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Abstract

Dimension breaking occurs when the solution of a nonlinear partial differential equation

(PDE) depending on n independent variables bifurcates to one depending on n + 1. A

central hypothesis in the theory of dimension breaking is that a certain operator should

have a non-zero purely imaginary eigenvalue. This hypothesis is difficult to verify in

general. We present a geometric theory for verifying this hypothesis. Moreover, for a

large class of partial differential equations, namely multi-symplectic Hamiltonian PDEs,

we show that the verification of this hypothesis is encoded in the basic state. The theory

is demonstrated by obtaining new results on dimension breaking of localized states for

three examples: the (2+1)-Boussinesq equation, the Zakharov-Kuznetsov equation and

the Kadomtsev-Petviashvili equation.
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1 Introduction

Given a nonlinear partial differential equation in n + 1 independent variables, and a basic

solution that depends only on n independent variables, dimension breaking arises when this

n -dimensional solution bifurcates to one depending on n + 1 dimensions. As far as we are

aware the first rigorous formulation of the dimension-breaking problem in unbounded domains

is due to Kirchgässner & Schaaf [16] and Hărăguş & Kirchgässner [11, 12] and has

been developed further in recent work by Dias & Hărăguş-Courcelle [8].

A prototypical example of dimension breaking is given by the semilinear elliptic PDE with

n = 1,

uxx + uyy − u + u2 = 0 , (x, y) ∈ R2 , (1)

introduced in [12]. A y -independent solution of (1), denoted by û(x) , satisfies,

ûxx − û + û2 = 0 . (2)

This ODE has an explicit localized solution,

û(x) = 3
2 sech2 1

2(x + x0) , for any x0 ∈ R . (3)

To determine whether there exists a solution of (1) nearby the state (3), let u(x, y) =

û(x) + v(x, y) and substitute in (1),

vxx + vyy + (2û(x) − 1)v + v2 = 0 . (4)

The idea of [16] and [11] is to formulate the system (4) as a dynamical system in the

y -direction,

d

dy
v = Lv + N (v) , v =

(
v

vy

)
∈ H , (5)

where H is some chosen function space and

L =

[
0 1

− ∂2

∂x2 + 1 − 2û(x) 0

]
and N (v) =

(
0

−v2

)
. (6)

Dimension breaking occurs when there exists a solution of (5) which is bounded for all y ∈ R
and localized in the x direction. Since it is solutions nearby û that are of interest, the

starting point for answering this question is the linearized equation, and the spectral problem

associated with the linearization,

Lv = µv , v ∈ HC , (7)

where HC is the complexification of H .

Equation (7) is a central equation in the theory of dimension breaking. Bounded solutions

of the linearized problem are associated with purely imaginary eigenvalues in the spectrum

of L . The necessary spectral condition for dimension breaking is that there exist at least

one eigenvalue of L on the imaginary axis. Establishing the existence of nonzero purely
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imaginary eigenvalues is difficult in general. (Existence of zero eigenvalues of L is relatively

straightforward, and will not be considered here.)

Before proceeding with a further discussion of this necessary spectral condition, we will

verify that it is satisfied for the example (4). For this example, the spectral problem (7)

reduces to

vxx + (−1 + µ2 + 2û(x)) v = 0 . (8)

The discrete spectrum of this problem can be computed explicitly by transforming (8) to an

associated Legendre equation (cf. [12]). There are exactly 5 discrete eigenvalues and two are

nonzero and purely imaginary,

σp = {±
√

3
2 , 0,±i

√
5

2 } . (9)

Given the existence of purely imaginary eigenvalues, the strategy of [11, 12] is to apply a

centre-manifold reduction to the nonlinear problem to prove the existence of nonlinear states

that are bounded for all y ∈ R . For the example (4), the nonlinear bifurcating states which

break dimension are localized in the x -direction with periodic modulation in the y -direction.

Computing the discrete spectrum analytically of spectral problems of the form (6) will be

possible only in very exceptional cases. Indeed, according to [12] the most difficult hypothesis

to verify in the dimension-breaking theory is the spectral hypothesis, particularly that there

exist nonzero purely imaginary eigenvalues in the spectrum of L .

The purpose of this paper is twofold: we propose a secondary dynamical systems argument

that can be used to show the existence of at least one nonzero purely imaginary eigenvalue.

Secondly, we introduce a geometric framework for a large class of nonlinear PDEs, namely

Hamiltonian systems with a multi-symplectic structure, where an abstract general condition

can be given for the existence of at least one nonzero purely imaginary eigenvalue in the

spectrum of L .

The secondary dynamical systems argument arises by reformulating the spectral problem

(7)-(8) as a dynamical system in the x variable,

d

dx
u = A(x, κ)u , µ = iκ , u =

(
v

vx

)
(10)

and

A(x, κ) =

[
0 1

1 + κ2 − 2û(x) 0

]
. (11)

A dynamical systems view of the spectral problem (7) is: for some real positive value of κ ,

does there exist a localized solution – in L2(R) for example – of (10)? This setup is very

similar to that for the Evans function associated with the linearized stability of solitary waves

(cf. Evans [9], Alexander, Gardner & Jones [1]).

Since the basic state û is localized in x , the matrix A(x, κ) satisfies

lim
x→±∞

A(x, κ) = A
∞(κ) . (12)

When κ is real and positive, A
∞(κ) has one strictly postive and one strictly negative real

eigenvalue for each fixed κ . Therefore, by standard theory for ODEs (e.g. Coddington &
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Levinson [7], page 91) there exists a pair of solutions of (10), one of which decays exponen-

tially as x → +∞ and one which decays exponentially as x → −∞ . Denote these solutions

by u
+(x, κ) and u

−(x, κ) , respectively. If for some real positive value of κ , the solutions

u
+(x, κ) and u

−(x, κ) are linearly dependent, i.e.

u
+(x, κ) ∧ u

−(x, κ) = 0 , (13)

where ∧ is the wedge product, then there exists a solution of (10) in L2(R) . This real value

of κ is then a nonzero purely imaginary value for µ , and the spectral necessary condition for

dimension breaking would be satisfied.

Introduce a volume form for C2 , for example let e1 and e2 be an orthonormal basis and

take V = e1 ∧ e2 to be the volume form. Then the wedge product in (13) can be written,

u
+(x, κ) ∧ u

−(x, κ) = D(κ)V , with D(κ) = det
[
u

+(x, κ) |u−(x, κ)
]

. (14)

If D(κ) = 0 for some real finite value of κ , then the spectral hypothesis for dimension breaking

is satisfied. Therefore, we call D(κ) the dimension-breaking function. Its construction is

similar to the Evans function. In the dimension-breaking setting, it is the real values of κ

which are of interest, although D(κ) can be extended into the complex κ -plane.

For the example (4), the function D(κ) can be explicitly computed,

D(κ) = D0(κ)κ2
(
κ2 − 5

4

) (
κ2 + 3

4

)
, (15)

where

D0(κ) =

(
8

15p∞

)2

, p∞ = 1 +
1

5
(5 + 8κ2) +

(
2 +

8

15
κ2

)√
1 + κ2 .

It is evident from the expression (15) that D(κ) has exactly one real positive root.

In general, an explicit expression for the dimension-breaking function D(κ) will not be

available, and so we have replaced one intractable problem – finding elements in the spectrum

of the operator L – with another intractable problem: finding roots of an abstractly defined

function. However, the existence of a real positive root of D(κ) in (15) follows easily from

abstract properties of this function. Note that

D(0) = 0 , D′(0) = 0 , D′′(0) < 0 , and lim
κ→+∞

D(κ) = +1 ,

and therefore the existence of a positive root of D(κ) follows from the intermediate value

theorem. These properties of D(κ) are reminiscent of the geometric study of the Evans

function in Pego & Weinstein [18] and Bridges & Derks [5].

The proposed strategy is to formulate the spectral problem as the study of the real positive

zeros of D(κ) . This function is abstractly defined and in general it is not obvious how to

determine these zeros. However, in the multi-symplectic setting it is possible to deduce general

results about the derivatives of D(κ) at the origin, and its sign for large κ . For a large class

of systems, we will prove that

D(0) = 0 , D′(0) = 0 and D′′(0) = Π C′(α) , (16)

where C(α) is a function associated with the basic unperturbed solitary wave, and Π is a sign

associated with a geometric property of the basic solitary wave. In fact it is possible to prove
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a more general expression for D′′(0) for cases where the basic solitary wave is more exotic, for

example, is biasymptotic to a nontrivial state at infinity. This geometric characterization of

D′′(0) is similar to the analysis of the symplectic Evans function in Bridges & Derks [5, 6].

In the analysis of the example, it was clear that a dynamical systems setting was useful

in both the x and y directions. In fact, for the example (1), the dynamical system (5) can

be formulated as a Hamiltonian system, and the secondary linear dynamical system (10) is

Hamiltonian also, but with respect to a different symplectic structure. Therefore we propose

a multi-symplectic structures framework for the analysis of the dimension-breaking problem.

A multi-symplectic Hamiltonian PDE in two space dimensions x and y takes the following

canonical form

KZx + LZy = ∇S(Z), Z ∈ R2n , (17)

where K and L are 2n× 2n constant skew-symmetric matrices and S(Z) is a function, and

the gradient is taken with respect to a standard inner product on R2n (cf. [3, 5, 6]).

Before proceeding with general aspects of the multi-symplectic formulation and its im-

plications for dimension breaking, it may be useful to reconsider the example (1) from a

multi-symplectic point of view.

Introduce new variables

v = ux + py , w = uy − px with vy − wx = 0 ,

then (1) is recovered by vx + wy = u− u2 . Combining these four equations leads to a system

of the form (17) with

K =




0 −1 0 0

1 0 0 0

0 0 0 −1

0 0 1 0


 , L =




0 0 −1 0

0 0 0 1

1 0 0 0

0 −1 0 0


 , Z =




u

v

w

p


 , (18)

and

S(Z) =
1

2
(v2 + w2 − u2) +

1

3
u3 . (19)

Setting ∂y = 0 results in (17) becoming a standard Hamiltonian system on R4 in the

x -direction, and setting ∂x = 0 results in (17) becoming a standard Hamiltonian system on

R4 in the y -direction. A basic state Ẑ(x) is a homoclinic orbit of the Hamiltonian system

KẐx = ∇S(Ẑ) , Ẑ ∈ R4 . (20)

In these coordinates, the basic state û(x) in (3) takes the form

Ẑ(x) = û(x)




1

−tanh1
2(x + x0)

0

0


 . (21)

The linearization about this state in the full system (17) is then

KZ̃x + LZ̃y = D2S(Ẑ)Z̃ . (22)
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Therefore, the spectral problem, obtained by setting Z̃(x, y) = Re(Z(x)eiκy) , takes the geo-

metrical form

KZx = [D2S(Ẑ) − iκL]Z . (23)

This system is a linear complex symplectic system when κ is real. The state transition matrix

Φ(x, κ) for the ODE (23) satisfies Φ∗
KΦ = K , as is easily verified, where the superscript ∗

indicates complex conjugate transpose. We will study (23) and its generalizations using an

analogue of the Evans function theory, but taking full account of the complex symplectic

geometry encoded in the system (23).

All this geometry goes a long way in decoding properties of the spectral problem. However,

there is a subtlety which we have not addressed yet: where do C and α in (16) come from?

The basic state (3) or its extension (21) does not depend on any parameters other than the

phase x0 . On the other hand, it can be embedded in a one-parameter family, by letting Ẑ(x)

depend on x + αy . Then Ẑ(x;α) satisfies

[K + αL] Ẑx = ∇S(Ẑ) , (24)

An important feature of this equation is that α multiplies the gradient of a functional C ,

defined by

C(Ẑ) =

∫ +∞

−∞
1
2〈LẐx, Ẑ〉dx , (25)

where 〈·, ·〉 is a standard Euclidean inner product. This functional is associated with the

transverse symplectic structure, with symplectic form ω(3)(U, V ) = 〈LU, V 〉 . It is precisely

the properties of this functional which encode information about the second derivative of the

dimension-breaking function D(κ) . For the example (1) the function C(α) can be explicitly

computed,

C(α) =
6

5

α√
1 + α2

, (26)

and so

C′(α) =
6

5

1

(1 + α2)3/2
> 0 .

For the example it is straightforward to show that Π = −1 and so D ′′(0) < 0. Note that

C′(α) can be evaluated at α = 0. In other words, information about the sign of D ′′(0) for a

basic state independent of y can be deduced by embedding it in the one parameter family,

taking derivatives and then evaluating everything at α = 0.

The starting point for the geometric theory is a (2 + 1)-dimensional wave equation with

a multi-symplectic structure,

MZt + KZx + LZy = ∇S(Z), Z ∈ R2n , (27)

where M , K and L are skew-symmetric matrices and S(Z) is a function. The two-forms

related to the matrices are

ω(1)(Z1, Z2) = 〈MZ1 , Z2〉, ω(2)(Z1, Z2) = 〈KZ1 , Z2〉, and ω(3)(Z1, Z2) = 〈LZ1 , Z2〉 .
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Later we will often use the two-form associated with translated or rotated coordinates,

Ω(Z1, Z2) = 〈Jc,αZ1 , Z2〉 , with Jc,α = K − cM + αL . (28)

Examples of such wave equation are numerous; many examples of Hamiltonian PDEs

that can be reformulated as multi-symplectic systems are in [3, 5, 6]. In this paper we will

concentrate on three examples to illustrate the multi-symplectic framework for dimension

breaking. The first example is,

2ut = (uxx + uyy + f(u))x . (29)

where f(u) is some given nonlinear function. This PDE is a model equation related to many

physical systems as described in Hărăguş & Kirchgässner [12]. If f(u) = u2 − u , the

equation is the Zakharov-Kuznetsov equation [19]. If we define

Z =




q1

q2

q3

p1

p2

p3




, M =




0 1 0 0 0 0

−1 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0




,

K =




0 0 0 1 0 0

0 0 0 0 1 0

0 0 0 0 0 1

−1 0 0 0 0 0

0 −1 0 0 0 0

0 0 −1 0 0 0




and L1 =




0 0 0 0 0 1

0 0 0 0 0 0

0 0 0 −1 0 0

0 0 1 0 0 0

0 0 0 0 0 0

−1 0 0 0 0 0




,

then with u = q1 , this equation has a multi-symplectic structure on R6 with

S(Z) = −F (q1) + q1p2 −
1

2
p2
1 −

1

2
p2
3 ,

where F (q1) is defined by F ′(q1) = f(q1) .

The second example is a (2+1)-dimensional Boussinesq equation as derived by John-

son [13]. A generalised version of this equation is

utt = (f(u) + εuxx)xx + σuyy. (30)

For f(u) = u − u2 and σ = ε = 1, this is the equation as derived by Johnson. For ε = −1,

this equation is a two-dimensional extension of the “good” Boussinesq equation (cf. Bona

& Sachs [2] and references therein). Define

L2 =




0 0 1 0 0 0

0 0 0 0 0 0

−1 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0




and S(Z) = −F (q1) −
1

2ε
p2
1 +

1

2
p2
2 −

σ

2
p2
3,
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then this wave equation has a multi-symplectic structure on R6 of the form (27).

For the third example, we consider the Kadomtsev-Petviashvili equation (cf. Kadomtsev

& Petviashvili [14]):

(2ut + uxxx + f(u)x)x + σuyy = 0. (31)

Define

L3 =




0 0 1 0 0 0

0 0 0 0 0 C

−1 0 0 0 0 0

0 0 0 0 0 0

0 0 0 0 0 0

0 −C 0 0 0 0




and S(Z) = −F (q1) − q1p2 −
1

2
p2
1 −

1

2
(2C + σ)p2

3,

then with q1 = u , this PDE has a multi-symplectic structure of the form (27) with C an

arbitrary constant. (Note: C = 0 gives a structure very similar to the Boussinesq system

and C = −σ
2 results in additional symmetry.)

The first step in the dimension-breaking analysis is to characterize the basic localized

state. The details of this characterization are given in §2. The examples we consider in

this paper, and many other PDEs where dimension breaking is of interest, have additional

symmetry (acting on R2n ), and this results in multi-parameter families of localized states.

In the multi-symplectic setting, these states have a natural geometry associated with multi-

symplectic relative equilibria.

If we denote the action of the symmetry group by Gθ , with θ = (θ1, . . . , θq) , then a

multi-parameter localized basic state of the system (27), when it exists, will be taken to be

of the form

Z(t, x, y) = Gθ(t,x,y)Tτ(t,y)Z̃(x), (32)

with

θ(t, x, y) = (a1t + b1x + d1y, . . . , aqt + bqx + dqy) and τ(t, y) = ct − αy.

Although time is included, the basic states are assumed to be steady relative to a moving

frame of reference. We will call this basic state a solitary wave if lim
|x|→∞

Z̃(x) exists and there

is some β > 0 such that

lim
|x|→∞

eβ|x|Z̃x(x) exists and lim
|x|→∞

d

dx
(eβ|x|Z̃x(x)) = 0 . (33)

If the q generators of the Lie group are denoted by ξ1(Z), . . . , ξq(Z) , it follows from

multi-symplectic Noether theory [3] that there exist vector functions

P1(Z), . . . , Pq(Z) , Q1(Z), . . . , Qq(Z) and R1(Z), . . . , Rq(Z) ,

such that

Mξi(Z) = ∇Pi(Z), Kξi(Z) = ∇Qi(Z) and Lξi(Z) = ∇Ri(Z), for i = 1, . . . , q.
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The properties (33) and the relations above imply that Z̃(x) is bounded, decays exponentially

to the state at infinity, and satisfies the ODE

Jc,α Z̃x = ∇
[
S(Z̃) −

q∑

i=1

(aiPi(Z̃) + biQi(Z̃) + diRi(Z̃))

]
. (34)

The gradient structure of this equation leads naturally to a constrained variational principle:

find

crit {Ha,b,d(Z) −K(Z) | I(Z) = γ, C(Z) = C} (35)

where

Ha,b,d(Z) =

∫ [
S(Z) −

q∑

i=1

(aiPi(Z) + biQi(Z) + diRi(Z))

]
dx,

K(Z) = 1
2

∫
〈KZ , Zx〉 dx,

I(Z) = 1
2

∫
〈MZ , Zx〉 dx, and C(Z) = 1

2

∫
〈LZ , Zx〉 dx.

For specific choices of the functions f(u) in the three examples, one can indeed find such

solutions explicitly (cf. §§6-8). It is the parameter structure of this variational principle

which encodes information about the sign of D ′′(0).
The basic solitary wave is said to break dimension if there exist nearby solutions with

non-trivial transverse variation. In other words, dimension breaking occurs if the system (27)

has solutions of the form

Z(t, x, y) = Gθ(t,x,y)Tτ(t,y)(Z̃(x) + Û(x, y)),

with Û small.

Substitution of this form of the solution, and linearizing about the basic state, leads to

the following linear PDE,

Jc,αÛx + LÛy = B(x; c, α, a, b, d)Û ,

where

B(x; c, α, a, b, d) = D2S(Z̃) −
q∑

i=1

(aiD
2Pi(Z̃) + biD

2Qi(Z̃) + diD
2Ri(Z̃)).

Solutions of this system can be written as Û(x, y) = <(eiκyU(x;κ)) , where

Ux = A(x, κ; c, α, a, b, d)U , U ∈ C2n , (36)

and

Jc,αA(x, κ; c, α, a, b, d) = [B(x; c, α, a, b, d) − iκL] . (37)

The equation (36) is the central equation associated with verifying the spectral necessary

condition for dimension breaking. By deriving this equation within the multi-symplectic
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setting, it contains significant geometric information. For example, when κ ∈ R the linear

system (36) is complex symplectic, with respect to the symplectic operator Jc,α . In general,

complex symplectic spaces can be much more exotic than real symplectic spaces (cf. Everitt

& Markus [10]), but this complex symplectic space is a straightforward extension of real

symplectic structure, because the symplectic operator Jc,α is real. The necessary condition

for dimension breaking requires the existence for some κ ∈ R a bounded function U(x) which

satisfies (36). The analysis of this problem is very similar to the analysis of the symplectic

Evans function which arises in the linear instability problem for solitary waves of multi-

symplectic PDEs, and therefore we will be able to appeal to recent results on this in [5, 6].

The paper is organized as follows. In §2 we consider properties of the basic state. In §3 we

introduce the symplectic dimension-breaking function, which is based on a geometric analysis

of (36). In §4 we compute derivatives of the symplectic dimension-breaking function at the

origin, and then deduce a geometric condition for the existence of nonzero purely imaginary

eigenvalues of the dimension-breaking spectral problem in §5. Here we rely of aspects of the

theory developed in [6]. We can also appeal to existing theory for large κ asymptotics. Then

in §§6-8 the theory is applied in detail to deduce new results on dimension breaking for three

examples. In the final section, we discuss the stability of the bifurcating states.

2 Multi-parameter families of localized basic states

The basic state will be some localized state, such as a solitary wave. When this state does

not depend on any parameters, such as the example in the introduction, the idea will be to

embed it in a one-parameter family of states in order to deduce information about the sign

of D′′(0). In this section we consider general aspects of this embedding.

In addition, many PDEs of interest have a nontrivial symmetry group, as well as being

multi-symplectic. For these cases we will consider a generalization of the localized state where

the state at infinity may be nontrivial. The symmetry results in multi-parameter families

of solitary waves. The extra parameter structure associated with the symmetry provides

additional information about the sign of D ′′(0).
There is also symmetry inherent in the multi-symplectic system (27) due to the fact

that S(Z) does not depend explicitly on x , y and t , and is therefore equivariant with

respect to translations in the t , x and y direction. The x−direction will be identified as the

preferred direction, and the action of translation in the x -variable will be denoted by Tτ , i.e.,

TτZ(t, x, y) = Z(t, x − τ, y) . Although the direction of the basic state may not be aligned

perfectly with the x -axis, it will always be transverse to the y -direction. The y -direction is

the dimension-breaking direction and is called the transverse direction.

To be precise about the role of symmetry acting on the phase space R2n , we assume there is

a q -dimensional compact or affine Lie group G acting on vectors in R2n , and the system (27)

is equivariant with respect to the action of this Lie group. If the q generators of the Lie

group are denoted by ξ1(Z), . . . , ξq(Z) , it follows from multi-symplectic Noether theory [3]

that there exist vector functions P1(Z), . . . , Pq(Z) , Q1(Z), . . . , Qq(Z) and R1(Z), . . . , Rq(Z)

such that

Mξi(Z) = ∇Pi(Z), Kξi(Z) = ∇Qi(Z) and Lξi(Z) = ∇Ri(Z), for i = 1, . . . , q.

For the three examples considered in this paper, both q2 and q3 are cyclic coordinates, and so

the multi-symplectified systems are equivariant with respect to the action of a 2-dimensional
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affine Lie group, with actions

GθZ = G(θ1,θ2)Z = Z + θ1E2 + θ2E3,

where E2 = (0, 1, 0, 0, 0, 0)T and E3 = (0, 0, 1, 0, 0, 0)T . Its generators are ξ1 = E2 and

ξ2 = E3 . So the associated vector functions are

P1(Z) = q1, P2(Z) = 0, Q1(Z) = −p2, and Q2(Z) = −p3.

The vector functions Ri(Z) differ for each of the three examples,

R1
1(Z) = 0 = R2

1(Z), R3
1(Z) = −C p3, R1

2(Z) = p1, and R2
2(Z) = q1 = R3

2(Z).

The assumption that Z̃(x) is bounded for |x| → ∞ implies that we can define Z±
0 =

lim
x→±∞

Z̃(x) . Then Z0 satisfies

∇
[
S(Z0) −

q∑

i=1

(aiPi(Z0) + biQi(Z0) + diRi(Z0))

]
= 0. (38)

If Z0 satisfies this equation, then GθZ0 satisfies it also, because of the equivariance properties

of the system. Therefore we restrict to the case where all solutions of (38) are related by a

group action in G . This set of solutions of (38) is called the manifold at infinity, denoted by

M∞(a, b, d) . Since (38) does not depend on α nor c , we can choose Z−
0 to be independent of

c and α . Then there exists some θ(c, α; a, b, d) such that Z+
0 = Gθ(c,α;a,b,d)Z

−
0 . A complete

expression for the basic multi-parameter family of localized states is then given by (32), with

the shape of the wave satisfying the constrained variational principle (35). Geometrically this

state is a multi-symplectic relative equilibrium.

When the basic state does not depend on any parameters, the basic ODE (34) reduces to

KZ̃x = ∇S(Z̃) with embedding J0,αZ̃x = ∇S(Z̃) .

The embedded equation then has a characterization as a constrained variational principle,

crit {H(Z) −K(Z) | C(Z) = C} (39)

This variational principle is non-degenerate precisely when C ′(α) 6= 0.

3 Symplectic dimension breaking and the Evans function

The linearization about the basic state results in (36) which is the basic equation to be

analyzed to determine if the spectral necessary condition is satisfied. The coefficient matrix

A(x, κ; c, α, a, b, d) reduces to a parameter-dependent matrix when x → ±∞ . As in the Evans

function theory, it is these matrices at infinity which dictate the properties of the solutions

of (36).

Define

B
±(c, α; a, b, d) = B(Z±

0 ) and A
±(κ, c, α; a, b, d) = J−1

c,α(B± − iκL),

11



then the system at infinity is

Jc,αUx = (B± − iκL)U or Ux = A
±U.

The spectral problem associated with the matrices A
± is

∆(µ, κ) = det(B± − iκL− µJc,α) = 0 ⇔ det(A± − µI) = 0 .

The function ∆ satisfies ∆(κ, µ) = ∆(κ,−µ) , since B is symmetric, and L , Jc,α are skew

symmetric. Hence if µ solves the spectral problem, then also −µ solves the spectral problem.

At κ = 0, we will assume that there are only two eigenvalues with non-zero real part:

±β . (This is what occurs in the three examples, and can be modified for other examples.)

Recall that β is the decay rate of the basic state.

When κ 6= 0 there may be other eigenvalues with strictly negative real part. Let p be the

number of eigenvalues with strictly negative real part when κ is real and positive. Assume

that these p eigenvalues are simple. Furthermore, it is assumed that all p − 1 eigenvalues

which converge to 0 for κ → 0 have eigenvectors which converge to p independent generators

of the Lie group G . The p eigenvalues with negative real part are denoted by µ1(κ), . . . µp(κ) ,

with

<µ1(κ) ≤ . . . ≤ <µp(κ).

Next we define the eigenvectors ζ±
i (κ) and their symplectic adjoints η±

i to be such that

A±(κ)ζ±i = µiζ
±
i and (A±(κ))∗Jc,αη±i = µiJc,αη±i ⇒ A±(κ)η±i = −µiη

±
i

The relation between Z−
0 and Z+

0 implies that

ζ+
i = DGθζ

−
i and η+

i = DGθη
−
i .

Furthermore, ζi and ηi are normalised by Ω(η±
i , ζ±j ) = δij , where the symplectic form Ω is

defined in (28).

As κ → 0, the eigenvalues µ2, . . . , µp accumulate on the imaginary axis. In a similar way

as in [6, §4] it can be shown that if



−c

1

α




T 

Pi

a Qi
a Ri

a

Pi
b Qi

b Ri
b

Pi
d Qi

d Ri
d






−c

1

α


 6= 0, with P i

a =
∂

∂a
Pi(Z̃), etc., (40)

then the vectors ηi have a single pole at κ = 0. The regularized eigenvectors will be denoted

by

η̃i(κ, ·) = κηi(κ, ·), i = 2, . . . , p.

These definitions of the eigenvectors imply that

ζ+
1 (0) = lim

x→∞
eβxZ̃x(x) and η−1 (0) = χ−

00 lim
x→−∞

e−βxZ̃x(x),

where

χ−
00 = lim

x→∞
e2βxΩ(Z̃x(−x) , DGT

θ Z̃x(x)).
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And span{η̃±2 (0), . . . , η̃±p (0)} and span{ζ±2 (0), . . . , ζ±p (0)} form p -dimensional subspaces in

the Lie algebra related to G . For more details about this, see [6].

Next we return to the non-autonomous system (36). Define U +
i (x;κ, ·) and W−

i (x;κ, ·)
to be such that U+

i satisfies the linearised system

Ux = A(x;κ, ·)U and lim
x→∞

e−µixU+
i (x) = ζ+

i (41)

and W−
i satisfies the symplectic adjoint equation

W x = A(x;κ, ·)W and lim
x→−∞

eµixW−
i (x) = η−i . (42)

Also we define the regularised solution vectors

W̃i(x;κ, ·) = κWi(x;κ, ·), i = 2, . . . , p.

The dimension-breaking function is then modelled on the definition of the Evans function

in Alexander, Gardner & Jones [1]. Let Tr(κ) denote the trace of A(x;κ, ·) , then the

following function is independent of x ,

D̂(κ) = e−Tr(κ)xY+(x, κ) ∧ Y−(x, κ) ,

where Y+ and Y− are forms representing the subspaces which decay as x goes to ± infinity

respectively. This function is proportional to a volume form on C2n . Choosing a volume form

and denoting it by V , the above expression can be written,

D̂(κ) = D(κ)V . (43)

It then follows from results in [6], that the function D(κ) can be represented in a form

analogous to the symplectic Evans matrix,

D(κ) = det




Ω(W−
1 , U+

1 ) · · · Ω(W−
1 , U+

p )
...

. . .
...

Ω(W−
p , U+

1 ) · · · Ω(W−
p , U+

p ) .


 (44)

The linearised system (36) has a bounded (at most algebraicly growing) solution if and only if

D(κ) = 0. If κ0 is real and positive, then D(κ0) = 0 satisfies the necessary spectral condition

for dimension breaking in a multi-symplectic system.

Writing (44) as D(κ) = det[Ω(κ)] , the p × p matrix Ω(κ) will be called the symplectic

dimension breaking (DB) matrix, and its entries will be denoted by Ωij = Ω(W−
i , U+

j ) . This

matrix is singular at κ = 0, so we define a regularised symplectic DB matrix as Ω̃ and denote

its entries by

Ω̃ij = Ω(W̃−
i , U+

j ) = κΩ(W−
i , U+

j ), 2 ≤ i, j ≤ p.

4 Properties of Ω(κ) for κ near zero

For the entries in the symplectic DB matrix, there is nice relation between the derivative with

respect to κ and the transverse symplectic structure associated with L .
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Lemma 1 For all i, j = 1, . . . , p , we have

∂

∂κ
Ω(W−

j , U+
i ) = i

∫ R

S
ω(3)(W−

j , U+
i ) dx + Ω(W−

j , ∂κU+
i )

∣∣∣
x=−S

+ Ω(∂κW−
j , U+

i )
∣∣∣
x=R

,

for any S,R > 0 .

Proof Let i, j = 1, . . . , p and S,R > 0. Differentiation of (41) and (42) with respect to κ

gives

Jc,α(∂κU+
i )x = [B(x) − iκL]∂κU+

i − iLU+
i ;

Jc,α(∂κW−
j )x = [B(x) + iκL]∂κW−

j + iLW−
j .

(45)

Using this and (41) and (42), we get

i ω(3)(W−
j , U+

i ) = 〈Jc,α(∂κW−
j )x − [B(x) + iκL]∂κW−

j , U+
i 〉

= −〈∂κW−
j , [B(x) − iκL]U+

i 〉 + 〈(Jc,α∂κW−
j )x , U+

i 〉

= −〈∂κW−
j , Jc,α(U+

i )x〉 + 〈(Jc,α∂κW−
j )x , U+

i 〉

= d
dxΩ(∂κW−

j , U+
i )

and in a similar way

i ω(3)(W−
j , U+

i ) = − d

dx
Ω(W−

j , ∂κU+
i ).

Hence

−i

∫ R

−S
ω(3)(W−

j , U+
i ) dx = Ω(W−

j , ∂κU+
i )

∣∣∣
x=−S

− Ω(W−
j , ∂κU+

i )
∣∣∣
x=0

− Ω(∂κW−
j , U+

i )
∣∣∣
x=0

+ Ω(∂κW−
j , U+

i )
∣∣∣
x=R

= −∂κΩ(W−
j , U+

i ) + Ω(W−
j , ∂κU+

i )
∣∣∣
x=−S

+ Ω(∂κW−
j , U+

i )
∣∣∣
x=R

,

since Ω(W−
j , U+

i ) is x -independent. 2

We will study the behaviour of the entries in the symplectic DB matrix near κ = 0. At

κ = 0 the solutions of the linearised system (36) and its adjoint satisfy (see [6])

U+
1 (x, 0, ·) = Z̃x(x, ·) and W−

1 (x; 0, ·) = χ−
00Z̃x(x, ·).

Also, for i = 2, . . . , p :

U+
i (x; 0, ·) ∈ g and W−

i (x; 0, ·), W̃−
i (x; 0, ·) ∈ g,

where g is the Lie algebra related to the Lie group G . To be explicit, we can define generators

ξi ∈ g and χ−
ij ∈ R such that

U+
i (x; 0, ·) = ξi(Z(x, ·)) and W̃−

i (x; 0, ·) =

p∑

j=2

χ−
jiξj(Z(x, ·)).

From [6, Lemma 18] it follows that
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Lemma 2 For any fixed a, b, d, c, α and 1 ≤ i, j ≤ p we have Ω̃ij(0, ·) = 0 .

We can also find explicit expressions for the derivative with respect to κ of the solutions

of linearised system (36) and its adjoint.

Lemma 3 There exist constants c±1 (c, α, a, b, d) such that

∂
∂κ

∣∣
κ=0

U+
1 (x;κ, c, α, ·) = i ∂

∂α Z̃(x; c, α, ·) + c+
1 (c, α, ·)Z̃x(x; c, α, ·)

∂
∂κ

∣∣
κ=0

W−
1 (x;κ, c, α, ·) = −iχ−

00
∂

∂α Z̃(x; c, α, ·) + c−1 (c, α, ·)Z̃x(x; c, α, ·)

Proof By substituting κ = 0 into (45) we get for 1 ≤ i ≤ p

[ Jc,αDx −B(x; c, α, ·) ]
(

∂
∂κ

∣∣
κ=0

U+
i (x;κ, c, α, ·)

)
= −iLU+

i (x; 0, c, α, ·) ;

[ Jc,αDx −B(x; c, α, ·) ]
(

∂
∂κ

∣∣
κ=0

W−
i (x;κ, c, α, ·)

)
= iLW−

i (x; 0, c, α, ·) .

For i = 1 this gives

[ Jc,αDx −B(x; c, α, ·) ]
(

∂
∂κ

∣∣
κ=0

U+
1 (x;κ, c, α, ·)

)
= −iLZ̃x(x; c, α, ·);

[ Jc,αDx −B(x; c, α, ·) ]
(

∂
∂κ

∣∣
κ=0

W̃−
1 (x;κ, c, α, ·)

)
= iχ−

00LZ̃x(x; c, α, ·) .
(46)

Furthermore, the existence of a multi-parameter family of travelling waves implies that

we can differentiate the Euler-Lagrange equation (34) with respect to α . This gives

[ Jc,αDx −B(x; c, α, ·) ] ∂
∂α Z̃(x; c, α, ·) = −LZ̃x(x; c, α, ·). (47)

Combining this with the expressions (46) for ∂
∂κ

∣∣
κ=0

U+
1 (x;κ, c, α, ·) and ∂

∂κ

∣∣
κ=0

W̃−
1 (x;κ, c, α, ·) ,

we get

[ Jc,αDx −B(x; ·) ]
(

∂
∂κ

∣∣
κ=0

U+
1 (x;κ, c, α, ·) − i ∂

∂α Z̃(x; c, α, ·)
)

= 0 ;

[ Jc,αDx −B(x; ·) ]
(

∂
∂κ

∣∣
κ=0

W−
1 (x;κ, c, α, ·) + iχ−

00
∂

∂α Z̃(x; c, α, ·)
)

= 0 .

Hence ∂
∂κ

∣∣
κ=0

U+
1 (x;κ, c, α, ·) = i ∂

∂α Z̃(x; c, α, ·)+y+
1 (x; c, α, ·) , where y+

1 (x; c, α, ·) is some ele-

ment from the kernel of [Jc,αDx−B(x; c, α, ·)] . Both ∂
∂κ

∣∣
κ=0

U+
1 (x;κ, c, α, ·) and ∂

∂cZ̃(x; c, α, ·)
are exponentially decaying for x → ∞ . By hypothesis, the only exponentially decaying so-

lution in the kernel of [Jc,αDx − B(x; c, α, ·)] is Z̃x , hence there exists a constant c+
1 (c, α, ·)

such that y+
1 (x; c, α, ·) = c+

1 (c, α, ·)Z̃x(x; c, α, ·) . In a similar way we can derive the other

expression in the lemma. 2

From [6, Lemma 19 and Lemma 20] it follows that

Lemma 4 For any fixed c, α, a, b, d

∂
∂κ |κ=0 Ω̃11(κ; ·) = ∂

∂κ |κ=0 Ω̃1j(κ; ·) = ∂
∂κ |κ=0 Ω̃i1(κ; ·) = 0, for i, j ≥ 2 .

For 2 ≤ i, j ≤ p , define

(∂D)i−1,j−1 = ∂
∂κ

∣∣
κ=0

Ω̃i,j(κ; ·) = ∂
∂κ

∣∣
κ=0

Ω(W̃−
i+1, U

+
j+1) ;

then,

(∂D)i−1,j−1 =

q∑

k=1

[
Ω( ∂

∂κ

∣∣
κ=0

η̃−i , ξk(Z
−
0 )) + χ−

k,i−1Ω(ξk(Z
+
0 ), ∂

∂κ

∣∣
κ=0

ζ+
j )

]
.
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In [6, Lemma 16] it is shown that

Lemma 5 If the manifold at infinity satisfies (40), then the matrix ∂D is equal to the identity

matrix.

The next step involves analyzing the second derivative of Ω11 .

Lemma 6 For any c, α, a, b, d ,

∂2

∂κ2

∣∣∣
κ=0

Ω̃11(κ; c, α, ·) = ∂2

∂κ2

∣∣∣
κ=0

Ω(W̃−
1 , U+

1 ) = 2χ−
00

∂
∂αC(Z̃) − χ−

00 ω(3)(Z+
0 , ∂αZ+

0 )

Proof ¿From Lemma 3 it follows

i

∫ ∞

−∞
ω(3)

(
W̃−

1 (x; 0, ·), ∂
∂κ

∣∣
κ=0

U+
1 (x;κ, ·)

)
dx = i

∫ ∞

−∞
ω(3)

(
χ−

00 Z̃x(x; ·), i ∂
∂α Z̃(x; ·) + c+

1 Z̃x(x; ·)
)

= χ−
00

∫ ∞

−∞
ω(3)(Z̃α(x; ·) , Z̃x(x; ·))

= χ−
00

d
dαC(Z̃) − 1

2χ−
00 ω(3)(Z+

0 , ∂αZ+
0 ).

In a similar way we can show that

i

∫ ∞

−∞
ω(3)

(
∂
∂κ

∣∣
κ=0

W̃−
1 (x, κ; ·) , U+

1 (x, 0; ·)
)

dx = χ−
00

d
dαC(Z̃) − 1

2χ−
00 ω(3)(Z+

0 , ∂αZ+
0 ).

Finally we analyze the boundary terms. Using Lemma 3, we get at κ = 0

∂
∂κ Ω

(
∂
∂κW̃−

1 (x;κ, ·), U+
1 (x;κ, ·)

)
= Ω(−iχ−

00
∂

∂α Z̃(x; ·) + c−1 Z̃x(x; ·), i ∂
∂α Z̃(x; ·) + c+

1 Z̃x(x; ·))

+ Ω
(

∂2

∂κ2 W̃−
1 (x, κ; ·) , Z̃x(x; ·)

)

So for x → −∞ this expression vanishes at κ = 0. In a similar way we can show that the

other boundary terms disappear. 2

5 Satisfying the spectral necessary condition geometrically

We now have all the information needed to give a geometric condition for the existence of a

positive real root of D(κ) .

Theorem 7 For some fixed (a, b, d; c, α) , let κ∞ ∈ R be some positive value and let d∞ =

D(κ∞, ·) . Define

(χ−
00)

−1 = lim
x→∞

e2βxΩ(Z̃x(−x) , DGT
θ Z̃x(x)).

If the manifold at infinity associated with the basic state satisfies (40) and if

d∞χ−
00

[
∂

∂αC(Z̃) − 1
2ω(3)(Z+

0 , ∂αZ+
0 )

]
< 0, (48)

then there is some real positive value of κ such that the symplectic dimension-breaking function

D(κ) vanishes.
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Proof Lemmas 2 and 4 imply that

Ω̃ij(0; ·) = ∂
∂κ Ω̃ij

∣∣∣
κ=0

(κ; ·) = 0, for i = 1 or j = 1 .

Hence we can conclude that for κ → 0

Ω̃ij(κ; ·) = O(κ2), for i = 1 or j = 1.

Moreover, with Lemma 1 and Lemma 6 we have

Ω̃11(κ; ·) = κ2χ−
00

[
∂
∂αC(Z̃) − 1

2ω(3)(Z+
0 , ∂αZ+

0 )
]

+ O(κ3), as κ → 0 .

Furthermore, Lemmas 2 and 4 show that Ω̃ij(0; ·) = 0 and ∂
∂κ

∣∣
κ=0

Ω̃ij(κ; ·) = (∂D)(i−1)(j−1) ,

so altogether

Ω̃ij(κ; ·) = κ(∂D)(i−1)(j−1) + O(κ2), for κ → 0, if i, j ≥ 2.

So we are in the following situation:

Ω̃(κ; ·) =




κ2χ−
00

[
∂
∂αC(Z̃) − 1

2 ω(3)(Z+
0 , ∂αZ+

0 )
]

+ O(κ3) O(κ2)

O(κ2) κ(∂D) + O(κ2)




= κp




κχ−
00

[
d
dαC(Z̃) − 1

2χ−
00 ω(3)(Z+

0 , ∂αZ+
0 )

]
+ O(κ2) O(κ)

O(κ) ∂D + O(κ)


 .

From [6, Appendix 7.1], it follows that the determinant of such a matrix is

det(Ω̃(κ; ·)) = κ1+p χ−
00

[
∂
∂αC(Z̃) − 1

2χ−
00 ω(3)(Z+

0 , ∂αZ+
0 )

]
det(∂D) + O(κ2+p).

Using that by definition det(Ω̃(κ; ·)) = κp−1 det(Ω(κ; ·)) , we get that the dimension breaking

function near κ = 0 is given by

D(κ) = κ2 χ−
00

[
∂
∂αC(Z̃) − 1

2 ω(3)(Z+
0 , ∂αZ+

0 )
]

det(∂D) + O(κ3).

By using that the dimension breaking function is continuous for κ > 0, we get that D has

to vanish at some positive value of κ if d∞ and χ−
00 ( ∂

∂αC(Z̃)− 1
2χ−

00 ω(3)(Z+
0 , ∂αZ+

0 )) det(∂D)

have opposite signs. Finally, the fact that the manifold at infinity satisfies (40) (hence ∂D is

the identity matrix) gives the expression of the Theorem. 2

There are essentially three properties of the basic state that go into the goemetric condition

(48). The parameter χ−
00 is a geometric property of the shape of the wave, ω(3)(Z+

0 , ∂αZ+
0 ) is a

property of the “tail”, the state at infinity. For example if the basic state decays exponentially

to zero as x → ±∞ then this term vanishes. The third property is C ′(α) which arises from

the embedding, and it is the most important term. The only other required information is

d∞ which is a property of the linearization. This parameter can be obtained a number of

ways, for example from the linearization in the limit as κ → ∞ . For the examples in this

paper, we can appeal to the large-κ asymptotics, which are analogous to similar asymptotics

used in analyzing the Evans function, to determine d∞ .
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6 The Zakharov-Kuznetsov equation

The Zakharov-Kuznetsov (ZK) equation is a model equation for a range of physical problems,

for example, long waves on a thin liquid film, Rossby waves in a rotating atmoshere, and

nonlinear ion-acoustic waves, see Zakharov & Kuznetsov [19]. The ZK equation is given

by (29), with f(u) = u2 − u . In a one-dimensional setting, the ZK equation reduces to

the Korteweg-de Vries equation, and it is well-known that this equation has solitary wave

solutions. In the multi-symplectic setting, this basic solitary wave lifts to a multi-parameter

family for and b1, c such that 1 + 2(b1 − c) > 0, and is given by

Z̃(x) =




u(x)

−
∫ x
−∞(u(s) + b1) ds + q∞2

q∞3
−d2 + ux(x)

−c(u(x) + b1) + a1 + f(−b1)

b2 + αux(x)




where u(x) = A sech2(Bx) − b1,

with

B =
1

2
√

1 + α2

√
1 + 2(b1 − c) and A =

3

2
(1 + 2(b1 − c)) = 6(1 + α2)B2 ,

and q∞2 , q∞3 arbitrary real numbers. Hence for β = 2B , we have

Ψ± = lim
x→±∞

e±βxZ̃x(x) = 4A (∓2B,−1, 0, 4B2,±2Bc, 4B2α)

and d
dx(lim|x|→∞ eβ|x|Z̃x(x)) = 0. Furthermore,

C(Z̃) =
172

5
αB5(1 + α2)2 =

6

5
√

1 + α2
α
√

1 + 2(b1 − c)(2(b1 − c) + 1)2,

thus

∂

∂α
C(Z̃) =

192

5
B5(1 + α2).

Also, the manifold at infinity is

M∞(a1, b1, b2, d2) = {Gθ1 ,θ2
(−b1, 0, 0,−d2, a1 + f(−b1), b2) | θ1, θ2 ∈ R}.

Since P1(Z0) = −b1, Q1(Z0) = −a1 − f(−b1) , Q2(Z0) = −b2 and R2(Z0) = −d2 , we have



−c

1

α




T 

P1

a Q1
a R1

a

P1
b Q1

b R1
b

P1
d Q1

d R1
d






−c

1

α


 = f ′(b1) 6= 0

and



−c

1

α




T 

P2

a Q2
a R2

a

P2
b Q2

b R2
b

P2
d Q2

d R2
d






−c

1

α


 = −(1 + α2) 6= 0.
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Also, if Z−
0 = (−b1, 0, 0,−d2, a1 + f(−b1), b2) , then

Z+
0 = (−b1,−

2A

B
, 0,−d2, a1 + f(−b1), b2)

since −
∫ ∞
−∞(u(s) + b1) ds = −2A

B . Only B depends on α , hence

ω(3)(Z+
0 , ∂αZ+

0 ) = 0.

For the system at infinity, the matrix A
+ = A

− =: A . The characteristic polynomial for

the matrix A is

p(µ, κ) =
1

(1 + α2)2
µ2(µ2(1 + α2) + 2iµκα − κ2)(µ2(1 + α2) + 2iµκα − κ2 + f ′(−b1)).

So the eigenvalues are

µ = 0, µ =
±κ − iκα

1 + α2
or µ =

±
√

κ2 + 4B2(1 + α2)2 − iκα

1 + α2
.

The eigenvectors are

v1(κ, µ) = (−µ, 1, 0,−µ2, cµ,−µ(iκ + µα))

for µ = 0 or µ =
±
√

κ2+4B2(1+α2)2−iκα

1+α2 and

v2(κ, µ) = (0, 0, iκ(iκα − µ(1 + α2)), µκ2, 0, κ2(µα − iκ))

for µ = ±κ−iκα
1+α2 .

Hence there are two eigenvalues with negative real part for κ 6= 0:

µ1(κ) =
−

√
κ2 + 4(1 + α2)2B2 − iκα

1 + α2
and µ2(κ) =

−|κ| − iκα

1 + α2

Furthermore,

χ−
00 = (Ω(Ψ−,Ψ+))−1 = − 1

9216B7(1 + α2)3

Also, ζ2(0), η̃2(0) ∈ span{E3} .

By using Theorem 7, we get that for any value of the parameters, the solitary wave will

be capable of dimension breaking.

Theorem 8 For any α, c ∈ R , a1, b2 , d2 ∈ R , and 1 + 2(b1 − c) > 0 , the multi-symplectic

ZK-equation has a solitary wave solution. If d∞ > 0 , then there is some real positive value

of κ such that the symplectic dimension breaking function D(κ) vanishes.

Proof From the observations above,

χ−
00

[
∂

∂α
C(Z̃) − 1

2
ω(3)(Z+

0 , ∂αZ+
0 )

]
= − 1

240B2(1 + α2)2
< 0.

2

Since the structure of the linearized system for large κ is similar to that for the Evans function

analysis of the Boussinesq model with large λ analyzed in [6], we expect that similar argu-

ments will show that d∞ = +1. Moreover, we expect that many of the existing arguments in

the literature on the large-λ behaviour of the Evans function carry over to large-κ behaviour

of the dimension-breaking function. Other examples of large-λ analyses of the Evans function

can be found in [18, 15] and references therein.
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7 A (2+1)-dimensional Boussinesq equation

The (1+1)-Boussinesq equation is a model for a wide range of physical phenomena such as

water waves, nonlinear strings and condensed matter physics. The (2+1)-Boussinesq equation

is given by (30), with f(u) = D(u2−u) , where D = ±1. In Johnson [13], the equation with

D = −1, ε = 1 and σ = 1 is derived as a model for water waves in shallow water.

In one space dimension, the (2+1)-Boussinesq equation reduces to the standard Boussinesq

equation. If ε = −1 and D = −1, this is the socalled good Boussinesq equation (cf. [2]). This

equation has a number of well-known solitary wave solutions. By including symmetry, this

equation has a multi-parameter family of solitary waves. Under the parametric conditions,

D2 − 4D(d2 + a1) > 0 and (α2σ − c2 ±
√

D2 − 4D(d2 + a1))ε < 0.

this family takes the following form in the multi-symplectic coordinates,

Z̃(x) =




u(x)

c
∫ x
−∞(u(s) − u0) ds + q∞2

σα
∫ x
−∞(u(s) − u0) ds + q∞3

εux(x)

−c(u(x) − u0) − b1
b2
σ + α(u(x) − u0)




where u(x) = A sech2(Bx) + u0,

with u0 such that u0 solves f(u0) = −(a1 + d2) , i.e., u0 = 1
2 ± 1

2D

√
D2 − 4D(d2 + a1) ,

B =
1

2|ε|

√
−ε(α2σ − c2 ±

√
D2 − 4D(d2 + a1)), and A =

6εB2

D
.

Furthermore, q∞2 , q∞3 are arbitrary real numbers. Note that if ε < 0 and σ > 0, then for

each pair of wave speeds (c, α) , there exist at most one solitary wave (the “+”-sign in the

expression for B ). For other signs of ε and σ , there can exist pairs of wave speeds (c, α) with

two different solitary wave solutions. Note that not all these cases correspond to well-posed

evolution equations. For example Johnson’s [13] equation is not well-posed – although it is

still a good model for shallow water waves!

Hence for β = 2B , we have

Ψ± = lim
x→±∞

e±βxZ̃x(x) =
6εB2

D
(∓2B, c, ασ, 4εB2,±2cB,∓2Bα)

and d
dx(lim|x|→∞ eβ|x|Z̃x(x)) = 0. Thus

C(Z̃) = −Aασ

3B
(4A + 3u0) = −6σεBα

D

(
8εB2

D
+ u0

)

and

∂

∂α
C(Z̃) = −6σεu0

2D

∂

∂α
(αB) − 12σεB

D2
(4εB2 − 3α2σ)

The manifold at infinity is

M∞(a1, b1, b2, d2) = {Gθ1 ,θ2
(u0, 0, 0, 0,−b1,

b2

σ
) | θ1, θ2 ∈ R}.
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Since P1(Z0) = u0 = 1
2 ± 1

2D

√
D2 − 4D(d2 + a1) , Q1(Z0) = b1 , Q2(Z0) = − b2

σ and R2(Z0) =

u0 = 1
2 ± 1

2D

√
D2 − 4D(d2 + a1) ,



−c

1

α




T 

P1

a Q1
a R1

a

P1
b Q1

b R1
b

P1
d Q1

d R1
d






−c

1

α


 = 1 ∓ c2

√
D2 − 4D(d2 + a1)

and



−c

1

α




T 

P2

a Q2
a R2

a

P2
b Q2

b R2
b

P2
d Q2

d R2
d






−c

1

α


 = − 1

σ
∓ α2

√
D2 − 4D(d2 + a1)

.

Both expressions don’t vanish for generic values of c and α .

Also, if Z−
0 = (u0, 0, 0, 0,−b1,

b2
σ ) , then

Z+
0 = (u0,

12cεB

D
,
12ασεB

D
, 0,−b1,

b2

σ
)

since
∫ ∞
−∞(u(s) − u0) ds = 12εB

D . Only B depends on α , hence

ω(3)(Z+
0 , ∂αZ+

0 ) = −12εσu0

D

∂

∂α
(αB).

For the system at infinity, the matrix A
+ = A

− =: A . The characteristic polynomial for

the matrix A is

p(µ, κ) = µ2

(
µ4 − µ2B2 +

2iκασ

ε
µ − κ2σ

ε

)
.

For κ large, the non-zero eigenvalues are

µ = µ0

√
κ(1 + O(

1

κ
)), κ → ∞

where µ0 solves µ4 = σ
ε . For κ small, there is a pair of eigenvalues µ = ±B + O(κ) and a

pair of eigenvalues µ = (iα ± 1
σ

√
−α2σ2 − εσB2)κ + O(κ2) .

For σε > 0, it can be verified that there are always four eigenvalues on the imaginary axis

plus one eigenvalue with positive real part and one eigenvalue with negative real part, hence

p = 1. For σε < 0 and B2 > −9σ
8ε α2 , it can be shown that there are always two eigenvalues

with positive real part, two eigenvalues with negative real part and two eigenvalues at zero,

hence p = 2.

The eigenvectors are

v(κ, µ) = (µ2, cµ, (µα + iκ)σ, εµ3,−cµ2, µ(µα + iκ)).

Furthermore,

χ−
00 = (Ω(Ψ−,Ψ+))−1 = − D2

576 ε3B7
.

Also, if p = 2, then ζ2(0), η̃2(0) ∈ span{(0, c, i sgn(σ)
√

−σ(εB2 + α2σ), 0, 0, 0)} .

By using Theorem 7, we get that for part of the parameter space the solitary wave will

be capable of dimension breaking.
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Theorem 9 For any c ∈ R , a1, b2 ∈ R ,

D2 − 4D(d2 + a1) > 0 and (α2σ − c2 ±
√

D2 − 4D(d2 + a1))ε < 0,

the multi-symplectic 2D-Boussinesq-equation has a solitary wave solution and there is some

real positive value of κ such that the symplectic dimension breaking function D(κ) vanishes

if d∞ > 0 and

• σε > 0 and ε(4α2σ − c2 ±
√

D2 − 4D(d2 + a1)) > 0 ;

• σε < 0 and ε(7σα2 + c2 ∓
√

D2 − 4D(d2 + a1)) > 0 .

Proof ¿From the observations above,

χ−
00

[
∂

∂α
C(Z̃) − 1

2
ω(3)(Z+

0 , ∂αZ+
0 )

]
= − D2

48B6

σ

ε
(3α2 σ

ε
− 4B2) < 0

if σ
ε (3α2 σ

ε − 4B2) > 0. Hence if σε < 0, this condition is trivially satisfied, but the number

of eigenvalues with negative real part is only constant for all real values of κ , if B 2 > −9σ
8ε α2 .

2

The structure of the linearized system for large κ is similar to that for the Zakharov-Kuznetsov

system analyzed in the previous section, and therefore we expect that d∞ = +1.

8 The Kadomtsev-Petviashvili equation

The Kadomtsev-Petviashvili equation – or KP equation – is a cornerstone of 20th-century

mathematical physics. It was derived initially as a model for studying the transverse instabil-

ity of the KdV solitary wave [14]. It was subsequently found to be a model equation in a wide

range of applications such as water waves and plasma physics, it was found to be integrable,

and to have important implications in algebraic geometry. The dimension-breaking problem

can be studied explicitly using the integrability of the equation. The purpose of this section

is to illustrate how the basic KdV solitary wave can be lifted into a multi-parameter family,

and how the geometric theory leads to dimension breaking without the need for explicit cal-

culations. Moreover the theory also applies to the case where f(u) is not quadratic, which is

no longer integrable.

The (generalised) KP equation is given by (31) with f(u) = D(u2 − u) . In a one-

dimensional setting, the KP equation reduces to the KdV equation, which has a well-known

solitary wave solution. Lifting this state into a multi-parameter family as in §1 (using C = 0

in L3 ), and placing the following constraints on the parameters,

−α2σ + 2c − 2Db1 + D > 0

the family of solitary waves has the following form in multi-symplectic coordinates,

Z̃(x) =




u(x)∫ x
−∞(u(s) − b1) ds + q∞2

σα
∫ x
−∞(u(s) − b1) ds + q∞3

−ux(x)

−c(u(x) − b1) − f(b1) − (a1 + d2)
b2
σ + α(u(x) − u0)




where u(x) = A sech2(Bx) + b1,
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with

B =
1

2

√
−α2σ + 2c − 2Db1 + D and A =

6B2

D
=

6

D
(−α2σ + 2c − 2Db1 + D) .

Furthermore, q∞2 , q∞3 are arbitrary real numbers.

Hence for β = 2B , we have

Ψ± = lim
x→±∞

e±βxZ̃x(x) =
6B2

D
(∓2B, 1, ασ, 4B2, 0,∓2Bα)

and d
dx(lim|x|→∞ eβ|x|Z̃x(x)) = 0. Thus

C(Z̃) = −6σBα

D

(
8B2 + Db1

)

and

∂

∂α
C(Z̃) = −12σB

D2

(
4B2 − 3σα2

)
− 6σb1

D

∂

∂α
(Bα)

The manifold at infinity is

M∞(a1, b1, b2, d2) =

{
Gθ1,θ2

(
b1, 0, 0, 0,−f(b1) − a1 + d2,

b2

σ

)
| θ1, θ2 ∈ R

}
.

Since P1(Z0) = b1 , Q1(Z0) = f(b1) + a1 + d2 , Q2(Z0) = − b2
σ , R1(Z0) = 0 and R2(Z0) = b1 ,

we get



−c

1

α




T 

P1

a Q1
a R1

a

P1
b Q1

b R1
b

P1
d Q1

d R1
d






−c

1

α


 = −2c + f ′(b1) 6= 0 for generic values of c

and



−c

1

α




T 

P2

a Q2
a R2

a

P2
b Q2

b R2
b

P2
d Q2

d R2
d






−c

1

α


 = − 1

σ
6= 0.

Also, if Z−
0 =

(
b1, 0, 0, 0,−f(b1) − (a1 + d2),

b2
σ

)
, then

Z+
0 =

(
b1,

12B

D
,
12ασB

D
, 0,−f(b1) − (a1 + d2),

b2

σ

)

since
∫ ∞
−∞(u(s) − u0) ds = 12B

D . Only B depends on α , hence

ω(3)(Z+
0 , ∂αZ+

0 ) = −12σb1

D

∂

∂α
(Bα).

For the system at infinity, the matrix A
+ = A

− =: A . The characteristic polynomial for

the matrix A is

p(µ, κ) = µ2(µ4 − B2µ2 + 2iκασµ − κ2σ).
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This polynomial is the same as the one in the previous section on the Boussinesq equation if

we take ε = 1. Hence if σ > 0, then p = 1 and if σ < 0 and B2 > −9
8σα2 , then p = 2.

The eigenvectors are

v(κ, µ) = (µ2, µ, (αµ + iκ)σ, µ3,−µ2c, µ(αµ + iκ)).

Furthermore,

χ−
00 = (Ω(Ψ−,Ψ+))−1 = − D2

576B5
.

Also, ζ2(0), η̃2(0) ∈ span{(0, 1, σ
√

4σB2 + α2σ2), 0, 0, 0)} .

By using Theorem 7, we get that for part of the parameter space the solitary wave will

be capable of dimension breaking.

Theorem 10 For any c ∈ R , a1, b2 ∈ R , and −α2σ+2c−2Db1+D > 0 the multi-symplectic

Kadomtsev-Petviashvili equation has a solitary wave solution and there is some real positive

value of κ such that the symplectic dimension breaking function D(κ) vanishes if d∞ > 0

and

• σ > 0 and 4α2σ − 2c + 2Db1 − D > 0 ;

• σ < 0 and 7α2σ + 4c − 4Db1 + 2D > 0 .

Proof ¿From the observations above,

χ−
00

[
∂

∂α
C(Z̃) − 1

2
ω(3)(Z+

0 , ∂αZ+
0 )

]
=

σ

48B4
(4B2 − 3α2σ) < 0

if σ(4B2 − 3σα2) < 0. Hence if σ < 0, this condition is trivially satisfied, but the number of

eigenvalues with negative real part is only constant for all real values of κ , if B 2 > 9
8σα2 . 2

Again, we expect that it can be shown that d∞ = +1 in a similar way as before.

9 Concluding remarks

Although time appears in the general form of the equations we studied, it played a passive

role. The basic state could be time dependent, but is steady in a moving frame.

On the other hand, in the paper, we showed that there is a close connection between

the Evans function, which is used to study the linearized stability of solitary waves, and

the dimension-breaking function associated the the spectral problem in dimension breaking.

Therefore it is natural to ask whether the framework could combine both features: dimension

breaking and stability. For example, how can one study the stability of the bifurcating states?

The bifurcating states depend essentially on two coordinates, the coordinate of the basic

state and the transverse coordinate. Therefore the linearization about this state will be a PDE,

and is not reducible to an ODE, and therefore the Evans function, which is based essentially

on the structure of ODEs no longer applies. There are a number methods in the literature

for approaching the transverse instability problem, see Kivshar & Pelinovsky [17] for a

review. However, in the present case, the multi-symplectic geometry will be present and it

may therefore be possible to derive a geometric contion using other means. For example, in

Bridges [4], a geometric condition for transverse instability of solitary waves is introduced

using a Lyapunov-Schmidt type argment, and some generalization of this condition may apply

to bifurcating states that arise from dimension breaking.
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