
Hodge duality and the Evans fun
tionBy Thomas J. Bridges and Gianne DerksDepartment of Mathemati
s and Statisti
s,University of Surrey, Guildford, Surrey GU2 5XHAbstra
tTwo generalisations of the Evans fun
tion, for the analysis of the linearisation about solitary waves, are shownto be equivalent. The generalisation introdu
ed by Alexander, Gardner and Jones (1990) is based on exterioralgebra and the generalisation introdu
ed by Swinton (1992) is based on a matrix formulation and adjointsystems. In regions of the 
omplex plane where both formulations are de�ned, the equivalen
e is geometri
:we show that the formulations are dual and the duality 
an be made expli
it using Hodge duality and theHodge star operator. Swinton's formulation ex
ludes potential bran
h points at whi
h the Alexander, Gardnerand Jones formulation is well-de�ned. Therefore we 
onsider the impli
ations of equivalen
e on the analyti

ontinuation of the two formulations.1. Introdu
tionThe linearisation about a travelling solitary wave state, of a partial di�erential equation on the real line,leads to linear systems of the formUx = A(x; �)U ; x 2 R ; � 2 � ; U 2 C n : (1)The matrix A(x; �) depends 
ontinuously on x and is an analyti
 fun
tion of � for � 2 �, where� is some open simply-
onne
ted subset of the 
omplex �-plane (� is pre
isely de�ned below afterequation (3)). The system (1) is the basis for a dynami
al systems analysis of the spe
tral problem.The 
omplex parameter � is the spe
tral parameter and 
orresponds to a linear stability exponent: if(1) has a solution whi
h is bounded for all x 2 R, with Re(�) > 0 then this solution 
orresponds to anunstable eigenfun
tion of the linearised stability problem for the solitary wave. The dynami
al systemsformulation introdu
ed by Evans [1℄ is based on the properties of the system (1) at x = �1. LetA1(�) = limx!�1A(x; �) ; (2)assuming the limits exist (whi
h is to be expe
ted when (1) 
orresponds to the linearisation about asolitary wave). It is straightforward to allow for the limits in (2) to di�er at x = �1, but it would addunnessary detail that would detra
t from the main point of this paper.For any � 2 �, de�ne Es(�) = f � 2 C n : limx!+1 eA1(�)x� = 0 gEu(�) = f � 2 C n : limx!�1 eA1(�)x� = 0 g : (3)The primary hypothesis on the set � is that it be an open simply-
onne
ted subset of C su
h that thedimension of both Es(�) and Eu(�) is the same for ea
h � 2 �. A se
ondary hypothesis on � will beintrodu
ed after equation (7). Therefore we 
an de�nemu(�) = dimEu(�) ; ms(�) = dimEs(�) : (4)In the original work of Evans it is assumed thatmin(mu(�);ms(�)) = 1 and mu(�) +ms(�) = n : (5){ 1 {



The �rst hypothesis in (5) is generalised in [2℄ and [3℄ tomin(mu(�);ms(�)) = k with 1 � k � 12n (6)with the se
ond hypothesis, mu(�) +ms(�) = n, retained.For de�niteness, assume that ms(�) = k and mu(�) = n� k, and order the eigenvalues of A1(�),�1(�); : : : ; �n(�), byRe(�1(�)) � � � � � Re(�k(�)) < 0 < Re(�k+1(�)) � � � � � Re(�n(�)) ; 8� 2 � : (7)The se
ondary hypothesis on � is that the eigenvalues �1(�); : : : ; �k(�) are simple for ea
h � 2 �.This hypothesis is not needed for the formulation of the Evans fun
tion in [2℄ but it is needed for theformulation in [3℄. Note that it is not ne
essary that the eigenvalues �k+1(�); : : : ; �n(�) be simple.With the above hypotheses on the 
onstant 
oeÆ
ient systems at x = �1, standard theory onasymptoti
 properties of linear systems 
an be invoked (
f. [4℄, [5℄). SupposeZ +1�1 kA(x; �) �A1(�)k dx < +1 8� 2 � ; (8)then, for any � 2 �, there exists k linearly independent fun
tionsfU1(x; �); � � � ; Uk(x; �) j x 2 R ; � 2 � g (9)depending analyti
ally on �, satisfying (1) and, sin
e ea
h eigenvalue of A1(�) is simple, these fun
tionssatisfy the asymptoti
 estimateslimx!+1 e��j(�)xUj(x; �) = �j(�); 8� 2 � ; j = 1; : : : ; k ; (10)where �j(�) is an eigenve
tor of A1(�) asso
iated with the eigenvalue �j(�), for all j = 1; : : : ; n.Similarly there exist n� k linearaly independent fun
tionsfUk+1(x; �); � � � ; Un(x; �) j x 2 R ; � 2 � g (11)depending analyti
ally on � and satisfying (1) andlimx!�1 kUj(x; �)k = 0 8� 2 � ; j = k + 1; : : : ; n : (12)In this 
ontext, the formulation of the Evans fun
tion in Alexander, Gardner and Jones [2℄ 
an bedes
ribed as follows. Let Y+(x; �) = U1(x; �) ^ � � � ^ Uk(x; �) 2 Vk(C n ) ; (13)where ^ is the wedge produ
t and Vk(C n ) is the kth exterior power of the ve
tor spa
e C n (
f. [6℄, [7℄,[8℄). Similarly, de�ne Y�(x; �) = Uk+1(x; �) ^ � � � ^ Un(x; �) 2 Vn�k(C n ) : (14)The forms Y+(x; �) and Y�(x; �) satisfy the asymptoti
 estimateslimx!+1 e��+(�)xY+(x; �) = Y1+ (�) and limx!�1 e���(�)xY�(x; �) = Y1� (�) ;where Y1+ (�) 2 Vk(C n ) and Y1� (�) 2 Vn�k(C n ) and�+(�) = �1(�) + � � �+ �k(�) and ��(�) = �k+1(�) + � � �+ �n(�) : (15)Then the Evans fun
tion is de�ned in [2℄ to beeD(�) = e�R x0 Tr(A(s;�)) ds Y�(x; �) ^ Y+(x; �) for any � 2 � : (16){ 2 {



It is proved in [2℄ that eD(�) is independent of x, depends analyti
ally on � and if eD(�) = 0 for some� 2 �, then there exists a solution of (1) whi
h de
ays exponentially as x! �1 and is square integrableover the real line.Sin
e eD(�) 2 Vn(C n ), it 
an be represented as a 
omplex fun
tion times a volume form on C n . Lete1; : : : ; en be any unitary basis for C n and �x the volume form to beV = e1 ^ � � � ^ en 2 Vn(C n ) : (17)Then eD(�) = DAGJ(�)V : (18)Clearly eD(�) = 0 means DAGJ(�) = 0. The fun
tion DAGJ(�) 
an be analyti
ally 
ontinued to a largerset �+ whi
h in
ludes values of � where eigenvalues in (7) 
oales
e. Analyti
 
ontinuation is possiblebe
ause �+(�) and ��(�) are simple eigenvalues of A1(�) restri
ted to Vk(C n ), and are thereforeanalyti
 fun
tions of �, even at values of � where the eigenvalues in (7) 
oales
e. Analyti
ity of DAGJ(�)is dis
ussed further in x4.The formulation introdu
ed by Swinton [3℄ is based on adjoint systems and is 
onstru
ted as follows.The adjoint system asso
iated with (1) isWx = �A(x; �)�W W 2 C n ; (19)where A(x; �)� is the adjoint of A(x; �) based on an inner produ
t on C n . To be pre
ise, if U and Ware any ve
tors in C n with 
omponents u1; � � � ; un and w1; : : : ; wn respe
tively, then the inner produ
thU;W i =Pnj=1 ujwj , where ui denotes the 
omplex 
onjugate of ui.The systems at x = �1 asso
iated with (19) areWx = �A1(�)�W ; W 2 C n ; � 2 � ; (20)and 
learly the spe
trum of the matrix �A1(�)� is minus the 
omplex 
onjugate of the spe
trum ofA1(�). Therefore there exists k fun
tionsfW1(x; �); � � � ;Wk(x; �) j x 2 R ; � 2 � g (21)with ea
hWj(x; �) depending analyti
ally on �. The fun
tions (21) satisfy (19) and, sin
e the eigenvaluesf�1(�); : : : ; �k(�)g are simple, they satisfy the asymptoti
 estimateslimx!�1 e+�j(�)xWj(x; �) = �j(�) ; 8� 2 � ; j = 1; : : : ; k ; (22)where �j(�) is the eigenve
tor of A1(�)� asso
iated with the eigenvalue �j(�). Similarly one 
an de�nen � k fun
tions Wj(x; �), j = k + 1; : : : ; n, whi
h de
ay to zero exponentially as x ! +1. De�ne theEvans matrix ,E(�) = 264 hW1(x; �); U1(x; �)i � � � hW1(x; �); Uk(x; �)i... . . . ...hWk(x; �); U1(x; �)i � � � hWk(x; �); Uk(x; �)i375 ; for any � 2 � : (23)Swinton [3℄ proves that ea
h entry of the the Evans matrix is independent of x and depends analyti
allyon �. In [3℄ the Evans fun
tion takes the formDS(�) = det [E(�)℄ ; for any � 2 � : (24)The determinant is independent of x; it is an analyti
 fun
tion of � and DS(�) = 0 if and only if (1) hasa non-trivial bounded solution.The proof of the following result is given in the next two se
tions.{ 3 {



Theorem. For � 2 �, DS(�) = 0 if and only if DAGJ(�) = 0. More pre
isely, there exists a non-zero�-dependent analyti
 fun
tion C(�) su
h that DS(�) = C(�)DAGJ (�).2. Multilinear ODEs and adjoint systemsThe ve
tor spa
es Vk(C n ) and Vn�k(C n ) are isomorphi
 and, for an oriented ve
tor spa
e, the naturalisomorphism is given by the Hodge star operator. The idea will be to restri
t the system (1) to Vk(C n )and to restri
t the adjoint system (19) to Vk((C n )�), where (C n )� 
an be identifed with C n , and usethe natural isomorphism Vk((C n )�) �= Vn�k(C n ). Then, to relate these two multilinear ODEs, an innerprodu
t is introdu
ed on Vk(C n ). This inner produ
t provides a natural framework for de�ning theadjoint of a multilinear operator on Vk(C n ).On ea
h of the ve
tor spa
es Vk(C n ), k = 1; � � � ; n, there is a natural indu
ed inner produ
t. LetU1; � � � ; Uk and V1; � � � ; Vk be any ve
tors in Rn , and letU = U1 ^ � � � ^ Uk 2 Vk(C n ) and V = V1 ^ � � � ^ Vk 2 Vk(C n ) :Then the inner produ
t of U and V is de�ned by[[U; V ℄℄k = det264 hU1; V1i � � � hU1; Vki... . . . ...hUk; V1i � � � hUk; Vki375 : (25)The de�nition extends to any pair of elements of Vk(C n ) (i.e. not ne
essarily de
omposable) by linearity,and satis�es all the 
onditions of an inner produ
t (
f. [7, x1.6℄).Using the inner produ
t [[�; �℄℄k on Vk(C n ), a unitary basis for Vk(C n ) 
an be 
onstru
ted. Denotethis basis by f#1; : : : ; #dg with [[#i; #j ℄℄k = Æij and d = dimVk(C n ) = n!(n� k)!k! : (26)A unitary basis for Vn�k(C n ) 
an be 
onstru
ted using the Hodge star operator (
f. [7, x1.7℄ and [6,Chapter V℄). The Hodge star operator is an isomorphism between Vn�k(C n ) and Vk(C n ), and for anybasis k-form #j 2 Vk(C n ), the Hodge star of #j , denoted ?#j , is an element of Vn�k(C n ) and satis�es#j ^ ?#j = V . A unitary basis for Vn�k(C n ) is thenf�1; : : : ; �dg with �j = ?#j and d = dimVn�k(C n ) = dimVk(C n ) ; (27)and the basis elements satisfy #j ^ �k = #j ^ ?#k = Æjk V : (28)Expli
it expressions for �1; : : : ; �d 
an be obtained in terms of the oriented basis e1; : : : ; en (
f. [8, p. 174℄),but will not be needed.The multilinear fun
tions Y+(x; �) and Y�(x; �) satisfy the di�erential equations obtained by re-stri
ting (1) to Vk(C n ) and Vn�k(C n ) respe
tively,ddxY+ = A(k)(x; �)Y+ and ddxY� = A(n�k)(x; �)Y� ; (29)where A(k)(x; �) and A(n�k)(x; �) are derivations asso
iated with A(x; �),A(k)Y+ = kXj=1U1 ^ � � � ^AUj ^ � � � ^ Uk (30)and A(n�k)Y� = nXj=k+1Uk+1 ^ � � � ^AUj ^ � � � ^ Un : (31){ 4 {



(
f. [9℄). The following result 
an be proved via dire
t 
al
ulation using the de�nition of the derivationA(k) and the inner produ
t [[�; �℄℄k on Vk(C n ).Proposition 1. Suppose U; V 2 Vk(C n ) are de
omposable k-forms. Let A(k) : Vk(C n ) ! Vk(C n ) bethe indu
ed derivation of A 2 g`(n; C ) on Vk(C n ) as in (30). Then[[V;A(k)U ℄℄k = [[(A(k))�V; U ℄℄k ;where, with V = V1 ^ � � � ^ Vk, (A(k))�V = kXj=1 V1 ^ � � � ^A�Vj ^ � � � ^ Vkand A� is the adjoint of A on C n de�ned using the inner produ
t h�; �i.Proposition 2. Let U(x) 2 Vn�k(C n ) be an arbitrary solution of ddxU = A(n�k)(x; �)U . Then ?U 2Vk(C n ) satis�es the di�erential equationddx (?U) = h�(x; �)Ik � (A(k)(x; �))�i (?U) ; ?U 2 Vk(C n ) ; (32)where �(x; �) = Tra
e(A(x; �)), Ik is the identity on Vk(C n ) and (A(k)(x))� is the adjoint of A(k)(x)de�ned in Proposition 1.Proof. Let V (x) 2 Vk(C n ) be any solution of ddxV = A(k)(x; �)V . Using the unitary bases for Vk(C n )and Vn�k(C n ), expand V and U asV (x; �) = dXj=1 vj(x; �)#j and U(x; �) = dXm=1um(x; �)�m : (33)Then V ^ U = 0� dXj=1 vj#j1A^ dXm=1um�m! = dXj=1 dXm=1 vjum #j ^ �m :But #j ^ �m = #j ^ ?#m = ÆjmV (
f. equation (28)), and soU ^ V = (�1)k(n�k)V ^ U = (�1)k(n�k)0� dXj=1 vjuj1A V ;or U ^ V = [[?U; V ℄℄k V ; (34)sin
e ?U = (�1)k(n�k) dXj=1 uj#j 2 Vk(C n ) ; (35)where we have used the property ? ? #j = (�1)k(n�k)#j (
f. [7, p. 19℄). Di�erentiate both sides of (34)with respe
t to x, ddx (U ^ V ) = ([[(?U)x; V ℄℄k + [[?U; (V )x℄℄k) V : (36)The left-hand side of this expression 
an be simplifed using the Abel-Liouville Theorem,ddx (U ^ V ) = �(x; �)U ^ V = �(x; �)[[?U; V ℄℄k V ;where �(x; �) = Tra
e(A(x; �)). Therefore (36) redu
es to([[(?U)x; V ℄℄k + [[?U; (V )x℄℄k � [[?U; �(x; �)V ℄℄k) V = 0 :{ 5 {



Substituting the equation for (V )x from (26),[[(?U)x; V ℄℄k + [[?U;A(k)V ℄℄k � [[?U; �(x; �)V ℄℄k = 0 ;or [[(?U)x + (A(k))�(?U)� �(x; �)(?U); V ℄℄k = 0 ; (37)using Proposition 1. The proof is 
ompleted by noting that Hodge star is independent of the unitarybasis 
hosen in the orientation (
f. [10℄) and (37) must hold for all V 2 Vk(C n ). �3. Hodge duality and the Evans matrixDe�ne Y�(x; �) = e�R x0 �(s;�) dsY�(x; �) : (38)The Hodge star theory gives that?Y�(x; �) = e�R x0 �(s;�) ds(?Y�(x; �)) 2 Vk(C n ) ;and Proposition 2 applied to (38) shows that (?Y�) satis�es the di�erential equationddx (?Y�) = [�A(k)(x; �)�℄(?Y�) ; ?Y� 2 Vk(C n ) : (39)Both Y�(x; �) and ?Y�(x; �) de
ay with the maximal de
ay rate as x! �1. This 
an be seen asfollows. Let �+(�) and ��(�) be as de�ned in equation (15). Then Re(�+(�)) < 0 and Re(��(�)) > 0;moreover, Re(�+(�)) is stri
tly less than the real part of any other linear 
ombination of k eigenvaluesof A1(�).Sin
e Y�(x; �) 
hara
terises the subspa
e of solutions whi
h de
ay exponentially as x ! �1 itfollows that limx!�1 e���(�)xY�(x; �) = Y1� (�) 2 Vn�k(C n ) : (40)Now �(x; �) = Tr(A(x; �) �A1(�)) + Tr(A1(�), and sin
e the tra
e of a matrix equals the sum of itseigenvalues, Tr(A1(�)) = �+(�) + ��(�) :By the hypothesis in equation (8), Tr(A(x; �) �A1(�)) is integrable. Hen
elimx!�1 e(�+(�)+��(�))x e�R x0 �(s;�) ds = limx!�1 e�R x0 Tr(A(s;�)�A1(�)) ds = C1(�) : (41)Thereforelimx!�1 e�+(�)x Y�(x; �) = limx!�1 e�R x0 Tr(A(s;�)�A1(�)) ds e��(�)x Y�(x; �) = �(�) 2 Vn�k(C n ) ; (42)and limx!�1 e�+(�)x ? Y�(x; �) = ?�(�) 2 Vk(C n ) : (43)Sin
e Re(�+(�)) has the smallest real part of any other linear 
ombination of k eigenvalues of A1(�),it follows that ?Y�(x; �) de
ays exponentially at the maximal rate as x! �1.Using the Hodge identity (34) and the expression (38), the fundamental de�nition of the Evansfun
tion (16) takes the formeD(�) = e�R x0 �(s;�) dsY�(x; �) ^ Y+(x; �) = Y�(x; �) ^ Y+(x; �) = [[?Y�(x; �); Y+(x; �)℄℄k V : (44)Comparision of this expression with (18) shows that DAGJ(�) has an equivalent representation as aninner produ
t of two elements of Vk(C n ):DAGJ(�) = [[?Y�(x; �); Y+(x; �)℄℄k : (45){ 6 {



By 
onstru
tion, both Y+(x; �) and Y�(x; �) are de
omposable. But, is ?Y�(x; �) de
omposable?To see the nature of this question more 
learly, suppose n = 100 and k = 2. If Y 2 Vn�k(C n ) isnon-zero and de
omposable, it 
onsists of the wedge produ
t of 98 linearly independent ve
tors. For?Y 2 Vk(C n ) to be non-zero and de
omposable it must be representable as the wedge produ
t of twolinearly independent ve
tors!Proposition 3. Let Y 2 Vn�k(C n ) be any non-zero de
omposable (n� k)-form. Then ?Y 2 Vk(C n ) isa non-zero de
omposable k-form.In other words, Hodge star is a bije
tion whi
h maps the non-zero de
omposable elements in Vn�k(C n )onto the set of non-zero de
omposable elements in Vk(C n ). For a proof, see Theorem 1.8 and its proofon page 28 of Mar
us [11℄.A 
onsequen
e of Proposition 3 is that DAGJ(�) in (45) is an inner produ
t between two de-
omposable elements of Vk(C n ). De
omposability of ?Y�(x; �) implies that there exists k fun
tionsÆ1(x; �); : : : ; Æk(x; �) su
h that?Y�(x; �) = Æ1(x; �) ^ � � � ^ Æk(x; �) 2 Vk(C n ) ; (46)where ea
h Æj(x; �) satis�es ddxÆj = �A(x; �)�Æj . The fa
t that ea
h Æj(x; �) satis�es this equation ismore subtle than it might appear. For example, fun
tions Æj(x; �) satisfying ddxÆj = �A(x; �)�Æj + fjwith fj some linear 
ombination of Æ1; : : : ; Æk also satis�es (39) and (46), but this inhomogeneous equationis not solvable unless ea
h fj = 0.The fun
tions Æj(x; �) in (46) are analyti
 fun
tions of �. Sin
e � ex
ludes bran
h points, a basis forthe spa
e asso
iated with the de
omposable form ?Y�(x; �) whi
h is also analyti
 
an be found. However,in general a more 
areful proof is needed. Abstra
tly the question is: given an arbitrary de
omposablek-form, depending analyti
ally on a parameter �, is it possible to 
onstru
t an analyti
 basis for thek-dimensional spa
e whi
h the form 
hara
terises? This question is analogous to the problem solved byKato [12, p. 99℄, of �nding an analyti
 basis for a k-dimensional spa
e de�ned by an analyti
 proje
tion.Using the fun
tions Æ1(x; �); : : : ; Æk(x; �), the inner produ
t in (45) takes the expli
it form,[[?Y�(x; �); Y +(x; �)℄℄k = det264 hÆ1(x; �); U1(x; �)i � � � hÆ1(x; �); Uk(x; �)i... . . . ...hÆk(x; �); U1(x; �)i � � � hÆk(x; �); Uk(x; �)i375 : (47)It remains to 
onne
t the fun
tions Æj(x; �) with the set of adjoint fun
tions (21). Given a de
ompos-able element in Vk(C n ), it is possible to retrieve a basis for the k-dimensional ve
tor spa
e whi
h it
hara
terises, but one 
annot (for k > 1) 
onstru
t the individual ve
tors of whi
h it was formed asan exterior produ
t. In fa
t, an algorithm for extra
ting a basis from a de
omposable k-form is givenon pages 95-96 of [8℄. However, this expli
it 
onstru
tion is not ne
essary. We 
an argue as follows.A

ording to equation (43), ?Y�(x; �) de
ays exponentially as x ! �1 at the maximal possible rate.Therefore the set fÆ1(x; �); : : : ; Æk(x; �)g must span the spa
e of solutions of the adjoint equation whi
hare exponentially de
aying as x! �1. Sin
e the spa
e of solutions of the adjoint equation whi
h de
aysexponentially as x ! �1 is k-dimensional, and the set Æ1; : : : ; Æk is also k-dimensional, it follows thatthe two sets fÆ1(x; �); : : : ; Æk(x; �)g and fW1(x; �); : : : ;Wk(x; �)gspan the same spa
e. Hen
e there exists an invertible k�k matrix C(�) depending analyti
ally on � 2 �satisfying [Æ1(x; �) j � � � j Æk(x; �)℄ = [W1(x; �) j � � � jWk(x; �)℄C(�) : (48)Therefore, 
ombining (45), (47) and (48) we �ndDAGJ(�) = [[?Y�(x; �); Y+(x; �)℄℄k = det[C(�)℄ det[E(�)℄ = det[C(�)℄DS(�) ; (49)using (24), sin
e E(�) is the Evans matrix (23). Let C(�) = det[C(�)℄. Then, C(�) is a non-zero 
omplexparameter and DAGJ(�) = C(�)DS(�), 
ompleting the proof of the theorem.{ 7 {



4. Analyti
ity of the Evans fun
tionThe expression (49) raises an interesting question about analyti
ity. It is de�ned for all � 2 � and thisset { by hypothesis { ex
ludes those values of � where elements in the set f�1(�); : : : ; �k(�)g 
oales
e.Coales
en
e of �-eigenvalues produ
es bran
h points in the 
omplex �-plane whi
h would appear toshrink the region of analyti
ity of the Evans fun
tion. However, in [2℄, the k-form Y+(x; �) is introdu
edas a solution of the �rst di�erential equation in (29), whi
h de
ays with maximal rate �+ if x ! 1.Sin
e �+ is a simple eigenvalue of limx!1A(k)(x; �), this 
an be done in an analyti
 way, even if someelements in the set f�1(�); : : : ; �k(�)g 
oales
e. Similarly, Y�(x; �) is de�ned as a solution of the se
onddi�erential equation in (29), analyti
 in �, whi
h de
ays with maximal rate ��, if x! �1. In this way,the Evans fun
tion DAGJ(�) is de�ned and analyti
 on a set �+, whi
h in
ludes the set � and 
ontainsvalues of � asso
iated with 
oales
ing eigenvalues �j as well.So a natural question is, 
an the Evans fun
tion DS(�) be 
ontinued in an analyti
 way to theset �+? Sin
e DAGJ(�) = C(�)DS(�) for � 2 �, the produ
t C(�)DS(�) 
an be 
ontinued analyti
allyto the set �+. However, this does not imply that the individual fun
tions C(�) and DS(�) 
an be
ontinued analyti
ally. On the other hand, the fun
tions Y+(x; �) and Y�(x; �) are de
omposable on thelarger set �+, implying that ?Y�(x; �) is also de
omposable on the set �+. An Evans matrix 
an bede�ned for the de
omposable k-forms Y+(x; �) and ?Y�(x; �). However, this raises again the question
onsidered in x3: given an arbitrary de
omposable k-form whi
h depends analyti
ally on � for someset �+, 
an a k-dimensional basis be re
overed, with ea
h basis ve
tor analyti
, for all � 2 �+? We
onje
ture that this is true. If so then the Evans matrix 
an be analyti
ally 
ontinued to all of �+.5. Con
luding remarksIn summary, the main te
hni
al devi
es used were the Hodge star operator and the indu
ed inner produ
ton Vk(C n ). Introdu
tion of the Hodge theory impli
itly in
ludes the hypothesis that the spa
e on whi
h(1) is de�ned is an orientable inner produ
t spa
e; Hodge star then provides the natural isomorphismbetween Vk(C n ) and Vn�k(C n ). The inner produ
t [[�; �℄℄k provides a framework for De�ning adjointmultilinear operators and shows that the determinant (24) 
an be 
hara
terised as an inner produ
t.In addition to its fundamental interest, the equivalen
e between the two forms of the Evans fun
tion(16) and (24) is of interest be
ause some analysis is easier in one setting or the other. For example,the form (16) of the Evans fun
tion has important theoreti
al advantages and forms the basis for atopologi
al framework for the analysis of (1) (
f. [2℄). On the other hand, numeri
al analysis of theEvans fun
tion has advantages in the setting of (24) (
f. [3℄), and the Evans matrix is a natural settingfor developing derivative formulas (
f. [13℄).In [13℄, the Evans framework is generalised further in two dire
tions. First mu(�) +ms(�) 
an beless than n, allowing for purely imaginary eigenvalues of A1(�). This is of interest for systems withsymmetry whi
h give rise to zero eigenvalues in the spe
trum of A1(�). Se
ondly, when the system issymple
ti
 or multi-symple
ti
 it is shown in [13℄ that the Evans matrix be
omes the symple
ti
 Evansmatrix , where ea
h entry of the Evans matrix 
orresponds to a restri
ted symple
ti
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