247104a4
2P

6 − 799745760a2
2P

6 − 249302400a2
2P

4 + 68003328a4
2P

4 + 30415680P 4

− 29066496a2
2P

2 + 3617280P 2 + 9490944a4
2P

2 + 130560 − 1029120a2
2 + 372736a4

2) (4.68)
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f =
6

(3P 2 + 4)(2P 2 + 1)

(
432P 8 + 2088P 6 − 630a2

2P
4 + 2484P 4 + 102a4

2P
2

−675a2
2P

2 + 1134P 2 + 180 + 56a4
2 − 180a2

2

)
. (4.69)

For this equation to asymptotically balance we require that a2 ∼ O(δ3), c ∼ O(δ) and

d ∼ O(δ). Since c and d have a factor of a2 ∼ O(δ3) we can ignore the quartic terms in

(4.64). For the bifurcation to be subcritical we require that a2 > 0. This suggests the scalings

should be ε = O(δ) rather than ε = O(δ2) in the expansion. Unlike the previous amplitude

equation (4.58), hexagons bifurcate subcritically off the trivial solution and restabilise (in the

amplitude equation) providing the right dynamics to see localised hexagons, see [38, 59]. We

can proceed in a similar fashion as before and make a radial approximation to predict the

heteroclinic connection from the trivial state to the hexagon pattern. This looks to be the

most promising direction for research and comparison with numerics and is left as further

work.

4.4.4 General cellular patterns

Asymptotics for other dihedral patterns can be dealt in a similar way by choosing a different

starting ansatz u1 and the analysis will carry out in much the same way as for hexagons

etc. One can also carry out asymptotics for competing modes and non-symmetric dihedral

patterns by choosing a more general starting ansatz. The biggest problem with carrying out

asymptotics for more complicated patterns is to end up with an equation that is simpler to

analyse than the original problem. Even the expansion process is complicated and computer

algebra is required to keep track of the coefficients.

4.5 Numerical calculations

From the above analysis we see that the amplitude equation predicts the existence of ho-

moclinic solutions of frequency close to k =
√
P/2 which develop towards a heteroclinic

connection to a periodic solution at the Maxwell load PM . In this section we present some

numerical results for the SH equation with only an odd nonlinearity i.e., f(u) = a3u
3 − u5.

We numerically solve the SH equation using Fourier transform in both spatial directions and

exponential time-stepping [35, 71, 143]. This has the benefit of being fast while retaining

exponential convergence in space. Computations where carried out with a 128 × 128 mesh
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on a 100× 100 domain. All computations have been carried on double the mesh and domain

sizes to check for convergence. The short Matlab code can be found in Appendix 2.

(a) (b)

Fig. 4.3: (a) Localised square for ut = −∇4u − 1.3∇2u + u + u3 − u5 (Note the spatially

homogeneous steady state is u = − 1
2

√
2(1 +

√
5)). (b) Localised hexagon for ut = −∇4u −

1.25∇2u− u+ 2.1u3 − u5 spatially homogeneous state is the trivial solution.

To find localised patterns we start with random initial data which converge to the cellular

pattern. We then ‘cut-out’ a localised pattern, setting the rest of the domain to zero. Re-

running the initial value solver was then found to converge to the localised pattern. Using this

localised pattern we can vary the equation parameters to find other stable localised patterns.

Cellular patterns with square patterns are not found to be stable near P = 2 (see

Knobloch [74]), but localised patterns can still be found far from the initial bifurcation,

see Fig. 4.3(a). In order to observe localised squares near P = 2 one needs to add a nonlinear

gradient term, ∇[(∇u)3], see Sakaguchi and Brand [124] and Knobloch [74].

Hexagons and triangles on the other hand can be found close to the initial bifurcation at

P = 2. Localised hexagons are found near the PM curve for the triangle rather than for the

hexagons. In Sakaguchi and Brand [125] they also find the existence of localised hexagons

in the Swift-Hohenberg equation with a u2 term. We also observe two types of localised

triangles. In Fig 4.4(a), we see a similar pattern to the hexagon but in Fig 4.4(b) we see an

anti-pulse in the middle of the pattern. These anti-pulse patterns appear to be more stable

than the standard localised patterns. In Figure 4.5, we have used natural continuation of

the parameters P and a3 to follow stable localised hexagon and triangle patterns. We find a

general correlation between a reduction in ε = 2 − P requires a reduction in a3.
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(a) (b)

Fig. 4.4: Localised triangles (a) P = 1.27, a3 = 2 (b) P = 1.45, a3 = 1.8.

0.4 0.6 0.8

1.4

1.6

1.8

2

2.2

PSfrag replacements

ε

−a3

Fig. 4.5: Natural continuation of hexagon (dashed line) and triangle (solid line) localised

patterns. The pattern is observed for a thin strip of parameter values around the lines.

In Fig 4.6, we plot the PM curves for localised stripes, squares, hexagons and triangles

based on the asymptotic formulation derived in Sections 4.2 and 4.4 using the 1D approximate

(4.44). Note these curves are only likely to be valid near P = 2 and a3 = 0. We have found

that for square patterns, the PM curve stays very close to P = 2 for a very wide range of

a3 values and cross through all the other PM curves for large a3. Both the PM curves for

stripes and squares cover the full range of 0 ≤ P ≤ 2. The hexagon and triangle PM curves

on the other hand, asymptote to a constant as a3 → ∞. Any localised patterns are expected

to be found in a wedge around the PM curves. From solving the initial value problem (IVP)

we see that both localised triangles and hexagons exist very close together in parameter

space close to the PM curve for triangles. We are unsure as to the reason for this and further
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numerical study using numerical continuation techniques are required. These techniques solve

the boundary-value problem which do not rely on the stability of the patterns as in Chapter

3. The use of continuation methods is left for future work.

0 0.2 0.4 0.6 0.8 1
0

0.5

1

1.5

2

2.5

3

PSfrag replacements

ε(= 2 − P )

−a3

P stripe
M

P triangle
M

P hexagon
M

Fig. 4.6: PM curves for stripes (dashed line), hexagons (solid blue line) and triangles (solid red

line) for the Swift-Hohenberg equation with an odd nonlinearity. The PM curve for squares

follows the vertical axis (a3). Also plotted are intervals of ε for fixed ε where the IVP shows

stable localised patterns (denoted by either triangles or hexagons).

4.6 Conclusion

In this chapter we have looked at the nucleation of localised patterns in the 2D Swift-

Hohenberg equation. We have developed the multiple scale analysis of Budd et al. [22]

of the 1D SH equation to localised patterns with dihedral symmetry. The analysis reduces

the formation of localised patterns to looking for heteroclinic connections in a 2-D nonlinear

elliptic equation. We show that the nonlinear elliptic equation supports radially symmetric

pulses close to the initial bifurcation P = 2 at the point a3 = 0 and we can predict the

formation of heteroclinic connections, close to parametric curves described by an algebraic

condition on the parameters in the SH equation.
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Numerical investigations of the SH equation by solving the IVP, show the existence of

localised hexagons and triangles near the PM curve for triangles. These numerical investiga-

tions show the existence of localised hexagons and triangles occurring in the same parameter

region. In particular localised hexagons are observed far from the PM curve predicted by the

asymptotics. Further investigation using numerical continuation is required to explore the

formation and existence of localised patterns.

Throughout this work we have come across several obstacles with this work. The deriva-

tion of the amplitude equation, even for squares, requires the use of computational algebra

software and asymptotics for more complicated patterns will prove very difficult to carry out.

The analysis of the resulting nonlinear elliptic equation is helped greatly by the fact that it

is variational with a simple quintic nonlinearity. The variational analysis allows us to show

the existence of pulse solutions and also predict when there might be a heteroclinic connec-

tion to the cellular pattern close to the initial bifurcation from the trivial solution. Had this

nonlinearity been more complicated, numerical methods would have had to be used to solve

the elliptic equation to find pulse solutions and when the heteroclinic connection occurred.

The asymptotic method developed here is applicable to a variety of different pattern

formation equations in nonlinear optics to granular materials. In general, we would expect

the formation of localised patterns to occur in a similar manner to that in the Swift-Hohenberg

equation. It can be shown that close to a co-dimension 2 point in reversible PDEs, stationary

periodic patterns are described by the Swift-Hohenberg equation generically; see Rottschafer

and Doelman [121]. Hence, most pattern formation equations can be reduced to the Swift-

Hohenberg equation close to instability near a co-dimension 2 point.

Extending the asymptotics to non-dihedral patterns is left as an open problem and their

existence in pattern formation equations is not well understood. An obvious extension is to

oscillating localised patterns. The asymptotics would then reduce the problem to looking

for localised periodic pulses in a quintic complex Ginzburg-Landau equation, see Descalzi et

al. [40, 41].

Another interesting possibility is competing localised patterns, i.e., the spatially homo-

geneous state is replaced by a cellular pattern. If these patterns occurred near the initial

bifurcation of the trivial state then the asymptotics could be adapted by expanding about an

ansatz with both sets of pattern modes. For example if we set u1 = Asq(X,Y )(eikx + eiky) +

Ahex(X,Y )(e−ikx+eik(x+
√

3y)/2 +eik(x−
√

3y)/2)+c.c., then an interesting problem would be to
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look for a heteroclinic connection from the square cellular pattern and the hexagon cellular

pattern in a system of PDEs. The success of this approach would depend on how close such

patterns (if they exist) are to the initial trivial bifurcation.

Stability of such patterns is left as an open problem. In one-dimension, the quintic

Ginzburg-Landau equation can be derived to analyse the existence and stability of localised

patterns; see Clerc and Falcon [31]. Stability with respect to destabilizations from different

modes can be accommodated in the asymptotics but, stability of such patterns in the full

PDE is a major problem in two-dimensional asymptotics, see Cox and Matthews [36].

An overall message from this work would appear to be that the ‘complete’ theory for onset

of localised patterns in one space dimension as claimed by Coullet [33], at the basic bifurcation

level appears to be qualitatively correct. However, the explanation of the formation using

homoclinic/heteroclinic theory for dynamical systems cannot be simply extended into higher

dimensions. The lack of any global geometric understanding in higher dimensions is a major

problem but, as we have shown in this chapter, progress can still be made using the results

in one-dimension as a guide.

4.7 Appendix 1

Theorem 5 (Strong Maximum Principle [118, 50]) Let L be the second-order operator

of the form

Lu = aij(x)uxixj + bi(x)uxi + c(x)u,

and u be a classical solution of the equation Lu = f(x) where x ∈ R
n. Let b and c be bounded

functions on R, and c(x) ≤ 0 for x ∈ R
n. Suppose that f(x) ≤ 0 for x ∈ R

n. Then if

lim inf
|x|→∞

u(x) ≥ 0,

it follows that

u(x) > 0 for all x ∈ R
n.

Theorem 6 (Brezis-Kato Theorem [137]) Let Ω be a domain in R
n and let g : Ω×R →

R be measurable in x ∈ Ω and continuous in u ∈ R, such that for almost every x ∈ Ω there

holds

|g(x, u)| ≤ a(x)(1 + |u|)
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with a function a ∈ L
n/2
loc (Ω). Also let u ∈ H1,2

loc (Ω) be a weak solution of

−∇2u = g(·, u) in Ω.

Then u ∈ Lqloc(Ω) for any q < ∞. If u ∈ H1,2
0 (Ω), and a ∈ Ln/2(Ω), then u ∈ Lq(Ω) for any

q <∞

Theorem 7 (Global Elliptic Regularity [118]) Let L be elliptic of type

Lu = −aij
∂2

∂xj∂xj
u+ bi

∂

∂xi
u+ cu

with continuous coefficients ai, j. Suppose u ∈ H2,p
loc (Ω) satisfies Lu = f in Ω with f ∈

Lp(Ω), 1 < p <∞. Then for any Ω′ ⊂⊂ Ω we have

‖u‖H2,p(Ω′) ≤ C(‖u‖Lp(Ω) + ‖f‖Lp(Ω)).

If in addition Ω is of class C1,1, and if there exists a function uo ∈ H2,p(Ω) such that

u− uo ∈ H1,p
o (Ω), then

‖u‖H2,p(Ω) ≤ C(‖u‖Lp(Ω) + ‖f‖Lp(Ω) + ‖uo‖H2,p(Ω)).

The constants C may depend on L,Ω, n, p, and - in the first case - on Ω′.

Theorem 8 (Sobolev embedding theorem [118]) Let s > n/2. Then

Hs(Rn) ⊂ Cb(R
n). (4.70)

Moreover, this embedding is continuous, i.e., there is a constant C such that ‖u‖∞ ≤ C‖u‖s,2
for every u ∈ Hs(Rn). Also,

H1(RN ) ⊂ Lp(RN ), 2 ≤ p <∞, N = 1, 2. (4.71)

Theorem 9 (Principle of symmetric criticality, Palais [150]) Assume that the action

of the topological group G on the Hilbert space X is isometric. If J ∈ C1(X,R) is invariant

and if u is a critical point of J restricted to Fix(G) then u is a critical point of J .

Theorem 10 (Strauss [150]) Let N ≥ 2. Then the follow embeddings are compact:

H1
O(N)(R

N ) ⊂ Lp(RN ), 2 < p < 2∗ (4.72)
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4.8 Appendix 2

% swifthohen2DETD.m - solution of Swift Hohenberg equation by ETD1 scheme

% u_t = -u + au^2 + bu^3 +cu^5 - (grad^2+1)^2 u, periodic BCs on [-L,L]

% computation is based on v = fft(u), 2D

a = 0; b = 2; c = -1; P = 1.75; % equation parameters

N = 128; L= 50; dt=0.1; % mesh and domain size and time step

dx=2*pi/N;x=dx*(1:N)’;x=L*(x-pi)/pi;y=x’;

[xx,yy]=meshgrid(x,y);

% u = udat; initial data required

% compute eigenvalues of linear operator

k = [0:N/2-1 0 -N/2+1:-1]*(pi/L); % wave numbers

[kkx,kky]=meshgrid(k,k’);

LU = -(kkx.^2+kky.^2).^2 + P*(kkx.^2+kky.^2) - 1.;

EXP = exp(LU*dt); % Exact linear bit

ETD = (exp(LU*dt)-1)./LU; % ETD1 coeffs of linear operator

uT = fft2(u);

surf(xx,yy,u);view([-90 90]);

title(’t=0’);shading interp;drawnow % plot initial data

for t=0:dt:1200 % evolve via ETD method

f = a*u.^2 + b*u.^3 +c*u.^5; % nonlinear rhs

% exponential timestep in fourier space

fT = fft2(f); uT = uT.*EXP + fT.*ETD;

u = real(ifft2(uT));

if mod(t,200) == 0 % display at intervals

surf(xx,yy,u);view([-90 90]);
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title([’t=’ num2str(t) ’ max u=’ num2str(max(max(u)))]);

shading interp; axis off; drawnow

end

end
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Chapter 5

Ladder estimates and other results for

the 2D Swift-Hohenberg Equation on

unbounded domains

In this section we shall be interested in functional analytic results for the Swift-Hohenberg

equation

ut = −∇4u− β∇2u− ru− su2 − γu3, t > 0, x ∈ Ω ⊂ R
d (5.1)

on large or unbounded domains. In particular, we shall show existence of strong (classical)

solutions and that as t → ∞ all strong solutions are bounded from above for γ > 0 and

general initial data in L∞(Rd). The reasons for doing this are several fold. Firstly, we would

like to know how the solutions of the Swift-Hohenberg equation scale as equation parameters

are varied. From the previous chapter, we saw that the height localised pulses as β is varied

played a critical role in the formation of localised patterns. Hence, it would be useful to know,

a priori, how the solutions of the Swift-Hohenberg equation on the unbounded domain (e.g.

localised pulses, cellular square or hexagon patterns) depend on the equation parameters.

Secondly, when computing approximate solutions by solving the initial value problem,

we need to know that we are not finding spurious solutions. Also convergence of numerical

methods for PDEs requires the existence of strong solutions. In Chapter 4, we used a ‘method-

of-lines’ approach to solve the SH equation using a Fourier discretisation in space which

approximates large spatially-periodic solutions. For the theorems of super-convergence of the

Fourier discretisation to apply, they require the existence of strong solutions [19].
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Thirdly, we need to know that when we are solving the initial-value problem that we do

not ‘step-over’ a singularity and find a spurious solution. For example, if we look at the ODE

problem
dx

dt
= x2, x(0) =

1

2
,

we find that it has a general solution x = −1/(t − 2). This solution ‘blows-up’ at t = 2 but

for t < 2 and t > 2 the ODE has a finite solution. If we were solving this numerically, we

could quite easily overlook the singularity at t = 2 and find the solution for t > 2.

The work in this chapter will give us confidence in our numerical analysis and give some

justification for the use of ‘method-of-lines’ numerics.

Analysis of attractors on unbounded domains creates many problems due to translational

invariance making semiflows non-compact e.g. the ω-limit sets of solutions are empty for

travelling pulses or fronts. In order to restore compactness we follow Mielke [96, 97] and

introduce weighted norms

‖u‖p,ρ =

(∫

Ω
ρ(x)|u(x)|pdx

)1/p

(5.2)

where ρ > 0 is a suitable weight with |∇ρ(x)| ≤ ρ0ρ(x) for some constant ρ0 < ∞ and

ρI =
∫

Rn ρ(x)dx < ∞. Typical weights that we consider are exponentially decaying e.g.,

ρ = e−ρ0|x| where ρI = 2/ρ0 in 1D. These weighted norms have been found to have several

advantages over the standard Lp norms. First, we are able to consider bounded non-decaying

functions on arbitrary (unbounded) domains Ω ⊂ R
d and hence find bounds for spatially

localised solutions. Secondly, the decaying weight screens effects which are far away such

that their influence on nearby points can be estimated properly. Thirdly, even on bounded

domains the weight can be chosen to have a width 1/ρ0 which corresponds to typical length

scales of the problem e.g., ρ0 =
√
R(1 + ν2) for the CGL,

ut = (1 + iν)∆u+Ru− (1 + iµ)|u|2qu.

As a major benefit, the weighted norms will allow us to derive a priori estimates which are

essentially independent of the underlying domain. In particular, our analysis contains the

case when u is periodic in each coordinate with period 1. To this end, similar to the CGL,

we let Ω = R
d in our formulation and restrict the dynamics to those u which have the desired

periodicity. Unlike the CGL, the Swift-Hohenberg equation does not have a similar scaling

invariance to derive the natural scaling behaviour of the solutions and guide us to a sharp

bound on the lim sup ‖u‖∞.
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Mielke [96, 97], derived sharp estimates and global existence results for the Complex

Ginzburg-Landau equation (CGL)

ut = (1 + iν)∆u+Ru− (1 + iµ)|u|2qu

where ν,R, µ ∈ R and q = 1, 2, . . ., on large or unbounded domains, by adapting the classical

energy estimates of Bartuccelli et al. [11, 13]. Mielke showed how the classical energy esti-

mates generalised to the weighted case with all estimates independent of Ω, and the weight

ρ only appearing through ρ0 and ρI . By introducing the uniformly local spaces Lplu(Ω) with

the norm

‖u‖p,lu = sup{‖u‖p,Tyρ : y ∈ R} (5.3)

where Tyρ = ρ(x−y) is the translated weight (note here that translations are continuous with

respect to the norm (5.3)), and applying Gronwall’s estimate to ‖u(t)‖p,Tyρ for each y ∈ R
n

Mielke found, whenever 2λQ = p− (p− 2)
√

1 + ν2 > 0,

‖u(t)‖pp,lu ≤ e−2R̃t‖u(0)‖pp,lu + (1 − e−2R̃t)R̃pρI ,

where R̃ = R+ρ2
0(1+ ν2)/(4λQ). He also established the semigroup properties of (eAt), with

Au = (1+ iν)∆u+Ru, on the space Lplu(Ω) for general Ω. We shall follow a similar approach.

The success of these weighted energy estimates resulted in a sharp bound of the

lim supt→∞ ‖u(t, ·)‖∞ norm

lim sup
t→∞

‖u(t, ·)‖∞ ≤ C∞(ν, µ, d)R1/(2q), (5.4)

for suitable ν and µ. The derivation of (5.4) relied heavily on the scaling invariance of the

CGL

(t, x,R, u) 7→ (l2t, lx, l−2R, l−1/qu). (5.5)

Note that since ν and µ are not changed by the scaling we may adjust l in order to choose

R̂ = l2R arbitrarily, e.g., less or equal to 1. This invariance allowed for bounds on the

underlying unit spatially periodic domain by scaling the functions u ∈ Lp(Ωuc), where Ωuc =

(0, 1)d, corresponding to a given R by using the scaling (5.5) with l = R−1/(2q) to the case

Ω̂ = (0, 1/l)d and R̂ = 1. It was shown that lim supt̂→∞ ‖û(t̂)‖∞ ≤ Ĉ(ν, µ, d), which is

independent of l, using the inverse scaling it is found that ‖u‖L∞(Ωuc) = R1/(2q)‖û‖L∞(Ω̂j)
.

Numerical experiments by Wilson [151], for the quintic CGL (q = 2) with d = 1 showed that

the natural scaling behaviour for lim supt→∞ ‖u‖∞ ∼ R1/4 matching the estimates found by

Mielke.
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For d = 1, van den Berg [147] showed that for any bounded, steady solution, v(x, β), of

the Swift-Hohenberg equation satisfied

‖v(·, β)‖∞ ≤ K(1 + β), for β > 0,

where the constant K does not depend on β. Unfortunately, nothing further is known about

the constant K and how it depends on the equation parameters r, s, γ. For P ≤ 0 a sharper

bound of ‖u‖∞ ≤
√

2, was proved by Peletier and Troy [114] using variational arguments

(the variational formulation of the Swift-Hohenberg equation is then weakly lower semicon-

tinuous). We find a bound for the sup norm to be

lim sup
t→∞

‖u(t, ·)‖∞ ≤ C∞(β, r, s, γ),

where C∞ is a known function. In addition we shall use the results of Ilyin [66] to find sharp

bounds for d ≥ 2.

Bartuccelli et al. [12], investigated the positivity and the attractor dimension of the Swift-

Hohenberg equation for d = 1. They derived bounds for the attractor on the unit periodic

domain, using the sharp bounds [66] on the sup norm. We shall show how to extend their

results into higher dimensions using the weighted norms. This requires the derivation of

sharp interpolation inequalities in the weighted Lp and W k
p,ρ spaces.

In Mielke and Schneider [99], they proved the existence of a translational invariant global

attractor of the Swift-Hohenberg equation using weighted spaces. They showed that the 1D

Swift-Hohenberg equation defines a global semiflow u(t) = St(u0) and there exists a universal

constant C (independent of the dispersion parameters β, r, s, γ) such that

lim sup
t→∞

‖u(t)‖L2

lu

≤ ∆0(β, r, s, γ),

lim sup
t→∞

‖u(t)‖H1 ≤ ∆1 := C∆0M(1 + |r|M−4),

where M = 1 + (γ∆2
0)

1/3. They showed that when β = 2, r ≤ 0, γ > 0 all solutions decay to

zero.

In this chapter we shall only be interested in bounds for d = 1 and d = 2 and point out

how to the results can be extended for general d ≥ 2. For this work we impose the (strong)

boundary conditions u|Ω = 0 and ∇2u|Ω = 0, but these may be weakened at the expense

of the estimates being independent of the size of the domain. On the unbounded domain
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though, we can let u and its derivatives be nonzero as long as they do not grow faster than

the exponential weight.

In the next section we set up the framework for weighted energy estimates and derive

some preliminary estimates. In Section 5.2, we prove the existence of strong solutions and

in section 5.3 we derive a priori estimates for such solutions. Finally, section 5.4 contains

conclusions and avenues for future work.

5.1 Weighted energy estimates

Throughout this work we shall only consider domains Ω ⊂ R
d which are sufficiently smooth in

order to allow for the application of the Divergence Theorem. For regularity theory we need to

assume the boundary has at least C4 smoothness. Moreover, we apply appropriately defined

boundary conditions such that partial integration does not generate boundary integrals. For

simplicity, on bounded domains we impose the boundary conditions u|Ω = 0 and ∇2u|Ω = 0,

though the first condition maybe relaxed at the expense of weakening the bounds. On the

unbounded domain we may let u grow as fast as eα|x| as |x| → ∞ for any α < ρ0.

Since we are interested in large and unbounded domains, we want to allow for solutions

which are bounded but not necessarily decaying at infinity. To control such functions we

introduce a localising weighted norm as well as a uniform norm. Consider a weight function

ρ : R
d → (0,∞) with |∇ρ(x)| ≤ ρ0ρ(x) and

∫
Rd ρdx = ρI < ∞. As a consequence we have

ρ(x+y) ≥ e−ρ0|y|ρ(x). Using the translates Tyρ with (Tyρ)(x) = ρ(x−y), the uniformly local

Lp-norm on Ω is given as

‖u‖p,lu = sup{‖u‖p,Tyρ : y ∈ R
n} (5.6)

where ‖u‖pp,Tyρ
=
∫
Ω ρ(x − y)|u(x)|pdy. We define the space L̃p

lu
(Ω) = {u ∈ Lp

loc
(Ω) :

‖u‖p,lu <∞} and the associated Sobolev spaces

W̃ s,p

lu
(Ω) = {u ∈ L̃p

lu
(Ω) : Dqu ∈ L̃p

lu
(Ω) ∀q ∈ N

d
0 with q1 + . . .+ qd ≤ s}

for integers s. The uniformly local Sobolev spaces are then defined as

W s,p

lu
(Ω) = closure of C∞

bdd(Ω) in W̃ s,p

lu
(Ω)

where C∞
bdd(Ω) is the set of all C∞-functions which have all its derivatives bounded in Ω.

This construction ensures density of W s+1,p

lu
(Ω) in W s,p

lu
(Ω) for unbounded domains [99]. We

111



CHAPTER 5. LADDER ESTIMATES AND OTHER RESULTS FOR THE 2D SWIFT-HOHENBERG
EQUATION ON UNBOUNDED DOMAINS

also have the following embeddings Cbdd,unif(Ω) ⊂ Lq
lu

(Ω) ⊂ Lp
lu

(Ω) for 1 ≤ p < q < ∞
with norm estimates ‖u‖Lp,lu ≤ ρ

(q−p)/(qp)
I ‖u‖Lq ,lu ≤ ρ

1/p
I ‖u‖∞.

Before we derive the bounds for the Swift-Hohenberg equation, we shall state (with proof)

some elementary results and derive some simple inequalities for use later.

Lemma 6 (Young’s inequality) Let 1 < p, q <∞, 1
p + 1

q = 1. Then

ab ≤ ap

p
+
bq

q
, (a, b > 0). (5.7)

Proof: The mapping x 7→ ex is convex, and consequently

ab = elog a+log b = e
1

p
log ap+ 1

q
log bq ≤ 1

p
elog a

p
+

1

q
elog b

q
=
ap

p
+
bq

q
.

�

Lemma 7 (Holder’s inequality) Assume 1 ≤ p, q ≤ ∞, 1
p+ 1

q = 1. Then if u ∈ Lp(U), v ∈
Lq(U), we have ∫

U
|uv|dx ≤ ‖u‖Lp(U)‖u‖Lq(U). (5.8)

Proof: By homogeneity, we may assume ‖u‖Lp = ‖v‖Lq = 1. Then Young’s inequality

implies for 1 < p, q <∞ that
∫

U
|uv|dx ≤ 1

p

∫

U
|u|pdx+

1

q

∫

U
|v|qdx = 1 = ‖u‖Lp‖v‖Lq .

�

Lemma 8 (Gronwall’s inequality) Let η(·) be a nonnegative, absolutely continuous func-

tion on [0, T ], which satisfies for a.e t the differential inequality

η′(t) ≤ φ(t)η(t) + ψ(t),

where φ(t) and ψ(t) are nonnegative summable functions on [0,T]. Then

η(t) ≤ e
R t
0
φ(s)ds

[
η(0) +

∫ t

0
ψ(s)ds

]
, (5.9)

for all 0 ≤ t ≤ T .
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Proof: From the differential inequality

η′(t) ≤ φ(t)η(t) + ψ(t),

we see
d

ds

(
η(s)e−

R s
0
φ(r)dr

)
= e−

R s
0
φ(r)dr(η′(s) − φ(s)η(s)) ≤ e−s

R s
0
φ(r)drψ(s),

for a.e. 0 ≤ s ≤ T . Consequently for each 0 ≤ t ≤ T , we have

η(t)e−
R

(t0φ(r)dr ≤ η(0) +

∫ t

0
e−

R s
0
φ(r)drψ(s)ds ≤ η(0) +

∫ t

0
ψ(s)ds.

�

Lemma 9 (Ladyzhenskaya [78]) For every u ∈ W 1
2,1(Ω) with compact support, Ω ⊆ R

2

and u|Ω = 0, we have the following inequalities

‖u‖4
4,1 ≤ ‖u‖2

2,1‖ux1
‖2,1‖ux2

‖2,1 ≤ 1

2
‖u‖2

2,1‖∇u‖2
2,1, (5.10)

‖u‖4p
4p ≤ p2

2
‖u‖2p

2p,1‖u‖
2(p−1)
4(p−1),1‖∇u‖

2
4,1, (5.11)

for p > 1

Proof: The first inequality is proved as follows:
∫

R2

u4(x1, x2)dx1dx2 ≤
∫

R1

max
x2∈R1

u2(x1, x2)dx1

∫

R1

max
x1∈R1

u2(x1, x2)dx2,

≤
∫

R2

|uux2
|dx1dx2

∫

R2

|uux1
|dx1dx2,

≤ ‖u‖2
2,1‖ux1

‖2,1‖ux2
‖2,1. (5.12)

Using |u(x)| ≤ 1
2

∫
R1 |ux1

|dx1. The second inequality follows from setting u→ up.

�

Remark: Ladyzhenskaya [78], Chapter 1 p42, proved similar inequalities exist in Ω ⊆ R
3.

Lemma 10 (Sobolev embeddings in weighted spaces) For the weight ρ = e−|x|, we

have in any admissible domain Ω ⊂ R
2

‖u‖4
4,lu ≤ 1

2
‖u‖4

2,lu +
3

4
‖u‖2

2,lu‖∇u‖2
2,lu. (5.13)
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Proof: The first inequality is proved as follows. For any weight |∇ρ(x)| ≤ ρ0ρ we have

∫

R2

ρ(x− y)u4(x1, x2)dx1dx2 ≤
∫

R1

max
x2∈R1

ρ1/2u2(x1, x2)dx1

∫

R1

max
x1∈R1

ρ1/2u2(x1, x2)dx2,

≤
∫

R2

(ρ0

2
ρu2 + ρ|uux2

|
)
dx1dx2

∫

R2

(ρ0

2
ρu2 + ρ|uux1

|
)
dx1dx2,

≤ ‖u‖2
2,ρ

(
ρ2
0

4
‖u‖2

2,ρ +
ρ0

2
‖u‖2,ρ‖ux1

‖2,ρ +
ρ0

2
‖u‖2,ρ‖ux2

‖2,ρ

+ ‖ux1
‖2,ρ‖ux2

‖2,ρ) . (5.14)

Using since ρ(0) = e−|0| = 1 and ρ(0)|u(x)| ≤ 1
2

∫
R1 (ρ0ρ|u| + ρ|ux1

|) dx1.

�

Lemma 11 (Lower bound on Hk norms) For any weight ρ with |∇ρ(x)| ≤ ρ0ρ and λ >

0, we have

‖∇ku‖2
2,ρ ≥ 2λ‖∇k−1u‖2

2,ρ − λ(ρ2
0 + λ)‖∇k−2u‖2

2,ρ (5.15)

for any k ≥ 2.

Proof: From integration-by-parts we have

∫
ρ(∇nu)2 = −

∫
∇ρ.∇nu.∇n−1u−

∫
ρ∇n+1.∇n−1u,

≤
∣∣∣∣
∫

∇ρ.∇nu.∇n−1u+

∫
ρ∇n+1.∇n−1u

∣∣∣∣ ,

≤ 2ρ0

α

∫
ρ(∇nu)2 +

ρ0

2α

∫
ρ(∇n−1u)2 +

1

2λ

∫
ρ(∇n+1u)2 +

2

λ

∫
ρ(∇n−1u)2,

where we have used the fact that |∇ρ(x)| ≤ ρ0ρ and Cauchy’s inequality and Young’s in-

equality. Choosing α = 1/ρ0 and k = n− 1 we find the desired result.

�

Theorem 11 For u ∈W 2,p
lu (Ω) where Ω ⊂ R

2 and ∇2u|Ω = 0, we have the following estimate

for the weight ρ(x) = e−|x|

‖u‖∞ ≤ 1

2
‖u‖1/2

2,lu

(
‖u‖1/2

2,lu +
√

2‖∇u‖1/2
2,lu + ‖∇2u‖1/2

2,lu

)
.
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Proof: From Ilyin (1999) we have the estimate

‖u‖∞ ≤ 1

2
‖u‖1/2‖∇2u‖1/2

where u ∈ H2
0 (R2) orH2(S2) where S2 is the 2-sphere and Ω ⊆ R

2. Substitution of u→ ρ(x)u

yields

‖u‖∞ ≤ 1

2
‖u‖1/2

2,ρ

(
ρ0‖u‖1/2

2,ρ + ρ
1/2
0

√
2‖∇u‖1/2

2,ρ + ‖∇2u‖1/2
2,ρ

)
.

Since the estimate only depends on the weight through ρ0 we can replace the weight ρ with

Tyρ to yield the desired result.

�

In H2(Ω) there also exists the sharp bound ‖u‖∞ ≤ 1√
2π
‖u‖1/2

2 ‖∇2u‖1/2
2 on arbitrary

domains Ω ⊆ R
3, see [153].

5.2 Regularity and global existence

In this section we prove the global existence of strong solutions of the Swift-Hohenberg equa-

tion for which the bounds of the next section are applicable. First we need to restrict the

type of domains we consider.

Definition 1: A domain Ω ⊂ R
2 with associated boundary conditions is called admissi-

ble, if Ω has a C4-boundary and for each point x /∈ ∂Ω there exists a ball B of radius 1 such

that x ∈ B, B ∩ ∂Ω = ∅, and on each connected component of ∂Ω we have u|Ω = ∇2u|Ω = 0.

The condition involving the ball of radius 1 guarantees that the uniform cone condition

holds from inside and outside the boundary (see Friedman [54, pp22]), moreover bounds the

curvature of the boundary. We shall restrict our attention to admissible domains so that we

can use elliptic regularity theory.

We use Theorem 5.5 of Levermore and Oliver 1994 [81].

Theorem 12 ([81]) Let X,Y and Z be Banach spaces with Y ⊂ Z ⊂ X and let (eAt)t≥0 be

a holomorphic semigroup on X with,

‖eAt‖Y ≤ Ct−φ‖u‖X for all u ∈ X, ‖eAt‖Y ≤ Ct−δ‖u‖Z for all u ∈ Z
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for t ∈ (0, 1]. Moreover, let N : Y → Z be a nonlinear mapping with

‖N(u1) −N(u2)‖Z ≤ C(‖u1‖σY + ‖u2‖σY )‖u1 − u2‖Y for all u1, u2 ∈ Y.

Assume that the relations 0 ≤ δ < 1, 0 ≤ (σ + 1)φ < 1, δ + φσ < 1 hold, then for each M > 0

there exists a time T > 0 such that the integral equation

u(t) = eAtu0 +

∫ t

0
eA(t−τ)N(u(τ))dτ

has for each initial condition u0 ∈ X with ‖u0‖X ≤ M a unique solution u ∈ C([0, T ], X) ∩
C((0, T ], Y ). Moreover, the mapping from u0 to u(·) is locally Lipschitz continuous from X

to C([0, T ], X).

In order to apply this result we need to establish the existence of an analytic semigroup

(eAt)t≥0 for the linear part of the Swift-Hohenberg equation, i.e., Au = −∇4u− P∇2u− u.

Theorem 13 Let p ∈ [2,∞) and define the operator A : D(A) ⊂ Lplu(Ω) → Lplu(Ω), where

Lplu is the norm (5.3), with

Au = −∇4u− β∇2u− u D(A) = W 4,p
lu (Ω) ∩ {boundary conditions}.

Then for all admissible domains Ω the resolvent (A − z)−1 : Lplu(Ω) → D(A) exists and

satisfies the estimate

‖(A− z)−1f‖p,lu ≤ C1(P, p)

|z −R| ‖f‖p,lu for all f ∈ Lplu(Ω).

where R = (ρ4
0 + (β + 1)ρ2

0 + (2ρ2
0 + β)/2)/2 + 1.

Proof: It is sufficient to show that the operator A0 : u 7→ −∇4u−P∇2u has its resolvent

set in C\(−∞, b] for some b. The operator A is dense and closed, see [99].

We need to consider the boundary-value problem ∇4u+β∇2u+bu = f . This is equivalent

to the weak form

B(u, v) =

∫

Ω
ρfvdx for all v ∈ C∞

0 (Ω) (5.16)

116



5.2. REGULARITY AND GLOBAL EXISTENCE

where B(u, v) =
∫
Ω ρ{∇2u · [∇2v + 2∇ρ/ρ+ v(∇2ρ/ρ+ β)] + buv}dx. Now we have

B(u, u) =

∫

Ω
ρ(∇2u)2 − 2

∫

Ω
∇2ρ · (∇u)2 +

1

2

∫
∇4ρ · u2

− β

∫

Ω
ρ(∇u)2 +

β

2

∫

Ω
∇2ρ · u2 +

∫

Ω
bu2,

≥
∫

Ω
ρ(∇2u)2 − (2ρ2

0 + β)

∫

Ω
ρ(∇u)2 −

(
1

2
ρ4
0 +

β

2
ρ2
0 − b

)∫

Ω
ρu2,

≥
(

1 − (2ρ2
0 + β)

2λ

)
‖∇2u‖2

2,ρ −
(

1

2
ρ4
0 +

β

2
ρ2

0 +
(ρ2

0 + λ)

2
− b

)
‖u‖2

2,ρ. (5.17)

where we have used the bound on ‖∇u‖2
2,ρ from (11) and we can now choose

λ > (2ρ2
0 + β)/2 and,

b > (ρ4
0 + (β + 1)ρ2

0 + λ)/2. (5.18)

Hence, we have coercivity of B, B(u, u) ≥ c‖u‖2
2,2,ρ (where c is some constant).

So for any f ∈ L2
lu(Ω) the Lax-Milgram Theorem [118, Theorem 8.14] can be applied in

the weighted Hilbert space W 2,2
ρ , where

L2
ρ(Ω) = {u ∈ L2

loc(Ω) : ‖u‖ρ <∞} W 2,2
ρ (Ω) = {u ∈ L2

ρ(Ω) : ∇u,∇2u ∈ L2
ρ(Ω)}.

This yields a uniques solution u ∈ W 2,2
ρ (Ω), however, since ρ can be replaced by all its

translates without losing the estimates we conclude u ∈ W 2,2

lu
(Ω). By regularity theory we

have u ∈ W 4,2

lu
(Ω) with ‖u‖2,lu ≤ C‖f‖0,lu, where C does not depend on u nor on the

admissible domain Ω. Here we use that regularity theory can be made uniform in the set of

admissible domains if the uniform cone condition holds and the curvature of the boundary is

uniformly bounded.

For p ≥ 2 we use Lp
lu

(Ω) ⊂ L2
lu(Ω) and obtain again a unique solution in W 4,2

lu
(Ω) which

by standard regularity arguments satisfies

‖u‖2,p,lu ≤ C(β, p)‖f‖p,lu. (5.19)

Thus (bI −A0) : Lp
lu

(Ω) → D(A) is one-to-one and onto, provided the inequalities (5.18) are

satisfied. Hence, the resolvent set Rb(A0) ⊃ [b,∞] and we have

‖(A0 − b)−1f‖p,lu ≤
C(β, p)‖f‖p,lu(

1
2ρ

4
0 + β

2ρ
2
0 +

(ρ2
0
+λ)
2 − b

) . (5.20)

�
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Theorem 14 (Global existence) For each admissible domain Ω ⊂ R
2 and boundary con-

ditions, and all initial conditions u0 ∈ Lplu(Ω) there is a unique strong global solution u(t) =

St(u
0).

Moreover, fix the weight ρ(x) = e−|x|, then there is a constant C(β, γ) such that for all

admissible domains Ω ⊂ R
2 and all initial conditions u0 ∈ Lplu(Ω) we have

lim sup
t→∞

‖St(u0)‖1,4,lu ≤ C(β, γ).

Proof: Theorem 13 proves exactly the assumptions that are needed to show that A =

−∇4 − β∇2 − 1 is the generator of an analytic semigroup (eAt)t≥0, such that

‖eAtu‖W s,p

lu
(Ω) ≤ C

(
1 +

1

ts/4

)
ebt‖u‖Lp

lu
(Ω) (5.21)

for t > 0, s ∈ {0, 1, 2, 3, 4}, p ∈ [2,∞), and all u (see Renardy and Rogers [118]). This estimate

is proved using the fact that ∂u
∂t = Au, we can then use this with [118, Lemma 11.36] to find

a bound for ‖AαeAt‖ ≤ Ct−αe−bt and Holders inequality to find (5.21). The 1/ts/4 term is

for small time and for large time we have the constant, C. Since A1/4 : W 1,p → LP we can

used the bound

‖(−A)αeAt‖ ≤ Ct−αebt.

We use the Sobolev embeddings in the Gagliardo-Nirenberg form (see the Appendix) to

show that eAt maps W s,p

lu
(Ω) into W s,q

lu
(Ω) for q > p:

‖eAtu‖s,p,lu ≤ C‖eAtu‖θ
s,p,lu‖e

Atu‖1−θ
s+1,p,lu

≤ Ct−(d/p−d/q)/4‖u‖s,p,lu for t ∈ (0, 1] (5.22)

where s = {0, 1, 2, 3} and the Gagliardo-Nirenberg interpolation needs θ = 1 − (d/p − d/q).

Similarly, for r ∈ [dp/(p+ d), p] we have

‖eAtu‖s+1,p,lu ≤ C‖eAtu‖θ
s,p,lu‖e

Atu‖1−θ
s+1,p,lu

≤ Ct−(1−θ)/4‖u‖s,p,lu for t ∈ (0, 1] (5.23)

where θ = d/r − d/p and s ∈ {0, 1, 2, 3}.

With N(u) = −αu3, all strong solutions of the Swift-Hohenberg equation satisfy the

variations of the constants formula

u(t) = eA(t−t′)u(t′) +

∫ t

t′
eA(t−τ)N(u(τ))dτ.
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We now use the two theorems 13 and 12 to improve a priori bounds in p to bounds in

q. We apply Theorem 12 with X = Lp
lu

(Ω), Y = Lq
lu

(Ω), Z = L
q/3

lu
(Ω) and σ = 2. Using

(5.22) we find φ = (d/p − d/q)/4 and δ = d/2q, which satisfies δ ∈ [0, 1), φ ∈ [0, 1
3), and

δ+ 2φ < 1 if and only if p > d/2 and q ∈ [p, p∗) where p∗ = 3dp/(3d− 4p) for p ∈ (d/2, 3d/4)

and p∗ = ∞ otherwise. Thus, having a suitable starting value p0 > d/2 we can iteratively

increase pm+1 = qm = 3pm to reach any value p ∈ (d/2,∞).

If p > 3d/4 is reached we use Theorem 12 again with X = Lp
lu

(Ω), Y = Z = W 2,r

lu
(Ω),

σ = 2, δ = 0, and according to (5.22) and (5.21) we have

‖eAtu‖2,r,lu ≤ Ct−(3−θ)/4‖u‖0,p,lu,

where θ = 1−d/p+d/r. Hence, φ = (2+d/p−d/r)/4, which satisfies the condition φ < 1/3

whenever r < 3dp/(2P + 3d). Here we need r > d in order to have Lipschitz condition on

N(u). As in the Lp-case we now improve the bounds in W 2,r with r = rm to bound with

r = 3rm, and therefore reach any r ∈ (1,∞).

Similarly, we can improve the bounds in W 2,r and W 3,r.

Finally, Theorem 12 is used with X = W 3,r

lu
(Ω), where r > 3d/4, Y = Z = W 4,d

lu
(Ω), σ =

2, δ = 0, and φ = d/4r using (5.23) with s = 3 and (r, p) replaced by (d, r).

�

This above theorem enables us to construct an absorbing set in W 3,d

lu
(Ω) as follows. Let

B0 = {u ∈W 3,p

lu
(Ω) : ‖u‖3,d,lu ≤ 2C(P, α)}, then

Babs(P, α,Ω) =
⋃

t>0

St(B0) ⊂W 3,d

lu
(Ω) (5.24)

is a bounded, invariant set, since the union can also be taken over a finite time interval. The

above estimates imply that every bounded set in Lp
lu

(Ω) with p > d is absorbed in finite time

into Babs. All the considerations in the subsequent sections will be restricted to this set.

Moreover, we let

Cabs(P, α) = sup{‖u‖1,4,lu : ∃Ω admissible : u ∈ Babs(P, α,Ω)},
C∞(P, α) = sup{‖u‖∞ : ∃Ω admissible : u ∈ Babs(P, α,Ω)} (5.25)

to have universal constants to estimate the norms in Babs.
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5.3 Estimates on long time behaviour

5.3.1 Lp bounds

Throughout this work we are dealing with strong solutions of the Swift-Hohenberg equation

which lie simultaneously in the spaces C0([0 T ], Lplu(Ω)), C1((0 T ], Lplu(Ω)), C0((0 T ],W s,p
lu (Ω)),

for s = {1, 2, 3} and C0((0 T ],W 4,2
lu (Ω)) for some p > 3d/4. Hence, we have u ∈ C0((0 T ], L∞(Ω)).

Existence of such solutions were established in the previous section. Here we derive a priori

bounds for such solutions.

First, rescale the SH equation by shifting u 7→ u− s2/3g so that we have

ut = −∇4u− β∇2u+ ru− γu3 + η, (5.26)

where r 7→ s2/3g− r and η = rs/3g− 2s2/27g2, this equation is equivalent to equation (4.1),

but simplifies the calculations by removing the u2 term. Since we are using weighted norms

such a shift of u does not effect the estimates. We impose that u|Ω = ∇2u|Ω = 0 for bounded

domains. In Bartuccelli et al. [12], they dealt with the u2 terms in the bounds by using the

sharp L∞ bounds of Ilyin [66].

Let us first bound the L2-norm

1

2

d

dt
‖u‖2

2,ρ =

∫

Ω
ρuutdx,

= −
∫

Ω
ρu∇4u+ βρu∇2u+ ηρu+ γρu4 − rρu2 (5.27)

Now from integration-by-parts we have

−
∫
ρu∇2u =

∫
ρ(∇u)2 +

∫
∇ρ.u.∇u,

=

∫
ρ(∇u)2 − 1

2

∫
∇2ρ.u2,

≤
∫
ρ(∇u)2 +

1

2
ρ2

0

∫
ρu2, (5.28)
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and

−
∫
ρu∇4u =

∫
∇ρu∇3u+

∫
ρ∇u∇3u,

= −
∫

∇2ρu∇2u− 2

∫
∇ρ∇u∇2u−

∫
ρ(∇2u)2,

= −1

2

∫
∇4ρ.u2 + 2

∫
∇2ρ(∇u)2 −

∫
ρ(∇2u)2,

≤ +
1

2
ρ4

0

∫
ρu2 + 2ρ2

0

∫
ρ(∇u)2 −

∫
ρ(∇2u)2. (5.29)

Hence, we find a differential

1

2

d

dt
‖u‖2

2,ρ ≤ −
∫
ρ(∇2u)2 + (2ρ2

0 + β)

∫
ρ(∇u)2 +

1

2
ρ2
0

(
ρ2

0 + β − 2r

ρ2
0

)∫
ρu2

+ η

∫
ρu− γ

∫
ρu4

We need to play off the
∫
ρ(∇u)2 terms against the

∫
ρ(∇2u)2 and

∫
ρu2 terms. To do this

we will use the lower bound inequality (11) and taking λ = ρ2
0 + β/2. Hence, we find, using

Youngs inequality several times

1

2

d

dt
‖u‖2

2,ρ ≤
[
1

2
ρ2
0

(
ρ2
0 + β − 2r

ρ2
0

)
+ (ρ2

0 +
β

2
)(2ρ2

0 +
β

2
)

] ∫
ρu2 + η

∫
ρu− γ

∫
ρu4,

≤ |η|ε
2
ρI + R̃

∫
ρu2 − γ

∫
ρu4,

≤ (
|η|ε
2

+
R̃2

γ
)ρI − R̃‖u‖2

2,ρ,

≤ R̃2

( |η|
2

+
1

γ

)
ρI − R̃‖u‖2

2,ρ (5.30)

where R̃ = 1
2ρ

2
0

(
ρ2
0 + β − 2r

ρ2
0

)
+ (ρ2

0 + β
2 )(2ρ2

0 + β
2 ), and choosing ε = R̃2 above. Hence,

Gronwall’s estimate implies

‖u‖2
2,ρ ≤ e−2 eRt‖u(0)‖2

2,ρ + (1 − e−2 eRt)R̃

( |η|
2

+
1

γ

)
ρI , (5.31)

lim sup
t→∞

‖u‖2,ρ ≤ R̃1/2

( |η|
2

+
1

γ

)1/2

ρ
1/2
I := CL2 (5.32)

Thus, the weighted L2-norm of a classical solution cannot blow-up.

If we proceed in a similar manner as for the weighted L2-estimate we find that we cannot

bound the weighted Lp-estimate using only integration-by-parts and Young’s inequality. To
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show why this is so we proceed to find a general Lp bound.

1

2p

d

dt
‖u‖2p

2p,ρ =

∫

Ω
ρu2p−1ut, (5.33)

= −
∫

Ω
ρu2p−1∇4u+ βρu2p−1∇2u+ ηρu2p−1 + γρu2p+2 − rρu2p (5.34)

Now,

−
∫
ρu2p−1∇2u =

∫
∇ρ.u2p−1∇u+ (2p− 1)

∫
ρu2p−2(∇u)2,

≤ − 1

2p

∫
∇2ρ.u2p + (2p− 1)

∫
ρ.u2p−2(∇u)2,

≤ ρ2
0

2p

∫
ρu2p + (2p− 1)

∫
ρu2p−2(∇u)2, (5.35)

and

−
∫
ρu2p−1∇4u = −

∫
∇2ρ.u2p−1∇2u− 2(p− 1)

∫
∇ρ.u2p−2∇u.∇2u

− (2p− 1)(2p− 2)

∫
ρu2p−3(∇u)2∇2u− (2p− 1)

∫
ρu2p−2(∇2u)2. (5.36)

So using integration-by-parts we have

−
∫

∇2ρ.u2p−1∇2u =

∫
∇3ρ.u2p−1∇u+ (2p− 1)

∫
∇2ρ.u2p−2(∇u)2,

∫
∇3ρ.u2p−1∇u = − 1

2p

∫
∇4ρ.u2p,

−
∫

∇ρ.u2p−2∇u∇2u =
1

2

∫
∇2ρ.u2p−2(∇u)2 +

(2p− 2)

2

∫
∇ρ.u2p−3(∇u)3,

∫
∇ρ.u2p−3(∇u)3 = −(2p− 3)

∫
ρ.u2p−4(∇u)4 − 3

∫
ρ.u2p−3(∇u)2∇2u.

Therefore equation (5.36) becomes,

−
∫
ρu2p−1∇4u ≤ ρ2

0

2p

∫
ρ.u2p+pρ2

0

∫
ρ.u2p−2(∇u)2 +2(3p−2)(p−2)

∫
ρ.u2p−3(∇u)2∇2u

− (2p− 1)

∫
ρ.u2p−2(∇2u)2. (5.37)

Now using the inequalities,
∫
ρ|u|2p−3|∇u|2|∇2u| ≤ λ

2

∫
ρu2p−2(∇2u)2 +

1

2λ

∫
ρu2p−4(∇u)4,

∫
ρu2p−2(∇u)2 ≤ ε

2

∫
ρ.u2p−4(∇u)4 +

1

2ε

∫
ρ.u2p,

∫
ρ.u2p ≤ αp

p+ 1

∫
ρ.u2p+2 +

1

α(p+ 1)
ρI ,

∫
ρ.u2p−1 ≤ δ(2p− 1)

2p

∫
ρ.u2p +

1

2pδ
ρI . (5.38)
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We see that from (5.37) and the above inequalities we see that we cannot eliminate the third

term in on the right-hand side of (5.37) without generating a
∫
ρ.u2p−4(∇u)4 which we cannot

remove. Hence, we see that we cannot bound the general Lp norm using just integration-

by-parts and Young’s inequality. Will use, instead, interpolation inequalities to find an Lp

bound. First though, we need to find an a priori H1 bound.

5.3.2 H1 estimate

Want to bound the semi-norm ‖∇u‖2
2,ρ =

∫
ρ(∇u)2. So

1

2

d

dt
‖∇u‖2

2,ρ =

∫

Ω
ρ∇u · ∇utdx (5.39)

We will bound the rescaled Swift-Hohenberg equation (5.26) and so we need to find ∇ut

∇ut = −∇5u− β∇3u− r∇u− 3γu2∇u (5.40)

and
1

2

d

dt
‖∇u‖2

2,ρ = −
∫
ρ
(
∇u.∇5u+ β∇u.∇3u+ r(∇u)2 + 3γu2(∇u)2

)
(5.41)

Now by integration-by-parts we find

−
∫
ρ∇u.∇3u =

∫
∇ρ.∇u.∇2u+

∫
ρ(∇2u)2,

∫
∇ρ.∇u.∇2u = −1

2

∫
∇2ρ(∇u)2,

−
∫
ρ∇u.∇5u =

∫
∇ρ.∇u.∇4u+

∫
ρ.∇2u.∇4u,

∫
∇ρ.∇u.∇4u = −

∫
∇2ρ.∇u.∇3u−

∫
∇ρ.∇2u.∇3u,

∫
ρ∇2u.∇4u = −

∫
∇ρ.∇2u.∇3u−

∫
ρ(∇3u)2,

−
∫
ρ∇u.∇5u = −

∫
ρ(∇3u)2 − 2

∫
∇ρ.∇2u.∇3u−

∫
∇2ρ.∇u.∇3u,

−
∫

∇ρ.∇2u.∇3u =
1

2

∫
∇2ρ(∇2u)2,

−
∫

∇2ρ.∇u.∇3u =

∫
∇3ρ.∇u.∇2u+

∫
∇2ρ(∇2u)2,

∫
∇3ρ.∇u.∇2u = −1

2

∫
∇4ρ(∇u)2.
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So we have, ignoring the nonlinear term,

1

2

d

dt
‖∇u‖2

2,ρ ≤ −
∫
ρ(∇3u)2 + (2ρ2

0 + β)

∫
ρ(∇2u)2 +

ρ2
0

2
(β + ρ2

0 −
2r

ρ2
0

)

∫
ρ(∇u)2.

From integration-by-parts we find that

∫
ρ(∇2u)2 =

∣∣∣∣−
∫

∇ρ.∇2u.∇u
∣∣∣∣+
∣∣∣∣−
∫
ρ∇3u∇u

∣∣∣∣ ,

≤ ρ0λ

2

∫
ρ(∇2u)2 +

ρ0

2λ

∫
ρ(∇u)2 +

1

2ε

∫
ρ(∇3u)2 +

ε

2

∫
ρ(∇u)2.

Hence,

∫
ρ(∇3u)2 ≥ 2ε

(∫
ρ(∇2u)2 − ρ0λ

2

∫
ρ(∇2u)2 − ρ0

2λ

∫
ρ(∇u)2 − ε

2

∫
ρ(∇u)2

)
,

∫
ρ(∇2u)2 ≥ 2κ

(∫
ρ(∇u)2 − 1

2
(ρ2

0 + κ)

∫
ρu2

)

So finally we have,

1

2

d

dt
‖∇u‖2

2,ρ ≤ −
∫
ρ(∇3u)2 + (2ρ2

0 + β)

∫
ρ(∇2u)2 +

ρ2
0

2
(β + ρ2

0 −
2r

ρ2
0

)

∫
ρ(∇u)2,

≤
(
−2ε+ ρ0λε+ 2ρ2

0 + β
) ∫

ρ(∇2u)2 +

(
ε2 +

ερ0

λ
+
ρ2

0

2

{
β + ρ2

0 −
2r

ρ2
0

})∫
ρ(∇u)2,

= −Ã
∫
ρ(∇2u)2 + B̃

∫
ρ(∇u)2,

≤
(
B̃ − 2κÃ

)
‖∇u‖2

2,ρ + Ãκ(ρ2
0 + κ)‖u‖2

2,ρ

So we need to choose an ε > 0 and λ > 0 such that Ã > 0, then we can choose κ = B̃/Ã,

then we get

1

2

d

dt
‖∇u‖2

2,ρ ≤ −B̃‖∇u‖2
2,ρ + B̃

(
ρ2
0 +

B̃

Ã

)
‖u‖2

2,ρ (5.42)

Now using the a priori L2 bound we find using Gronwall’s inequality,

lim sup
t→∞

‖∇u‖2
2,ρ ≤

R̃ρI
γ

(
ρ2

0 +
B̃

Ã

)
:= CH1 . (5.43)

Note that including a u2 term will only weaken the bound, see [12].
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5.3.3 General Lp bound

Using the inequalities in Lemma 10 we have a general Lp bound. In particular, we need the

weighted L4 bound for the H2 bound. From the inequality (5.13)

‖u‖4
4,ρ ≤ ρ2

0‖u‖4
2,ρ1/2 + 2‖u‖2

2,ρ1/2‖∇u‖2
2,ρ1/2 , (5.44)

we can use the L2 and H1 bound by choosing the weight to be ρ = e−|x|. Since the estimates

for the L2 and H1 bound only depend on the weight through ρ0 and ρI we can replace then

with Tyρ to find

lim sup
t→∞

‖u‖4
4,lu ≤ 2

R̃2

γ2
+ 2

R̃2

γ2

(
1 +

B̃

Ã

)
. (5.45)

5.4 H2 bound

Want to bound the semi-norm ‖∇2u‖2
2,ρ =

∫
ρ(∇2u)2dx. Will again bound the Swift-

Hohenberg equation, so

∇2ut = −∇6u− β∇4u− r∇2u− 6γu(∇u)2 − 3γu2∇2u, (5.46)

and

d

dt
‖∇2u‖2

2,ρ = −
∫
ρ
(
∇6u∇2u+ β∇4u∇2u+ (∇2u)2 + 6γu(∇u)2∇2u+ 3γu2(∇2u)2

)
dx

(5.47)
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Now from integration-by-parts we have

−
∫
ρ∇2u.∇4u =

∫
∇ρ.∇2u.∇3u+

∫
ρ(∇3u)2,

∫
∇ρ.∇2u.∇3u = −1

2

∫
∇2ρ(∇2u)2,

−
∫
ρ∇2u.∇6u =

∫
∇ρ∇2u.∇5u+

∫
ρ∇3u.∇5u,

∫
∇ρ.∇2u.∇5u = −

∫
∇2ρ.∇2u.∇4u−

∫
∇ρ.∇3u.∇4u,

−
∫

∇2ρ.∇2u.∇4u =

∫
∇3ρ.∇2u.∇3u+

∫
∇2ρ.(∇3u)2,

∫
∇3ρ.∇2u.∇3u = −1

2

∫
∇4ρ(∇2u)2,

−
∫

∇ρ.∇3u.∇4u =
1

2

∫
∇2ρ(∇3u)2,

∫
ρ∇3u.∇5u = −

∫
∇ρ.∇3u.∇4u−

∫
ρ(∇4u)2,

−
∫

∇ρ.∇4u.∇3u =
1

2

∫
∇2ρ(∇3u)2,

So we have

d

dt
‖∇2u‖2

2,ρ ≤ −
∫
ρ(∇4u)2 +

1

2
(ρ4

0 + βρ2
0 − 1)

∫
ρ(∇2u)2

+ (β + 2ρ2
0)

∫
ρ(∇3u)2 − 6γ

∫
ρ.u.(∇u)2∇2u− 3γ

∫
ρ.u2.(∇2u)2

Using the inequalities (obtained by integration-by-parts),
∫
ρ|u||∇u|2|∇2u| ≤ κ

2

∫
ρu2(∇2u)2 +

1

2κ

∫
ρ(∇u)4,

∫
ρ(∇4u)2 ≥ 2λ

∫
ρ(∇3u)2 − λ(ρ2

0 + λ)

∫
ρ(∇2u)2,

∫
ρ(∇3u)2 ≥ 2α

∫
ρ(∇2u)2 − α(ρ2

0 + α)

∫
ρ(∇u)2,

we find

d

dt
‖∇2u‖2

2,ρ ≤ +
1

2
(ρ4

0 + βρ2
0 − 1 + 2λ(ρ2

0 + λ))

∫
ρ(∇2u)2,

+ (β + 2ρ2
0 − 2λ)

∫
ρ(∇3u)2 + 3γ

∫
ρ(∇u)4,

= C̃

∫
ρ(∇2u)2 − D̃

∫
ρ(∇3u)2 + 3γ

∫
ρ(∇u)4,

≤
(
C̃ − 2αD̃

)
‖∇2u‖2

2,ρ + α(ρ2
0 + α)D̃‖∇u‖2

2,ρ + 3γ‖∇u‖4
4,ρ.
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Where we have chosen λ > (β+2ρ2
0)/2 and C̃ = 1

2(ρ4
0+βρ

2
0−1+2λ(ρ2

0+λ)), D̃ = (β+2ρ2
0−2λ).

We can use the inequality (5.13) with the translated weight Tyρ (where ρ = e−|x|) to obtain

d

dt
‖∇2u‖2

2,lu ≤
(
C̃ + 6γ‖∇u‖2

2,lu − 2αD̃
)
‖∇2u‖2

2,lu + α(ρ2
0 + α)D̃‖∇u‖2

2,lu + 3γ‖∇u‖4
2,lu.

So we need to set α = (C̃ + 6γ lim supt→∞ ‖∇u‖2
2,lu)/D̃ and then

lim sup
t→∞

‖∇2u‖2
2,lu ≤ 1

α

(
ρ2

0 +
B̃

Ã

)
R̃ρI
γ

(
α(ρ2

0 + D̃) + 3ρ2
0

(
ρ2
0 +

B̃

Ã

)
R̃ρI

)
:= CH2 . (5.48)

5.4.1 L∞ bound

d = 1

We are now in a position to bound the sup norm of the attractor of the Swift-Hohenberg

equation. By setting ρ = e−|x|, we can use the Sobolev estimate

‖u‖2
∞ ≤ ‖u‖2

2,lu + 2‖u‖2,lu‖∇u‖2,lu,

derived in [96]. With the weight ρ = e−|x|, from the previous sections we find that

lim sup
t→∞

‖u‖2
2,lu ≤ R̃

( |η|
2

+
1

γ

)
,

lim sup
t→∞

‖∇‖2
2,lu ≤ R̃

γ

(
1 +

B̃

Ã

)
,

where R̃ = 1
2(5 − 2r) + β(2 + β

4 ), Ã = (3 + β),and B̃ = 2(3 + β)2 + (1 − 2r)/2 + β/2. We see

that the norms scale like ‖u‖2
2,lu ∼ C(β2 + 1) and ‖∇u‖2

2,lu ∼ C(β3 + 1) we find that

‖u‖∞ ∼ C(β5/4 + 1). (5.49)

In van den Berg [147] it was proved that the exponent of β should be unity. We are unsure

if, with further refinement of the estimates, we could reduce the exponent.

d = 2

From Mielke’s paper (1998) in R
2 and δ ∈ (0, 1) there exists a constant c(δ) such that

‖u‖∞ ≤ c(δ)‖u‖δ/2
2,lu

(‖∇2u‖2,lu + ‖u‖2,lu)δ/2(‖∇u‖2,lu + ‖u‖2,lu)(1−δ) (5.50)
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Hence the L∞ norm is bounded in R
2. We can improve on this by using the estimate (11).

‖u‖∞ ≤ 1

2
‖u‖1/2

2,lu

(
‖u‖1/2

2,lu +
√

2‖∇u‖1/2
2,lu + ‖∇2u‖1/2

2,lu

)
.

5.5 Conclusion

In this chapter we have proved the existence of strong solutions of the Swift-Hohenberg

equation on larger and unbounded domains. We have also derived bounds for the long term

behaviour of solutions in terms of the dispersion parameters. The usefulness of the specific

exponents occurring in such bounds is clearly dubious at best and numerical experiments

like those for the quintic CGL (Wilson [151]) are likely to show that such bounds grossly

over estimate the sup norm. However, unlike for the CGL, we do not have a simple scaling

invariance of the Swift-Hohenberg equation which could guide us to the natural length scales

of the Swift-Hohenberg equation.

Probably the only thing we should take from this work is that strong solutions of the

Swift-Hohenberg equation are bounded. This at least gives us some confidence that numerical

methods using ‘method-of-lines’ techniques are likely to converge, see [78].

In Mielke [96], it was also proved that the boundaries should not influence the dynamics

away from the boundary too much. He showed that for a compactly supported weight ρ∗

according to Collet [32], which satisfies |∇ρ∗| ≤ Cρδ∗ for some δ ∈ (0, 1), the CGL had the

estimate
∫

Ω∗

ρ∗|u1(t) − u2(t)|pdx ≤ CeCt
(∫

Ω∗

ρ∗|u1(0) − u2(0)|pdx+D∗

)
,

where Ω∗ = support ⊂ B(0, r∗), ρ∗(x) = e−|x| for |x| ≤ r∗ − 1 and D∗ = rd−1
∗ e−r∗ . Using

this estimate we can determine the maximal difference between two solutions which may

correspond to different domains, different initial conditions, or boundary conditions outside

Ω∗. The parameter D∗ controls the maximal influence of the dynamics outside of Ω∗, which

decays exponentially with large r∗. It would be interesting to see if a similar estimate exists

for the Swift-Hohenberg equation. The main problem in finding such an estimate is the choice

of weight function which vanishes on the boundaries of Ω∗.
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5.6 Appendix

Theorem 15 (Sobolev embeddings) Let s1, s2 ∈ N0, and p1, p2 ∈ (1,∞) such that s1 ≤
s2 + 1 and s1 − d/p1 < s2 + 1 − d/p2. Moreover, assume that θ ∈ [0, 1] satisfies s1 −
d/p1 < θ(s2 − d/p2) + (1 − θ)(s2 + 1 − d/p2). Then there exists a constant depending only

on d, s1, s2, p1, p2, and the weight ρ through ρ0 and ρI , such that for all admissible domains

Ω ⊂ R
d and all u ∈W s2+2,p2

lu
(Ω) the following estimate holds:

‖u‖s1,p1,lu ≤ C‖u‖θ
s2,p2,lu

‖u‖1−θ
s2+1,p2,lu

. (5.51)

Proof: See Mielke [96], theorem A.1. �

Theorem 16 (Lax-Milgram) Let H be a Hilbert space and let

B : H ×H → R

be a bilinear mapping. Suppose there exist positive constants c1 and c2 such that

|B[x, y]| ≤ c1‖x‖H‖y‖H for all x and y in H,

and

B[x, x] ≥ c2‖x‖2
H for all x ∈ H.

Then for every f ∈ H∗ (dual space of H) there exists a unique y ∈ H such that

B[x, y] = f(x) for all x ∈ H.

Furthermore, there exists a constant C, independent of f , such that

‖y‖H ≤ C‖f‖H∗.

Proof: See Renardy and Rogers Theorem 8.14 [118]. �

Theorem 17 (Characterization of analytic semigroups) A closed, densely defined op-

erator A in X is the generator of an analytic semigroup if and only if there exists ω ∈ R such

that the half-plane Re λ > ω is contained in the resolvent set of A and, moreover, there is a

constant C such that

‖Rλ(A)‖ ≤ C/|λ− ω| (5.52)
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for Re λ > ω. If this is the case, then actually the resolvent set contains a sector |arg(λ−ω)| <
π
2 + δ for some δ > 0, and an analogous resolvent estimate holds in this sector. Moreover,

the semigroup is represented by

eAt =
1

2πi

∫

Γ
eAt(λI −A)−1dλ, (5.53)

where Γ is any curve from e−iφ∞ to eiφ∞ such that Γ lie entirely in the set {|arg(λ−ω)| ≤ φ}.
Here φ is any angle such that π

2 < φ < π
2 + δ.

Proof: See Renardy and Rogers 1993 Theorem 11.31 [118]. Note that there exists

constants M and ω such that ‖eAt‖ ≤Meω|t|, where ‖ · ‖ is the operator norm. �

Lemma 12 (Fractional Powers of A) Let α > 0. For every u ∈ D((−A)α), we have

eAt(−A)αu = (−A)αeAtu.

Moreover, the operator (−A)αeAt is bounded, with a bound of the form

‖(−A)αeAt‖ ≤Mαt
−αe−δt.

Proof: See Renardy and Rogers Lemma 11.36 [118]. �
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Chapter 6

Conclusions

6.1 Discussion

In this thesis we have developed techniques to explore and understand localised solutions in

a variety of spatio-temporal/multi-dimensional PDEs. The nature of the localised structures

makes them fascinating subjects for study. Their occurrence in physical contexts and the

properties they exhibit require good techniques to understand them in a variety of models.

As each chapter contains its own conclusions, we shall try and draw some key general points

from the work in this thesis.

In Chapter 2, we found and analysed robust heteroclinic cycles in the 1-dimensional

complex Ginzburg-Landau equation. We traced out open regions of parameter space where

the cycles exist and are stable. We also found many different types of heteroclinic cycles

(including a limit-cycle to limit-cycle heteroclinic cycle) as well as a blow-out bifurcation.

Chapter 3 presented an efficient numerical method to continue spatiotemporal optical

solitons and other multi-dimensional solitons. The method used a Chebyshev decomposition

with an infinite mapping to bunch the collocation points near the soliton core. This approach

reduced the number of mesh points needed to accurately interpolate the soliton. We were

able to also trace out stability boundaries using the Vakhitov-Kolokolov criterion.

We looked at the nucleation of 2D localised patterns in the Swift-Hohenberg equation in

Chapter 4. We employed a multiple-scales asymptotic approach to reduce the problem down

to a semilinear amplitude equation. From there we proved the exist of a localised pulse that
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bifurcates from the trivial solution at P = 2 and used conservation laws to ascertain the

height of the pulse. Then we where able to predict when the pulse made a connection to the

cellular pattern. We also solved the initial value problem (IVP) to compare the asymptotics

with numerical calculations.

Existence of solutions and estimates on the long-time behaviour of the Swift-Hohenberg

equation on large or possibly unbounded domains was carried out in Chapter 5.

In all three problems, different techniques were used but some key ideas crop up. From

Chapter 2 and 3, we see that discretising a PDE into a large system of ODEs is a useful method

but knowing when and how to do this properly is still somewhat a ‘black art’. Localisation is

not necessarily low-dimensional, but careful analysis of the problem can dramatically reduce

the size of the resulting ODE system. In Chapter 2, we saw that for the CGL this required

us to look at the symmetry of the problem whereas for the SHG equations in Chapter 3 we

needed to know where the soliton core was located so that the collocation points could be

moved to reduce the ODE discretisation. Both discretisations left us with ODE systems which

are too large to analyse easily. For the CGL, the heteroclinic cycles exist in a 9-dimensional

phase space, but almost all previous analysis of heteroclinic cycles has only been carried

out for ODE systems in at most 4-dimensional phase space where some kind of geometric

intuition could be appealed to. A major problem is how to visualise or analyse qualitatively

high-dimensional problems.

Numerical continuation techniques provide us with the ability to efficiently explore the

solution space of these ODE systems, but their use raises other problems. For example, many

physical models contain a possibly large number of continuous symmetries but numerical

continuation schemes do not like singular Jacobians. For both the CGL and SHG equations

we have had to restrict the solution space to symmetric solutions in order to use numerical

continuation routines. This typically allows us to continue the solution, but we can no longer

easily compute its linear stability due to the possibility of the solution becoming unstable to

asymmetric perturbations.

Where possible, we have tried to use a mixture of different techniques to analyse these

solutions. In Chapter 2, we used return map analysis to find a criterion for stability of

heteroclinic cycles in the CGL and with numerical continuation we then could trace out

stability regions in parameter space. We saw in Chapter 4 that with the combination of

asymptotic, variational and numerical methods we could begin to understand the nucleation
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of localised patterns in 2D. Using such a variety of techniques allows us to tell a far richer

story of localised solutions.

A key difference between the work on the CGL and the two other pieces of work, is that

while the heteroclinic cycles can essentially be described as low-dimensional heteroclinic con-

nections (using the Homoclinic Centre Manifold Theorem, see [77]), localised patterns and

spatio-temporal solitons are fundamentally multi-dimensional, with no simple ODE descrip-

tion. This lack of any geometric ODE understanding of the localised patterns and solitons

makes them difficult to understand, and means one has to resort to functional analytic meth-

ods to understand their properties. A geometric understanding of multi-dimensional localised

solutions remains a major outstanding problem.

6.2 Further work

As with all research, there remain many open problems and this thesis is very much ‘work

still in progress’. We shall now mention some remaining issues for the problems arising from

this thesis, but due to the nature of the topics studied, many more open questions remain

that we do not touch upon.

6.2.1 Further work: Heteroclinic cycles

Due to the wide variety of heteroclinic cycles observed in the CGL and the minimal Fourier

truncation, classifying the different possible types of heteroclinic cycles in arbitrary dimen-

sional ODE systems remains a wide open problem. If one can classify all the possible types of

cycles for ODE systems in say R
7 then we may hope to understand most systems that arise in

physical contexts with heteroclinic dynamics. Whether or not it is useful to do this remains

uncertain but clearly the current understanding of heteroclinic cycles is not complete.

A relatively simple problem that we have not tackled is the formation of the heteroclinic

cycles near the Benjamin-Feir instability. On can formally reduce the CGL near the Benjamin-

Feir instability by assuming that the modulus |A| of the CGL is ‘slaved’ to its phase. By

defining A = (
√
R + %)e−iνRt+iψ and assuming that |%| �

√
R the CGL formally transforms
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into the following coupled equations [79]:

∂ρ

∂t
= ρ[−2R+ 2(∇φ)2 + 2ν∇2φ] − 2(ν + µ)∇ρ · ∇φ+ (1 − νµ)∇2ρ, (6.1)

∂φ

∂t
= (1 + νµ)∇2φ+ (µ− ν)(∇φ)2 − ν2(1 + µ2)

2R
∇4φ− ν(1 + µ2)

2R
∇2(∇φ)2

− ν(1 + µ2)

R
∇φ · ∇(∇2φ) − 1 + µ2

R
∇φ · ∇(∇φ)2, (6.2)

where the variables φ and ρ are closely related to ψ and %. These equations are valid close

to the Benjamin-Feir instability, 1 + µν = 0. Note that the second equation, governing

the phase φ, is uncoupled from the first equation and hence the amplitude ρ is ‘slaved to’

φ. We see that this second equation is effectively the Kuramoto-Sivashinsky equation with

some extra nonlinearities. We can now combine a Fourier decomposition with a centre-

manifold reduction similar to the approach taken by Armbruster et al. [5] since the linear

part of the discretised ODE system is now diagonal. We were unable to readily carry out the

centre-manifold reduction for the Fourier discretisation of the CGL since the linear part of

the Fourier ODE system was not diagonal and the transformation the equations into eigen-

coordinates is cumbersome. We have the advantage here with (6.1) and (6.2) since the linear

part of the Fourier decomposition of equation (6.2) is diagonal, dramatically simplifying the

centre-manifold reduction. We would expect to be able to find heteroclinic cycles in the above

equations for the parameter values near those for which we observe heteroclinic dynamics in

the CGL for large R.

Numerical continuation of heteroclinic cycles is a challenging problem though has been

successfully accomplished by Ashwin et al. [7]. A general approach to continuation of equiv-

ariant PDEs, without having to restrict the solution space, would be to transform the PDE

to a ‘frozen’ system of differential algebraic equations, see Beyn and Thömmler [16]. This

method, though originally designed for initial value solvers, would fit well in the framework

on numerical continuation.

We have using crude numerical continuation techniques, found a secondary heteroclinic

bifurcation of the cycles and tracing out the locus of this secondary bifurcation is left as a

problem; see Figure 2.20. The understanding of the blow-out bifurcation of the heteroclinic

cycles is also left as an open problem where the analysis of the Lyapunov exponents of the

attractor may yield some useful information.
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6.2.2 Further work: Numerical continuation of spatio-temporal optical

solitons

The versatility of the method outlined in Chapter 3 allows us to continue multi-dimensional

solitons in may other equations. A straightforward problem to analyse with this method is

the second-harmonic-generation equations with the addition of cubic nonlinearities due to

the interplay by χ(2) and χ(3) terms in the susceptibility tensor, see Buryak et al. [24]

iuz + ∇2
ρu+ uττ − u+ vu+ s

(
1

2
|u|2 + β|v|2

)
u = 0,

2ivz + ∇2
ρv + δvττ − γv +

1

2
u2 + s

(
2|v|2 + β|u|2

)
v = 0.

The cubic (Kerr) effects are present even in quadratic materials (though this effect is tradi-

tionally ignored) and they effectively reduce the existence and stability regions of the optical

solitons observed in the χ2 equations. Understanding the precise existence and stability

regions of optical solitons under χ2-χ3 interaction will be useful for experimentalists [24].

Even though the numerical method managed to reduce the size of the ODE discretisation

to allow us to use AUTO it would make a lot more sense to use LOCA [61] which uses parallel

algorithms. LOCA requires the PDE system to be fully discretised into algebraic equations

and so we would have to use the Chebyshev decomposition in both the ρ and τ directions.

The use of these algorithms would then allow us to use larger discretisations and make

better approximations of complicated localised solutions.

Another interesting multi-dimensional problem is pulsating solitons where the soliton’s

core expands and contracts periodically; see Akhemdiev et al. [1]. For pulsating solitons

which retain spatial reflection (i.e., ρ → −ρ and τ → −τ), the Chebyshev decomposition

(possibly with an adapting infinite mapping parameter L(z)) would produce an efficient

discretisation and allow the use of continuation codes for periodic orbits to trace out stability

and existence.

6.2.3 Further work: Localised Patterns

The work on localised patterns in the Swift-Hohenberg equation (or other PDEs for which this

is an amplitude equation) has only just begun and many open problems remain. Numerical
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continuation of the localised patterns is required in order to yield a better understanding of

their formation and structure. It would also allow us to compare the asymptotic analysis of

Chapter 4 with numerics which we were unable to do, other than in a rudimentary way, by just

solving the initial value problem. This is because unlike solving the IVP, finding the existence

of the localised solutions in the boundary-value problem does not rely on their stability. A

possible discretisation would be to re-write the Swift-Hohenberg equation in polar coordinates

and use Fourier decomposition in the angular coordinate and the Chebyshev decomposition

described in Chapter 3. The use of LOCA here may be more important due to the possibly

large ODE discretisations produced.

The existence of small amplitude pulses bifurcating off the trivial solution at P = 2 in

2D would be useful to know for non-existence of localised patterns. Smets and van den

Berg [132] proved in the 1-dimensional Swift-Hohenberg equation for almost every 0 < P < 2

the existence of small amplitude pulses i.e., there existed pulses which bifurcated at P = 2.

They showed that the functional JP (u),

JP (u) =

∫

R

(∇2u)2 − 2β(∇u)2 + V (u),

with the cut-off potential V (u)

V (u) =

{
u2 + u3 + 1

4u
4 if u > −2,

0 otherwise,

has mountain pass structure. They could then use the Mountain-Pass theorem [21] to show

the existence of a Palais-Smale sequence {un} and, using the Qualitative Deformation Lemma

of Willem [150, Lemma 2.3], show that this sequence was bounded for almost every 0 < P < 2.

This then allowed them to prove the existence of a homoclinic solution by showing that

J ′
P (un) → 0 and that JP (un) is bounded.

To show that this cut-off yielded a homoclinic solution which is a solution of the corre-

sponding Swift-Hohenberg equation without the cut-off, they showed that all possible homo-

clinics had u > −2 with the cut-off. To do this they assumed that, by contradiction, u has

a local minimum below −2 at a certain x∗. Then because u is a local minimum u′(x∗) = 0,

hence from the Hamiltonian density of the Swift-Hohenberg equation we have

−1

2
(u′′(x∗)) + V (u(x∗)) = 0. (6.3)

Now since V (u(x∗)) = 0 because of the cut-off we see that u′′(x∗) = 0. Since u(x∗) is a

minimum, necessarily u′′′(x∗) = 0 (from a Taylor expansion about the minimum). By the
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uniqueness of the Cauchy problem we find that u(x) = u(x∗), which is a contradiction. Hence

u > −2.

To do the same in 2D, we could also use the same functional JP (u) with the cut-off

described above but the problem here is that unlike in 1D we cannot simply integrate up

the conservation law to get (6.3). The conservation law in 2D is of the form ∇ · w = 0. An

open problem is how to use the 2D conservation to analyse solutions of the Swift-Hohenberg

equation.

The second problem is to eliminate the possibility of a heteroclinic connection from the

trivial solution to u = −2. In 1D, Smets and van den Berg argued that since u = −2 is an

equilibrium, then by the Hartman-Grobman theorem on the conjugacy of linear and nonlinear

flows there exists a x∗ such that u(x∗) < −2 (since the eigenvalues of the equilibrium are

complex conjugate with non-zero real and imaginary parts). This is a contradiction by the

fact that u can not be less than −2. In 2D, we need to show that there exists a neighbourhood

U of the equilibrium u = −2 such that every solution u of the Swift-Hohenberg equation that

enters U satisfies infx∈R2 u(x) ≤ −2 i.e., the Palais-Smale sequence does not have un → −2

as n→ ∞. It is not clear how to go about this and it is left as an open problem.

Another interesting problem is if one could adapt the work of Peletier [115] on localised

buckling in 1D, to prove the existence of localised patterns in 2D. Peletier showed the existence

of large amplitude homoclinics for the constrained variational problem inf{W (u) : J(u) = λ},
where

W (u) =
1

2

∫
u2
xx +

∫
F (u), (6.4)

J(u) =
1

2

∫
u2
x = λ, (6.5)

which in the limit λ → ∞ tend towards a periodic solution. The constraint 1
2

∫
u2
x = λ in

1D corresponds the amount of prescribed shortening in the buckling problem. In 2D, it is

unclear what the constraint should be and this is where numerical continuation will help us in

finding out whether the constraint 1
2

∫
(∇u)2 = λ governs the nucleation of localised patterns.

Let us suppose this constraint governs the localised patterns, then we might be able to prove

a theorem along the lines of that for a fixed periodic domain Γ (possibly square, hexagonal

etc) and λ ∈ R
+, there exists a u ∈ {u ∈ H2(R2) : J(u) = λ} that minimises W (u) subject to

J(u) = λ. Then as λ→ ∞, u tends to a doubly periodic solution, uniformly on ‘multiples of

Γ’. Many technical problems lie in trying to prove such a theorem but an interesting question
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remains: would such a theorem hold for any Γ? That is, are there an (un)countably-infinite

number of localised patterns?
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