Perturbations of embedded eigenvalues for the planar bilaplacian
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Abstract

Operators on unbounded domains may acquire eigenvalues that are embedded in the essential spectrum.
Determining the fate of these embedded eigenvalues under small perturbations of the underlying operator is
a challenging task, and the persistence properties of such eigenvalues is linked intimately to the multiplicity
of the essential spectrum. In this paper, we consider the planar bilaplacian with potential and show that the
set of potentials for which an embedded eigenvalue persists is locally an infinite-dimensional manifold with

infinite codimension in an appropriate space of potentials.

1 Introduction

Determining the dependence of the spectrum of operators on perturbations is an important issue that is of
relevance in many applications. Of course, much is known in this direction: the persistence of point eigenvalues
and the behavior of the essential spectrum under small bounded perturbations, for instance, have been analyzed
comprehensively, and we refer to [10] for many results along these lines. Here, we consider differential operators
that are posed on unbounded domains and are interested in the interaction between eigenvalues, with proper
eigenfunctions in the underlying domain of the operator, and the essential spectrum. More precisely, we study
the fate of eigenvalues that are embedded in the essential spectrum under small perturbations of the operator.
Typically, such eigenvalues will disappear under generic perturbations of the potential, and it is therefore of
interest to determine the class of perturbations for which an embedded eigenvalue persists. For the bilaplacian
on cylindrical domains, we showed in our previous work [7] that the set of perturbations for which an embedded
eigenvalue persists is an infinite-dimensional manifold of finite codimension. Furthermore, we showed that
the codimension of this set is given by the multiplicity of the essential spectrum, defined as the number of
independent continuum eigenfunctions or, more rigorously, via the spectral resolution of the Fourier transform
of the bilaplacian (see e.g. [2, Definition 2 in §85]). In this paper, we continue the investigation that we began
in [7] and consider the bilaplacian posed on the plane: the challenge is that the essential spectrum of the planar

bilaplacian has infinite multiplicity. Thus, we may expect that the set of potentials for which an embedded
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eigenvalue persists is an infinite-dimensional manifold of infinite codimension, and this is indeed what we shall

prove for an appropriate class of potentials.

Before stating our results, we briefly outline why embedded eigenvalues are of interest. Our first motivation comes
from quantum mechanics: the eigenfunctions associated with eigenvalues of an energy operator correspond to
bound states that can be attained by the physical system modelled by the energy operator. If such an eigenvalue
is embedded in the essential spectrum, then its fate under perturbations of the potential determines whether the
associated bound states persists or not (see [9, 15] for examples). A second example comes from inverse scattering
theory, where eigenvalues correspond to coherent soliton structures of the underlying integrable system, while
the essential spectrum describes radiative scattering behavior. Thus, bifurcations of solitons are reflected by
the disappearance or persistence of embedded eigenvalues [12, 13]. Finally, embedded eigenvalues provide a
common mechanism for the destabilization of travelling waves in near-integrable Hamiltonian partial differential

equations, and we refer to [16] for further background information and pointers to the literature.

As mentioned above, we focus in this paper on the persistence of embedded eigenvalues for the planar bilapla-
cian. Our primary reason for considering the bilaplacian is that this operator is complex enough to exhibit the
underlying difficulties, while not adding technical complications that have nothing to do with the issue we are
interested in. In other words, the planar bilaplacian provides a useful paradigm for the issues that we expect to
encounter for other more complicated differential operators. Note also that the applications we mentioned above

all involve selfadjoint operators, a feature shared by the bilaplacian.

We now describe the precise setting that we consider. Let 1o > 0, and assume that 0 € C§°(B;,(0); R) is a radially
symmetric potential. Hence, we use polar coordinates (r, ), write § = 6(r), and consider the multiplication
operator on L?(R?) (also denoted by 6) defined by

[Ou](r, ) = O(r)u(r, ¢).

We define £ := A% + 6 on L?(R?), where A? is the bilaplace operator which is densely defined on L?(R?) with
domain H*(R?). It is known that the spectrum of A? is 0(A2%) = [0,00). Since § has compact support, the
essential spectra of £ and A? coincide, and so o.(£) = [0, 00). We assume that 6 is chosen so that £ has a simple

positive eigenvalue Ag:
(A1) £ has an eigenvalue \g > 0 of multiplicity 1.

We are mainly interested in the case where )y is an embedded eigenvalue, i.e. when A\y>0, since when \q is
isolated from the rest of the spectrum, the persistence of eigenvalues is well known, [10, pp. 213-215]. We also
exclude the case \g = 0 which lies on the boundary between spectrum and resolvent set. Since 6 is radially
symmetric, it follows from assumption (A1) that the eigenfunction u. corresponding to Ay is radially symmetric,
and we can choose a radius 1 > rg such that

(A2) u.(r1) #0.

We now perturb the potential § by potentials p in the weighted L?-space R := L?([0,r1], HY/?(SY),rdr) of
functions that map the interval [0,71] into H'/2(S'), where the interval [0,71] is the domain of the radial

variable 7, while H'/2(S') describes the dependence on the angular variable . Our main result is as follows.

Theorem 1. Let 0 < ro <11, 0 € C§°(By,(0); R) be radially symmetric, and assume that (A1) and (A2) hold.
Then there exists § > 0 and a neighbourhood O of 0 in R = L>([0,71], HY/2(S"),r dr) such that the set

Remp :={p € O; L+ p has an embedded eigenvalue in (Ag — , Ao + 9)}

is a smooth manifold in R of infinite dimension and codimension.

The idea for proving Theorem 1 is to characterize embedded eigenvalues as roots of a regular function, since

such a characterization would allow us to use the implicit function theorem. As it appears difficult to find a



functional-analytic characterization of embedded eigenvalues, we pursue here a dynamical-systems formulation
similar to that used in our precursor work [7] for the bilaplacian on cylinders. The eigenvalue problem can be
written as a system of differential equations in the radial evolution variable r posed on an appropriate function
space X of functions that are defined in the angular variable ¢. The issue is that this system is ill-posed in the
sense that, for given initial data, solutions may not exist. Using a similar approach as in Scheel [18], we will
show, however, that this dynamical system has an exponential dichotomy: there are two infinite-dimensional
subspaces X" and X*® of X at r = r; so that solutions with initial data in X" exist and stay bounded for
r < rq, while solutions with data in X* exist and decay as r — o0o. The intersection of these spaces corresponds
to eigenfunctions of the underlying operator, and our goal is therefore to characterize those perturbations for
which this intersection is nontrivial. We show that there are infinitely many conditions that characterize such
intersections and prove that we can solve them using an implicit function theorem. A key issue is the space for
the perturbation p. For the conditions of the implicit function theorem to be satisfied, the space for p needs to be
L2([0,71]; HY?(SY), r dr), a space with very low regularity. This low regularity forces us to work with different
function spaces for r < 7y (where p has its support) and for r» > r; (where we have an explicit formulation of
the solutions of the system in terms of Bessel functions), and so we need to take extra care when matching the

solutions at r = ry.

The rest of this paper is organized as follows. In section 2, we introduce the spatial-dynamics formulations of the
eigenvalue problem. In sections 3 and 4, we prove the existence of exponential dichotomies for the bilaplacian
and for the operator L, respectively, near the core » = 0. We then construct dichotomies for £ in the far field
for r > 1 in section 5 and discuss similar properties for the adjoint spatial dynamical system in section 6.
These results are then used in section 7 where we match the solutions from the core and the far field by using
Lyapunov-Schmidt reduction and prove Theorem 1. The paper is concluded with suggestions for extensions and

some open problems.

2 Spatial-dynamics formulation

If X is an eigenvalue of £ + p, then there exists u € H*(R?) such that
A?u+ (0 + p)u = Iu. (1)
Let 73 > r9 > max(1,r;). We introduce a new radial variable

logr ifr <rg,
s(r) = & = (2)

r if r >rs,

and for r € (rq,73), we define s such that s € C°(R™;R) is strictly increasing. Note that this implies that there
exist constants ¢ and C such that 0 < ¢ < C and ¢ < §'(r) < C for every 1o < r < r3. We define 6 and p by
6(s(r)) = O(r), etc. Since s is an increasing function, it is invertible, and we denote the inverse function by 7(s).
Let s; :=s(rj), j =1,...,3. Under the coordinate transformation (2), the space R transforms into the space R
given by

R = L?((—o0, s1]; H/?(8Y), e ds),
that is, the weighted L? space with values in H'/2(S') and weight e%°.

Setting v = Au, equation (1) is equivalent to the system

Au =, 3)
Av=(\A—0—pu,

where in the variables s and ¢, the Laplacian is given by

e () 5 () 7




Rewriting this intermediate system as a first order system, with u; = u, us = v/, us = v and uy = v’, where ’

denotes differentiation with respect to s, we obtain a system of the form

U'(s) = A(s; A, p)U, (4)
where A(s; A, p) is given by
0 ] 1 0 0
A(si A7) = ;’(%)L * . e e : X (5)
A=0-pr(s2 0 —Hger Sl
where 0 denotes differentiation with respect to ¢, i.e., 0 = %. The expression for A(s; A, p) simplifies significantly

for s < s5 or s > s3; see sections 3 and 5.

The perturbation p € R is, in general, not continuous or even bounded, so we need to study weak solutions of
(4). Let

X = H*SY) x HY(SY) x H'(S") x L*(S);
Y = H3(S') x H*(S') x H*(S") x H'(S").
Definition 1. Let J be an interval of R. A function U : J — X is a weak solution of (4) in J if

1. U e L2 (J;Y)NHE (J;X),

loc

2. for every V € C§°(J; X) we have

7/ U(s)V'(s)ds = / A(s; A, p)U(s)V (s) ds.
J

J

Lemma 1. Let A € R. The eigenvalue equation (1) has a solution u € H} (R?) if and only if (4) has a weak
solution U € HL (R; X)N L2 (R;Y)NL®(R_; X).

oc loc

Proof. Suppose that u € H}!

loc

(R?) is a solution of (1), and let U := (u,u’, Au, (Au)’)T, where ’ denotes differen-
tiation with respect to s.

We first consider u as a function of r, and let Br(0) be a ball centered at 0, with R any positive radius. Then

u € Hl((O,R);H3(Sl),7“dT) N LZ((O,R);H4(51),TdT)
c H'((0,R); H*(SY),rdr) N L*((0, R); H3(SY), r dr),

u = r’fl—:f € H'((0, R); H*(S"),rdr) N L*((0, R); H3(SY), r dr)

C H*((0, R); H*(S*),rdr) N L*((0, R); H*(SY), rdr),
Au € HY((0, R); H(SY),rdr) n L*((0, R); H*(S"),r dr),
,d(Au)
dr
where 1’ = dr/ds = r for r < ra. By the Sobolev embedding theorem, U € C(|0, R]; X), and so U(s(r)) has a

limit as » — 0+, or equivalently, as s — —oo. Hence, viewing U as a function of s, U € L>®(R_; X). We also
see that U € H (R; X) N L?

oc loc

(Au) =r € H'((0,R); L*(S"),rdr) N L*((0, R); H*(SY), r dr),

(R;Y). It is clear from the construction that U is a weak solution of (4).

Conversely, let U € H} (R; X)N L} (R;Y) N L>®(R_; X) be a weak solution of (4), and let u = U;. Viewing u

loc

as a function of r rather than of s, it is clear that u € H} ,(Ry; H?(S')) € C((0,00); C(S')), and so by (3),

A= (N—0—pue L} (Ro; HY?(SY), rdr) c L2 (Ry; L2(SY),rdr) = L2 (R?\ {0}).

loc

Since we also have
u € L”([O,rg];HQ(Sl)) - L‘X’([O,rg];C(Sl)),

A —0—pe L2([0,r); HY2(SY), rdr) ¢ L*([0,r9); L2(SY), rdr),



we see that A?u = (A — 0 — p)u € L%([0,r2]; L?(S*),rdr) = L?(B,,(0)). We have proved that u € H*(B,,(0)) N
Hipo(R?\ {0}) = Hy, (R?).

loc

Since it is also clear that u solves (1), the proof is complete. O

Note that a weak solution satisfies U € C(R; X) (see e.g. [8, p. 286]), and so the following definition for an
exponential dichotomy makes sense (see also [6] for the standard definition for ODEs and [14] for an extension
to PDEs):

Definition 2. Let J be an unbounded subinterval of R. We say that equation (4) has an exponential dichotomy
in X on J if there exists a family of projections P(s) for s € J such that for any s € J, P(s) € L(X),
P(s)? = P(s) and P(-)U € C(J;X) for every U € X, and there exist constants K > 0 and x* < k% with the
following properties:

(i) For each t € J and U € X there exists a unique weak solution ®*(s,t)U of (4) defined for s > t, s,t € J
such that ®*(t,t)U = P(t)U and

19°(s,)U || x < Ke® C~0|U]|x
foralls >t, s,t € J.

(ii) For each t € J and U € X there exists a unique weak solution ®*(s,t)U of (4) defined for s <t, s,t € J
such that ®“(t,t)U = (I — P(¢))U and

19 (s, )U || x < Ke™ U1 x
forall s <t, s, telJ.
(i) The solutions ®°(s,t)U and ®“(s,t)U satisfy

®5(s,t)U € Ran P(s) for every s > t, s,t € J,
¥ (s,t)U € ker P(s) for every s <t, s,t € J.

We also need the definition of time-dependent exponential dichotomy, which will be used for J = [s1,00) and
with X% := H' x L? x H' x L? with the s-dependent norm
2 1 2 2 1 2 2
10N = Zlullz sy + lualzagsy + luzllzzsy + Fllusli s + llusllzes + lluallzaes,
where u; are the components of U, j =1,...,4.

Definition 3. Let J be an unbounded subinterval of R. We say that equation (4) has a time-dependent expo-
nential dichotomy in X*° on J if there exists a family of projections P(s) for s € J such that for any s € J,
P(s) € L(X®), P(s)? = P(s) and P(-)U € C(J;X) for every U € X, and there exist constants K > 0 and
K® < kK" with the following properties:

(i) For eacht € J and U € X! there exists a unique solution ®°(s,t)U of (4) defined for s > t, s,t € J such
that ®°(t,t)U = P(t)U and
19°(s,)U |+ < Ke™ DU a0

foralls >t, s,teJ.

(ii) For each t € J and U € X there exists a unique solution ®“(s,t)U of (4) defined for s <t, s,t € J such
that ®“(t,t)U = (I — P(t))U and

12 (s, )U |20+ < Ke™ 70U |xe

forall s <t, s, teJ.



(#ii) The solutions ®*(s,t)U and ®*(s,t)U satisfy

®°(s,t)U € Ran P(s) for every s > t, s,t € J,
¥ (s,t)U € ker P(s) for every s <t, s,t e J.

In the following sections, we will consider the intervals
J_ = (—00,81] and Ji :=[s1,00),

and show that the system (4) has an exponential dichotomy on J_ and a time-dependent exponential dichotomy
on J+.

3 Dichotomies for the system at —oo

For s < s1, r(s) = ¢°, and hence the system (4) is given by

!/
U; = u2,
uy = —0%uy + e*us,

;) (6)
U3z = U4,

u) 0 1 0 0\ /fu
up | [=9* 0 0 0] |uz
uyf L 0o 0 0 1|ful’
u) 0 0 —9% 0/ \wu
or
U =A_U. (7)

We expand U = (uj,ug,us3,us4)’ as a Fourier series in the ¢ variable, and denote the kth Fourier coefficient by
ﬁk(s). For j € R, we define the weighted 2 spaces ZJQ- with norm defined by

{arbrezlfe =D (1 + k) |ax|
! kEZ
The function space induced by X is
X:=03xBxP?xP (8)

The system (7) decouples in the Fourier space and for k € Z we have

Up(s) = A_(k)Ux(s), 9)
where
0O 1 0 0
R 2
A_(k) _ k< 0 0 0
0O 0 0 1
0 0 k%2 0

The eigenvalues of A_ (k) are £|k|, and for k # 0 both eigenvalues have geometric multiplicity 2. The eigenvectors
for k # 0 are (£1/k2,1/|k|,0,0)T and (0,0,£1/|k|,1) (we normalize the eigenvectors so that their X norm is
approximately constant and bounded away from 0 as k — o0) . Let

~1/k* 0 1/k2 0

Ykl 0 1/kl 0
0~k 0 1/]K
0 1 0 1



and
—|k| 0 0 0
0 -kl 0 0
0 0 k| 0O
0 0 0 k|

so that A_ (k) = My Dy M " for k # 0. Note that

k2 Kl 0 0

L 1o 0 -k 1
Mt =< :

k K |kl 0 0

o 0 |k 1

For k = 0, the eigenvalue 0 has algebraic multiplicity 4 and geometric multiplicity 2, so g_(O) is not diagonaliz-
able. Note however that A_(0) is already in Jordan normal form. We define My = I and Dy = A_(0).

Lemma 2. The operator A_ : X — X is a closed densely defined operator with spectrum o(A_) = Z.

Proof. Recall that X = H?(S') x H1(S1) x HY(S') x L?(S'), and Y = H3(S1) x H?(S') x H?(S') x H'(S!).
It is easy to check that the domain of A_ is Y, which is dense in X. To see that A_ is closed, let U; € Y be
such that U; — U in X and A_U; — f in X. We write U; = (uy,j,uaj,us3;,us )’ etc. By the definition of A_

we have

Uy,; — U1 in H2,

U2 U2 in Hl,

uzj; — U3 in H',

Ug 5 — Ug in L2,

while

uz; — fi in H?,
—(927.1417]' — f2 in Hl,
Us; — fa in H',
—8ZU37J' — f4 in LZ.

It follows that ue = fi € H?, and that u1,; converges in H3. Since Uu1,; — U1 in H? > H?, and since limits (in
H?) are unique if they exist, we also have u; ; — u; in H3, and so —0%u; = f. It follows in exactly the same
way that uy = f3 € H', that uz € H? and that —0%us = f4. This shows that U € Y and A_U = F, and so
A_ : X — X is closed.

The operator A_ : X — X induces an operator A_: X — X defined by
(A_U)g := A_(k)Up.
Then A_ is a densely defined operator on X with domain Y := (2 x 12 x 12 x [2.

It is clear that (A_ — pI) : X — X has a bounded inverse if and only if (A_ — uI) : X — X has a bounded

-~

inverse. It is also clear that k € o(A_) for k € Z. To prove that there are no other points in the spectrum of
A_,let pe C\Z.

Define M : 12 x 2 x 2 x 12— 12 x 12 x 12 x [2 by
(J\//j U Vi = My Ur,
and note that M is a linear homeomorphism between these spaces. Define also the unbounded operator D on
12 x12x1?x1?by
(DU, = Dy,U.
Note that D is a closed densely defined operator with domain 2 x [ x [2 x 2, and that J(ﬁ) =Z.

If p € C\ Z, then
(A_ —pu) ' =M(D —pul)*M!
It is now easy to see that (A_ — uI)~': X — X is bounded, and consequently also (A_ — uI)~': X — X. O



Having established that the spectrum of A_ consists exactly of its eigenvalues, we define the (generalized)
spectral projections P°, P¢, P" in X, corresponding to the negative, the zero and the positive eigenvalues of A_,
respectively. Let X° = P°X etc. so that X = X*@® X°® X", where X® and X" are infinite-dimensional whereas

X¢ is four-dimensional. We also define corresponding spectral projections P, P of A (k), in the spaces Xy,

k € Z\ {0} and note that if U = ), _, Ure’™ € X, then
PU= Y Pe™,
keZ\{0}
PU= > Pil™,
kez\{0}
PU = Up.
Lemma 3. The operator A_ possesses an exponential dichotomy in X on J_ = (—o0, s1] with constant K and
rates k° = 0 and K* = 1, and another exponential dichotomy in X on J_ with constant K and rates k° = —1

and k% = 0.

Proof. Let n € (0,1) be arbitrary. We apply Lemma 2.1 of [14] for the operators A_ — nI and A_ + nl, and
obtain exponential dichotomies with constant K and rates k* = —p and k* = 1—n, and k* = —1+n and " =7,
respectively. The existence of exponential dichotomies for A_ with rates k* = —1 and k" = 0, and k* = 0 and
k% = 1, respectively then follows by using the transformation V = e*7U.

We only consider the operator A_ — nl, since the proof for A_ + nI is similar. The result follows from Lemma
2.1 of [14] if we can verify condition (H1) of [14] for the operator A_ — nI, namely

(H1) Suppose that there exists a constant C' > 0 such that

H(A*_WI_WI HL =14y

for every p € R.

As in the proof of Lemma 2, it suffices to prove that there exists a constant C' such that

C
<
Exiexiexe 1t |pl

H(ﬁ—n[—iu[)lﬁ

H[/J\v||l2><12><l2><l2

for every U € 12 x 12 x [2 x 2. Note that for k # 0 we have

’(Dk_nl_iﬂl)_lﬁk 2|l7k|2,

’2 B U |? - 2
(k=n)? 4+ p? = min(n?, (14+1)?)(1 + |u)
and it is not difficult to see that a similar estimate holds for |(Dy — I — iuI)Us|?. Hence

- -1 |2
H(D—nl—i,ul) U
2X12x12x12 pe7,

—~ 12
\(Dk ol = ipl) " O

2
1+| ‘QZl k|

keZ
O
4 Dichotomies near the core
The system (6) can be abbreviated and written as
U= (A + B(s: A ), (10)



where

0 0 0 O
0 01 0
B(s; )\, p) := e%* 11
(s5;A,0) =€ 0 00 0o (11)
A—=0(s)—p(s,)) 0 0 0
We will show that the system (10) has an exponential dichotomy on the interval J_ = (—o0, s1].

To show this, we would like to apply Theorem 1 of [14]. This is not possible, however, since p € R is not smooth
enough in s. We are interested in p small and consider therefore first p = 0, and show that the A-perturbed
system

U = (A_ + B(s;\,0))U (12)
possesses an exponential dichotomy in X on J_. Then we will use the implicit function theorem to show that
also the system (10) possesses an exponential dichotomy. Note that from its definition, it follows immediately
that B(s;\,0) € L(X).
As 6 does not depend on ¢, the system (12) decouples in Fourier space, just as the limiting system (7). Using

the same notation in the Fourier spaces as before, we get for k € Z
Ul(s) = [ﬁ_(k) + B(s; )\,O)] Un(s). (13)

As A\_(k) = MkaMk_l, we rescale both ﬁk and s to get estimates which are uniform in k. For k # 0, define
T =k|(s — s1) and Vi (7) = M,;lﬁ'k(T/|k| + 51). Then (13) becomes

d

1
Ev,ﬁ = [Dl + M, 'B(7/|k|; /\,O)Mk} V. (14)

||
A short calculation shows that

27 /K]

M B(r/k]; X, 0)My] < sup {1, | — 6(s)|/K}.

s<s1

Hence there exists a constant C such that for all k # 0, |M, ' B(7/|k|; X, 0)My| < 2Ce?7/I¥l and

0 0 27/ k|
1 2
/ M B/ X, )M dr < / CTk' dr = C. (15)
By the proof of the roughness theorem for ordinary dichotomies (see [6] for details), the system (14) has an
exponential dichotomy which we denote by \I’Z/S(T, o), with constants K, k* = 1, k® = —1. We choose the

dichotomy in such a way that Ran ¥¥ (s1,s1;A,0) C span{ey, ez}, where e, j = 1,...,4 are the standard basis
vectors of C* (again see [6]). This implies that the stable and unstable solutions satisfy

| Uy (o, T)Vi| < K e~ kl(e=7) [Vi| < Ke (o=7) [Vl 7 <0 <0;
[Tt (0, 7)Vi| < K elFIO= 13| < K el |V, c<7<0

The norm in X induces a norm on the Fourier space X with

-~

(K +1)°([Tch)* + (7 + 1)([Oxl2)* + (8 + 1)([Txla)* + ([Onla)*.

Ukl = 10ke™ I%

As seen in the proof of Lemma 2, Mj, is a linear homeomorphism between C* and X}. Thus if we denote the
exponential dichotomy of the unscaled system (13) by @Z/S, then @Z/S(s, t) = Mk\I'Z/S(|k|(s—51), k|(t—s1)) M, ",
and they satisfy for (A/k € Xg

195 (s, 1) Ullx, < K e MO0 T | x, < K e 0| Tllx,, ¢ <s < s 16)
|12 (5, )Uslx, < K =0T | x, < K 7| Uil |x,, s<t< s

for some constant K, which is independent of k.



For the central space, corresponding to k = 0, the scaling Vy(s) = e=<*Uy(s) and the integrability of B(s;,0)
shows that, for any € > 0

|®0 (s, t)Up| < Ke (T, t<s< sy a7
|(I)0(S7t)fjo| S Ke_e(s_t)|fj0‘7 S S t S S1.

Thus for the full solutions, we can define the stable and center—unstable solutions

D% (5,8 0,0)U = Z @i(s,t)ﬁkeik‘7 s <t<sy,
kez\{0}
O (s, t; A, 0)U = <I>0(s,t)l'70 + Z @Z(s,t)ffkeik', t<s<sy,
kEZ\{0}

and the unstable and center—stable solutions

(5,43 X, 0)U = By (s, t)Up + Z ®5 (s, t)Upe™, s<t<s,
kez\{0}
DY (5,8 0,0)U = Z (s, t)Upe™, t<s<sy.
kez\{0}

These solutions are related to dichotomies for (12) in X on J_.

Lemma 4. Let —1 = k° < K < 0 < k® < k* =1 and A € R. Then the system (12) has an exponen-
tial dichotomy in X on J_ with constant K and rates kK and k°, and another with constant K and rates k"
and k°. The dichotomies can be chosen such that Ran ®° (s1,s1;A,0) = P° and Ran ®%(sy,s1;A,0) = P°.
Moreover, for any t € (—oo,s1] and Uy € X, the solutions ®“(-,t; X\,0)Uy and ®° (-, t; A\,0)Uy belong to
C®((—00,t); X) and C*((t,s1); X), respectively. Similarly, the solutions ®(-,t;X,0)Uy and ®(-,t; X\, 0)Up
belong to C*°((—o0,t); X) and C®((t,s1); X), respectively. All solutions also depend smoothly on the parameter
A

Proof. The scaling e*7U for 0 < n < 1 and the dichotomy estimates in (16) and (17) immediately prove the
first part of the Lemma. The dichotomies satisfy Ran ®° (s1, $1;A),0) = P® and Ran % (s1, s1; A, 0) = P¢ + P*
since we have chosen the \I'Z/S above to satisfy Ran U¥ (s1,s1; A, 0) C span{ey,ea} (cf. the definition of Dy).

The smoothness with respect to s follows since 6 is smooth in s and smoothness in A can be proved using an

implicit function theorem argument. First observe that for any A, X close to each other, the solutions ®°* and

®° satisfy the integral equations

0=— 0 (s,t; A, 0) + D (s, A,0)) + (5\ - ) [/ ®* (5,73 \,0)e” Bod" (1, t; A, 0)dr

t ~ S1 -
—/ (s, 7; X\, 0)e>™ Bo®“"(7,t; A, 0) dT+/ D(s,7; \,0)e*" By®* (7,t; ), 0) dT:|,
s t

t
0=—®% (s,t;A\,0) + D% (s,£;1,0)) — (A= A) {/ ®° (5,73, 0)e*" Be®“(7,t; A, 0) dr

—00

S - S1 -
—/ % (5,73 ,0)e*" By®® (7,t; \,0) d¢+/ O(s,7; )\, 0)e*" By®® (7,t; A, 0) dT},
t S

for s <t <s; and t < s < s71, respectively, where By is the matrix

_ o O O
o O o O
o O o O
o O O O
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Define the function spaces

X?:={®%; %(s,t) € L(X) is defined and continuous for t < s < s9
with [|®°]|s := sup e ® C70||B5 (s, )|, x)};

t<s<si

X = {0 &(s,t) € L(X) is defined and continuous for s < ¢ < s;

with ||®||ey := sup e_”cu(s_t)||q>cu(37t)“£(x)}-
s<t<si

For A fixed, the integral equations can be written as F(®, $%; A) = 0, where F : X x X5 x R — X% x X5,
The estimates of the exponential dichotomies immediately give that F is indeed a mapping between those spaces,

for example,

H/ (5,73 X, 002" By®°(7, t; A, 0) dr

s 2 2s1 kM (s—t
< / K2ens(s—7’)e2renc“(r—t)d7_ _ K~e 1:; : ) .
£(X) 2 + K% — RS

— 00

The other integrals can be estimated in a similar way. Since D(geu o) F(®(s,t; ), 0), ®°(s,t;A,0);A) = I, the

implicit function theorem can be applied and the smoothness with respect to A follows immediately. O

Remark 1. The p-independence of 0 is not essential in Lemma 4. The lemma can be proved for smooth -
dependent functions 6 by using Theorem 1 of [14] and verifying the conditions (H1), (H2), (H3) and (H5) of
that paper.

Next, we prove four technical lemmas needed in the proof of the existence of exponential dichotomies for the full
system (10) with g € R. We work in exponentially weighted spaces, and for an unbounded interval J C J_ and
n € R, welet Cy,(J; X) be the space defined by

Cy(J; X) :=={U € C(J; X); [Ulle, = i161136"5|\U(8)||x < oo}
Hence Cy(J, X) is the space of continuous functions with an X-norm that is uniformly bounded in J.
Lemma 5. Let J C J_ and pick u € Co(J; H*>(SV)) and p € L*(J; HY/?(SY)), then pu € L(J; H/?(SY)).
Proof. We need to prove that for s fixed,
lo(s)u(s) /251y < Clluls)l 25 |p(8) 1mrar2(s1)- (19)
Indeed, if this is proved, the claim follows, since
0 gy = [ I
<€ [ 1o s 1l ds
< C2sup u(s) sy [ 1006) ooy ds

= ClullEy iz sip P2 (e gsny

To prove (19), let v € H?(S') and p € H'/?(S') (we suppress the variable s for simplicity of notation). Let py

and uy be the Fourier coefficients of p and u, respectively. We have

fullf =Y ar(1+ k%)

kEZ

ol =D P+ k)12,
kEL

2
Then (@p)x = ¥, @Pk—g» and 50 Jupl2e = Spes (zjez ajﬁk_j) (14 k2)1/2. Let v and o be the functions
with Fourier coefficients @y (1 + k2)/* and p, (1 4 k2)/4, respectively. Note that v € H3/2(S') and o € L?(S).

11



Now observe that
L k2 = 1 (k=) +4)? € 201+ 5%) + 20+ (k = 5)?),

and hence
L4+ )V <241+ 2V + 1+ (k= 5)H)V)

for any j € Z. Thus

2
lupll e < V2 (Z Uik (1+ 34+ ok (1 + (k- j)2)1/4>

kEZ “jEL JEZ
2 2
< 2&2((2 ks (1 +j2)1/4> + (Z Ujpr_i(1+ (k —j)2)1/4> )
keZ JEZL JEZL

= 2V2(||vpll2 + [Juo|Z:)
< 2v2(sup [v(p)?[lpll72 + sup [u(o)*[lo]72)
peS!T peSt

< C*(loligsrellolize + luliellollz)

< C*(|lullzllplFse)

for some constant C' > 0. This completes the proof. O

For each p € R and s € J_, let
8B(s;p) := B(s; N\, p) — B(s;\,0) = —e**(s) By,
where By has been defined in (18). Note that for any s € J_,

16B(s:p)llexy < sup (e p(s) ur|lr2s) < C sup sup |ua()|[€?*p(s) L2 (sm)
w1 €H?(SY) w1 €H?(S1) pest
s ]|y =1 s || 2 =1 (20)

< C62S||ﬁ(5)\|L2(sl)7

where we use the notation C' for the different constants occurring. It follows that

S1 S

/ 16B(s: 7)|[2 ., ds < C? /

— 00

1
€75 [72(51ye> ds < C?e* / 15(5) 7251, ds o

< C2e )%

Lemma 6. Forn € (—1,k%"), where k™ is as in Lemma 4, pick U € Cy(J_;X), and p € R. Let s € J_.
Then the integral
I:= / A_eA=P =T PGS B(r; p)U (1) dt
— 0o

belongs to X.
Proof. Let H(7) := e V7§B(7; p)U (7). By the definition of §B(, p),
H(r) = (0,0,0, "7 5(r) u(r))” =: (0,0,0, h(7))T,

where u(7) is the first component of U(7). Then e"u € Co(J_; H*(S)) and e'p € L*(J_; H/?(S")), and so
by Lemma 5, h € L?(J_; H/2(SY)). For k € Z, let Hy(7) and hy,(7) be the Fourier coefficients of H(7) and h(7),
respectively. Let ﬁ,f := M, ' P My. To show that I exists in X, it suffices to show that {I} }rez € X (see (8)),
where s

I : :/ =7 N, Dy PP =) AL P H () dr

1 S
:5/ =7 == b, (7Y dr (0,0, 1, —|k|)T.

12



We therefore need to prove that
{|kz|/ e kls=T)p, (1) dT} €’
—o0 kEZ

Using that n < 0 and hy, € L?(J_) (as h € L?(J_; H'/?(S'))), we note that

s 1/2 s 1/2
< |k|e~IFls (/ 62(1_’7+|k|)7dr> (/ hi(1)? dT)

1
) A . — e )L} A s
|| ﬁﬂ-ﬁ*ﬂk\) Al L2 »s])

< (L K e 2

|| ‘/ e(l_”)fe_lk“s_ﬂhk(r) dr

Since {(1 + [k[*)Y*(|hy| 27y }wez € 12, the proof is complete. O

Lemma 7. For —1 < n < k™, where k™ < 0 is as in Lemma 4, pick U € Cp(J_;X) and p € R. Then the
integrals
/ D% (s,7;0,0)0B(7; p)US (1) dT  and / B(s; A,0)9° (s,7;A,0)0B(7; p)U (1) dT

— 00 — 00

exist in X for each s € J_.

Proof. We use (20) and compute

H/ D3 (s,7;M,0)0B(7; ) U (7) dr

X

S
SC/ 192 (5,75 X, 0) |2 x) T 1A(T) |2y [U (7)1 x d

< c/ e | 5(7) || L2 sy [ U (7) | x dr

s 1/2 s 1/2
50||Ui“||cn(J;X>eﬁs(/ (20 Wm) (/ e2f||ﬁ<f>||%2<51)dv>

1
< || Prepm—— L]
<C| ||c,,(J_,X) 21—r —1) ||P||7z
Using that B(s; A,0) € £(X), it follows that both integrals converge in X. O

Lemma 8. Let —1 < n < k", where k" < 0 is as in Lemma 4. Let U € Cp(J_; X) and p € R. For every
s € J_, the integral

/3 A_®% (s,1;X,0)0B(; p)US (1) dT (22)
exists in X. N
Proof. By (3.1) of [14], for 7 < s < 1,
% (s,7;A,0) = eA-F =T ps _ /T A= O PSB(£; X, 0)D (€, 75 A, 0) dE
+ / A= = PsB(£; X, 0)8° (€, 73 ),0) dE
- / eA-PT = peuB (e X, 0)®° (€, 73X, 0) dE.

S

Note that we used here that Ran ®° (s1, s1;A,0) has been chosen so that it coincides with Ran P*.
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Substituting this into (22), we have four integrals to estimate, the first of which was dealt with in Lemma 6.

The other three integrals are
I = / A_ /T eA-P = PsB(g; X, 0)0 (€, 73\, 0) dESB(T; p) U (1) dr,
- / 4 /SeAJDS(s—s)PSB(g;A,0)<I>i(,5,7;A,o)dgéB(T;p)U3“(r)dr,
e [ Al [T AT P e 0007 (6750,0) e Brs U ()

We carry out the calculations for Iy, since the others are similar. Let (¢;,(¢,7)), 4,0 =1,...,4, be the entries of
the matrix corresponding to ®<*(£, 7; A, 0), and as in the proof of Lemma 6, let k(1) = —e"*D75(7) u(r). Recall
that h € L?(J_; H'/?(S")). A short calculation shows that

0

¢34 (§7 T) h(T)
0

(A = 0(1))pra (&, T)(T)

Note that ¢34(&,7) and ¢14(€,7) map L%(S') boundedly into H!(S!) and H?(S'), respectively, and that by
Lemma 4 for £ <7< 59

B(& X, 0)0°(&, 75 X, 0)0B(7; p) U (1) —m7

||¢34(€77-)HL(L2;H1) < Ke'{cu(gf‘f)’
||¢14(€,T)H£(L2;H2) < Ke“cu(E—T).

cu

Introducing the notation f(£,7) := e """ €T ga, (€, 7)h(7), and g(&,7) : e " E(\ = 0(7))p1a(E, T)R(7), we
note that max(||f(&, 7)llar, g€, T)|gz) < K||\h(7)||12, for & < 7 < s1. The Fourier coefficients of f(£,7) and
g(&, ) are denoted by fk(f, 7) and g (&, 7), respectively.

To prove that I} € X, it suffices to prove that {Ji}rez € )A(, where

0
Jk::/ Mka/ A=) oh (€=7)  Di P (s=8) 1 ps f’“(g’T) d¢dr
gk(gaT) (23)
fr(&,m)
:}/S /T 26+ Rk (=) = [k|(s—€) _|f‘f’ﬂ(5’7) de dr,
2 —o00 J—c0 gk(EaT)
—k[gk(&, 7)

where ]S,f = M, 1P,§Mk as before. The first component of J, can be written

%e—\mS/s e(l—mﬁ“—n)r/T (Q+R="HIDEGE T (¢ 1) de dr

IN

1 s 1 T 1/2
Zo—lkls (2+k|-n)T 28 7 24 d

e e e ,T T
2 /_oo V2(1 + ke + |E|) </_oo T+&7) E)

1 e(2—n)s s - e i )1/2
4 dedr) .
SV e T o ey (/_Oo/_ooe fr(&7)? dedr
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The square of the I3 norm of the first component of {Jj }xez can then be estimated by

62(2—17)3 1 +k‘2
k2)e* f 2ded

2 2—n)s
o e Z/ / X hy ()2 dé dr
~ 16(1 + k°v) keZ
_ 2(2—m)s Z/ 2'rhk i
32 1+ koY) keZ
2(3—n)s1

© 2
S WH}LHLZ(L},;L2(SI)).

The other three components of {J; }rez are estimated in a completely similar way, and by adding these estimates
we see that I, € X. O

We are now ready to prove the existence of exponential dichotomies for the full system.

Theorem 2. Let —1 < k° < K™ < 0 and 0 < k® < K* < 1. Then there exists a neighbourhood U
of 0 in R such that for any p €U and any A € R, the system (4) has an exponential dichotomy on J_
with constants K and rates k°", k°, and another with constants K and rates k%, k. Moreover, the pro-
jections and evolution operators depend smoothly on A € R and p € U. The dichotomies are denoted by
D5 (5,850, p), PU(s,t; N\, p), and D(s,t; A, p), P (s,t; A, p), respectively. The associated projections will be
denoted by P2 (s; X\, p)(:= @ (s, 8\, ), PU(s; N, p), P(s; M\, p), and P*(s; A, p), respectively.

Proof. We will show that there exists a neighbourhood of 0 in R such that if p belongs to this neighbourhood
then there exist exponential dichotomies for the system (10) with this 5. Let Uy € X and t € J_ be fixed but
arbitrary. We will use the implicit function theorem to solve the system of integral equations for the pair of
functions (U, U?®) as functions of the parameters A € R and p € R near 0

0=0%(s,t; A, 0)Up — U (s) + / D% (8, 7;X,0)0B(r; p)U (1) dT

o0

t
—/ O (s, ;M\, 0)0B(7; p) U (1) dT

+/ (s, 7;X,0)0B(1; p)U? (1) dr,\ for s <t < sy,
t

t
0 = @° (5,4, 0)Uy — U* (s) — / B (5,73 ), 0)6B(r: H)US(7) dr

— 00

(24)

+/ * (5,73 X, 0)3B(r: p)U (7) dr
t
s1
- / O (s, 7;X,0)0B(7; p,0)US (1) dr, for t < s < s.
By Lemma 4, the dichotomies ®“(s,¢; X,0)Uy and ®° (s,t; A, 0)Uy exist and have constants K, £* = —1 and

R e (—1,0).

Let n € (k°, k°*) and rewrite equation (24) as F(U,U?; A, p) = 0, where F' : Cy((—o0,t]; X) x Cy([t, s1]; X) X
R x R — Cp((—00,1]; X) x Cy([t, s1]; X) is the right hand side of (24).

We first verify that F' is indeed a map between the above spaces. We do the estimates for the first integral
in the first equation of (24). The other estimates are similar. Lemma 4 gives that for any s € (—o0,t] and
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Uet € Cy((—00,1]; X):

e / D3 (s,7;\,0)0B(7; ) U (7) dr
o x
<K (Sup }(E"THUC“( )le)/ e mMETNGB (T p) |l 2 x) dT
TE(—00,s

< KU ey [ (26700 4 1680739 2 ) dr

o0

< KUyt (3 + 1015 ).

where we have used (21). After taking the supremum over all s € (—00, s1] we see that the function defined by
the first integral in (24) belongs to C,(J_, X). Using similar estimates for the other integrals, we can conclude

that F'is indeed a map between the spaces as stated.

That F is smooth with respect to A and p follows since the evolution operators ®¢*(-, ¢; A, 0)Uy and ®* (-, ¢; A, 0)Ug
are smooth in A by Lemma 4 (using that the H' norm is weaker than the C'! norm on bounded intervals), and

since 0 B depends smoothly on 5 (indeed, B is a bounded linear mapping with respect to g). Note that

The Fréchet derivative of F' with respect to its two first variables evaluated at (@< (-, ¢; A, 0)Up, @ (-, t; A, 0)Up; A, 0)
is —I on C,((—o0,t]; X) x Cy([t,s1]; X). In particular, this derivative is a linear homeomorphism on this
space, and so the implicit function theorem is applicable, and we obtain solutions ®“(-,¢; A\, p)Uy := U* and
@ (-, t; \, p)Up := U* of the integral equation (24), which exist in a neighbourhood of (\g,0) in R x R. Smooth-
ness of these solutions with respect to parameters also follows from a corollary of the implicit function theorem

(see e.g. [4, p.115]).

Next, we need to verify that ®<(-,¢; Ao, p)Up and 5 (-, t; Ao, p)Up are weak solutions of (10), and that they
satisfy the conditions of Definition 2. We first check that ®<“(-,¢; A, p)Up is a weak solution on the interval
(—00,t]. By Lemma 4, ®°(-,t; A, 0)Up is a C*° solution of

U’ = (A_ + B(s;1,0))U

on (—oo,t], and hence it is also a weak solution of this equation. Next we deal with the integral terms. For the

first integral we use the abbreviation
yim [ sy with f(s.7) = @ (5,75, 0)8B(rs B (1ot o, o

Thus f is C™ in the first variable and L' in the second. From its definition, it follows immediately that g is

continuous. We will see that g is weakly differentiable and that

g'(s) = f(s,8) + /j g—i(s,ﬂ dr. (26)

In order to prove this, we need to check that the integral on the right hand side of (26) exists, and that the
equality (26) holds. The integral in the right hand side of (26) is

(?)f (s,7)dr = / (A_ 4 B(s;X,0))®% (s,7;X,0)0B(7; p)@ (7, t; A, p)Up dr,
oo 08

— 00

and it exists in X by Lemma 7 and Lemma 8.

Next, we calculate the distributional derivative of g and let V' € C§°((—o0,t]; X) be a test function. Then by
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Fubini’s Theorem and integration by parts
t t
[ deveas=- [ gevis

_ = —/_too /_; f(s,7)drV'(s)ds

_; / (s, )V (s) dsdr
_ /_too (f(T,T)V(T)+/TtZ(S,T)V(s) ds) dr
[ (o [ Homar)via

and we see that the weak derivative of g is indeed given by (26). Hence

% D3 (s,7;,0)0B (75 0) @ (7,85 A\, p)Up d7

= (I = PZ(s;,0))0B(s; p) 22 (s, £; X, p)Uo (27)

+ / (A_ 4+ B(s;X,0))®% (s,7;X,0)0B(7; p)®“ (1, t; N, p)Uq d.
We have already noticed that g(s) = ffoo D5 (s,7;0,0)0B(1; p) @ (7, t; \, p)Up d7 is continuous, and so it belongs

to L? ((—o0,]; X). The right hand side of (27) also belongs to L .((—o0,t]; X) since the first term belongs to
L2

7o((—00,t]; X) and the second term is continuous on (—oo,t]. This shows that

S
/ D% (5,7;X,0)0B(7; )@ (7, t; A, p)Up dT

—o00
belongs to H. .((—o0,]; X).

Similar calculations for the other integral terms of the first equation of (24) show that these are also weakly
differentiable on (—oo,t] and belong to H}. ((—o0,], X). After adding the terms up, we conclude that

d
0% (s 50 Ao = (A= + Bs: A, )8 (5, t: X, p)Uo,

ie. (-, t; A, p)Up is a weak solution of (10).

Similar calculations for the terms of the second equation of (24) show that ®° (-, ¢; A, p)Up is a weak solution of
(10) on the interval [t, s1].

Finally we check that the conditions of Definition 2 are satisfied. A similar computation as in (25) also shows that
the estimates in (i) and (ii) of Definition 2 are satisfied for ®(s, t; A, p) and ®* (s, ; A, p) for any £“* and x° such
that —1 = k° < k® < K™ < K < 0. Since k°* can be taken arbitrarily close to 1, the same is true also for k.
Note that (iii) of Definition 2 is satisfied with P%(s; A, p) := ®¥(s, s; A\, p) and P2 (s; A, p) := D5 (s,8;A,p). O

To finish this section, we derive some more details about the solutions of (4) in the case when A = Ay and p = 0.
We are particularly interested in the solutions on J_, and we study the exact growth/decay rate of solutions as
s — —oo. As we have seen before, the space X decouples into a direct sum of 4-dimensional pairwise orthogonal
Fourier subspaces Xj, and that since 0 is radially symmetric, the subspaces X are invariant both under the
flow of (4) with p = 0 and under the flow of the asymptotic system (7).

Lemma 9. Letej, j =1,...,4 be the standard basis of C* and consider the four-dimensional invariant central
space corresponding to k = 0 of the unperturbed equation obtained when p =0 and X = Ao in (4). Then there

exist two unique solutions U ;(s) with j = 1,3 such that

lim Uo,j(s) = €y, ] = 1,3.

§——00
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We may also pick two solutions Uy ; with j = 2,4 which grow algebraically as s — —oo and satisfy

lim UOJ( )—6]‘,17 ]:2,4

s§——00 §

The solutions Uy j, j = 1,...,4, are linearly independent.
Proof. Tt is straightforward to check the assertions of the lemma, using [5, Chapter 3.8]. O

In Section 6 we will specify the solutions Uy 2 and Uy 4 using the adjoint system.

Lemma 10. For every k € Z\ {0}, there exist solutions Uy j of (4) with p =10 and X = X\ such that (together

with the solutions specified in Lemma 9 for k = 0) we have
span{Uy j(s1); k€ Z,j=1,...,4} = X,

and for s — —oo0,

e\k|(s 61)Uk1 S —1/k2,1/|k|,070>Tek
0,0,~1/[k[,1)Te™,
1/k2,1/|k],0,0)Tet*,

0,0,1/[k|,1)Tet.

el 7,

Ly

(s) = (
(s) = (
(s) = (
_\k|(s S1) Uk 4(8) N (
Proof. As seen in the beginning of this section, the system (4) with g = 0 and A\ = )y leaves the subspaces X},
invariant. The estimates on the matrix B(s; Mg, 0) in (15) now show that there are solutions of (13) (and hence
of (4)) which converge to the solutions of the system at infinity, see e.g. [5, Chapter 3.8]. In Section 3 we have
seen that (7) has two solutions in X}, with decay rate e/*l* and two with growth rate e=*I* for s — —oco. A
comparison with the eigenvectors of E_(k) in Section 3, we obtain solutions Uy, j, with k € Z\{0}and j =1,...,4
with the desired properties. O

Next, we perturb the solutions Up ;(s) with j = 1,3 described in Lemma 9 to solutions of (4) for all sufficiently
small potentials p. First, we will show that the four-dimensional central subspace corresponding to k = 0 persists
in (4) as the intersection of the ranges of ®°*(s1, s1; A, p) and ®*(s1, s1; A, p). Note that the difference between
the operators A(s; A, p) and A(s; Ao, 0) in (4) is

A(s; A, p) — A(s3 M0, 0) = 1/(s)*(A — Ao — p)Boe** (A — Ao — p) B,

as r'(s)? = €% for s < 51 (see (18) for the definition of By).

The function e7p(7) belongs to L?(J_, H'/?). By Lemma 5, e”p(7)ui(7) also belongs to this space. Thus
lle"p(T)BoU||x € L?(J-) and |e?" p(7)BoU]|| x is the product of an L? function and the exponentially decaying

function e”.

This allows us to use the Gap Lemma as in [16, §4.3 and (4.12)] and [3, Proof of Lemma 4.1] to show that (4)
has two linearly independent solutions U&bj (s; A, p) for j = 1,3 that converge to e; as s — —oo, and two other
solutions which grow algebraically. In fact, the results in these works show that any linear combination of the
bounded solutions Ugf’j(s; A, p) with 7 = 1,3 can be found as a fixed point of the equation

s

U(s) = <I>C,“(S;A07O)U§b+/ (5,735 Mo, 0) €2™ (A — Ao — p(7))BoU (1) dr (28)

—00

—/Sl BY (5,71 Mo, 0) €2 (A — Ao — (7)) BolU(7) dr,

where Uob belongs to the unperturbed bounded central subspace spanned by Uy ;(s1) for j = 1,3. We denote
the fixed point by U(s; A, p, Us) and write

S1
PL(s1; 0, p)US” = U (5150, p, Ug") = Us® + / D (51,75 X0,0) €27 (A= Ao = p(7)) BoUL (75 A, p, Ug®) dr. (29)

o0
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Similarly, we can use (24) to describe the solutions of (4) with exponential decay as s — —oo by

PY(s1;A,p) = P“(s1; Ao, 0) +/ P (s1,7; Ao, 0) €27 (A — Ao — p(7))Bo®™ (7, s1; A, p) d. (30)

—0oQ

These results will be used later to characterize eigenfunctions of the perturbed operator.

5 Dichotomies for the far field

The method of Section 4 is not available for determining the dichotomies for s large. Going back to (1), we
observe that 6 and p have support in a ball with radius 71, and thus for » > r; the eigenvalue problem (1) reduces
to (A% — \)u = 0, which can be factorized:

(A = VXA +VA)u = (A+VA)(A=VNu=0.

Expanding u(r, ¢) as a Fourier series in the angular variable ¢, we see that the Fourier coeflicients uy, satisfy the

differential equations

o rar o o

2 1 k’2 2 1 k2
(8 Ll k A)(a + a—ﬂ+ﬁ)ak:0. (31)

For k fixed, this is a fourth order linear ODE; so it has a four-dimensional space of solutions. The general solution
can then be obtained as a linear combination of the solutions of
0? 10 Kk N
= 4 -z T _ = 2
<8T2+r8r r2 ﬁ>uk 0 (32)
and the solutions of 52 P
1
—Z 4 -2 _ AN ar=0 33
<3r2+7"8r r2+f)wc , (33)
so that the general solution of (31) is given by

(1) = CLiAY ) 4+ CoK(AY47) + Ca Ty (WY 4r) + CaYi (A 4),
where Ji and Y}, are Bessel functions of the first and second kind, respectively, which satisfy equation (33), and

I, and K}, are modified Bessel functions of the first and second kind, respectively, which satisfy equation (32).

For r > r3 = s3, we have s = r. Thus, we can define the systems corresponding to equations (32) and (33) with
the variable s for s > s3 as

u) = us,
k2 1 (34)
U/Q = (2 + \/X) up — —ug,
s s
and
u) = us,
k2 1 (35)
U/Q = (2 - \/X) U — —U2,
s s

respectively. We will consider these systems for s > 71 and define ¢i(s,t) and ¥ (s,t) to be the evolution
operators corresponding to the systems (34) and (35), respectively. After deriving dichotomies for those systems,

we will derive dichotomies for the original system (4).

To derive dichotomies for (34) and (35), we introduce for s > r; the function spaces X = H'(S') x L?(S'),
Y*® = H?(S') x H'(S") and Z° = H3(S") x H?(S') with norms

1

lull%. = 5*2||U1||%{1(51) + ||U1H2L2(51) + ||U2||2L2(31)7
1

lull%. = 8*2||U1||%12(sl) + ||U1H§11(51) + ||U2||§{1(51),

1
2= Sj”“l”%ﬁ(sl) + ||U1H%12(51) + ||u2||§{2(51).

[|ul
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We decompose the spaces X*,Y*, and Z* into their Fourier subspaces
X =@rezXp, Y° =@z, and Z° = ®rezZ;, (36)

where
Xi =Y = Z; = {(ae™®  be™)T; a,b € C},

and the completion in (36) is in the respective norms of X*,Y* and Z°. The norms on X;‘, 17,5 and Z,j are given

by the restriction of the norms of X5, Y, and Z* respectively, and so

ik k- k?
lac™ be 7 %, = (1 55 ) a2+ o

ike 7 kT2 2 ike 3 ik\T )2 . (37)
I(ae™, be™ ) 5. (1+5) (ae™, be™)TI%. ;

l(ae™ be™)T[Z. (14 k) [l(ac™ b T|1%,.

For each € € (O,)\l/ 1), we now prove the existence of a time-dependent exponential dichotomy for (34) with
constant K > 0 and rates x* = —(A\/* — ¢) and k* = (A\'/* — €) that are independent of k. For (35), we will
show that the evolution operator always acts in the center-unstable manifold and derive that its growth can be

bounded by any exponential.

Lemma 11. There exists an €9 > 0 such that for any e € (0,¢eg) there exists a K > 0 such that for any k € Z
and X € (Xo/2,2X¢) there exists a time-dependent exponential dichotomy of (34) on J4 so that ¢3(s,t;A) and
O (s, t; \) satisfy
S S — 1/476 S—
16805, Ve ) = 101G WL eqipiyy < K@ o060 sz iz,

u . J— U . — 1/476 —S
||¢k(svta )‘)”[,()E'}C,X'g) - ||¢k(svt7)‘)”£(}7k‘,f’;) < Ke * (=) t=s=ry.

Proof. Let (u1,us)T satisfy equation (34). To get estimates which are uniform in k, we follow [18], and let

kQ 1/2
1(s) == <ﬁ+ 52) uy (s).
Note that
min(1, v/Ao/2) ]| (w1, u2)" || 5, < [[(@1,u2)" ez < max(1, v/2X0) [ (ur, u2) [l 5.,

and that the constants above are independent of k£ and A. This shows that, when using the new variables @ and

us, we can use the standard norm in C2.

Next, we rewrite the system (34) in the new variables a1, us:

k2 1/2 2 k2N !
ﬂll <\/X+ S2> Ug—(\/X—F) ’l~L1,

53

1 k2 1/2
Uy = —=ug + (ﬁ+2> iy,
S S

Now, we change the independent variable by making the substitution dr/ds = (vX 4 k2/s)'/2. We write s(7)
to describe the dependence of s on 7. We then obtain (where ’ now denotes differentiation with respect to )

k2 k2 —3/2
e (A )

REEOE ()2 8)
o 1 s B2\ /2
iy ()
Noting that s(7) — oo as 7 — oo we find that the limiting system at 400 is
’17,/ = U2
1 ) (39)
12 ~
Uy = Uy,



which is independent of k. The matrix associated with this system has eigenvalues +1. Hence equation (39)
possesses exponential dichotomies with k* = —k® = 1. To get estimates for the perturbated system (38), we will
use the estimates

2 K2\ 2 1 k2 /s(r)? 1

s(r)3 <ﬁ+8(7)2> /\f+k2/s VAT R2/s(r)2  Ais(r)’
1 g2\ T2 1

|s<r> <ﬁ+ s<v>2> = Nis(r)’

This estimate is uniform in A in a neighbourhood of Ag. The roughness theorem for exponential dichotomies [6,
Chapter 4] now guarantees the existence of an exponential dichotomy also for the system (38), and we denote
the corresponding evolution operators by &;(a, 7) and q?)}j(a, 7). For each positive € sufficiently small, there exists
a K > 0 such that R

I195.(0, Tl ey < Kem(79=m g > 7,

o (o, 7)llezy < Ke (7900l g <7
Moreover, K does not depend on A in a neighbourhood of A\g or on k € Z.
It remains to translate this result back to the s variable. We write s = (o) and ¢ = s(7). Note that ds/dr < A\'/4,
and so by the chain rule we have for s >t

163 (5, Ol 22t %) < CldR(0,7) | eczy < Kem 7
< Ke~ (=N 4 (s=t) < pro= (N A=e)(s—1),

where we have put € = éA!/4. A similar calculation proves that for t > s
(A4 (t—
6% (. 0l g gy < e 700,
The estimates for ffks also follow from these estimates, since it is only a matter of multiplying both sides of the
inequalities by a factor (1 + k?). O

Lemma 12. Let € > 0 be given. Then there exists a K > 0 such that for any k € Z and X € (A\o/2,2\o) we have
Hwk(s,t;/\)\qui,x;) = [[vn(s, t; A)Hg(?kt,{/;) < Ke"™ for t>s>r.

Proof. First we note a scaling invariance in (35). If (41(s,t),u2(s,?)) is a solution of (35) with A = 1, then
(u1(s,t), ua(s,t)) = (111()\}/457 )\i/4t)7 )\}/41220\}/45, )\1/475)) is a solution of (35) with A = A;. So it is sufficient to
prove the estimate in the Lemma in case A = 1. Using the explicit expressions for the solution in terms of Bessel
function, it follows that, for A = 1, ¢k (s, t) is given by

o (R ©) (20 Y@\
vl (J,;<s> Y,;<s>> (J,;w) Y,;<t>>
:wt<Jk<s> Yils ))(Y,;(t) n(t))
2 \Ji(s) Yi(s) Ji(t) (t)
_wt ar(s,t)  bi(s,t)
2 \cr(s,t) dp(s,t)]’
where
ak(s, t) = (Ju(s)Yy(t) — Yi(s) i (1)),

)

(s,t) := )
bi(s,t) := —Ji(8)Yi(t) + Yi(s) Jk (1),
(s,1) := (Ji(s)Yi(t) — Yi(s) T (1))
(s,t) = i (

(=T ()Ye(t) + Yy(s) Tk (1)),
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and we have used that the Wronskian of Jj,(¢) and Yj(t) is 2 [1, (9.1.16)]. Writing u = (u1,u2)” € )Nfli, we have

w22

Hull =
w5, pull, = ™

((1 + ij) (ap(s, t)us + bi(s, t)uz)? + (c(s, t)us + di(s, t)u2)2) ,

and so we need to show that there exists a K > 0 such that for every uj,us € R, k € Z and t > s > rq,
kz B k2
(1455 ) (ot 1+ o 1ua)? + (o s + s )? ) < 12600 (14 52 ) )

By choosing u; and us appropriately, we note that this inequality holds if and only if the following two inequalities
hold for some K >0 and all k € Z and t > s > rq:

k2 k2

((1 + 82> ak(s, )% + Ck(svt)Q) 7 < K2e2(i=e) (1 + t2> ;
k2
((1 + 52) bi(s, )% + dk(s,t)2) 12 < K2e2(t=9),

To simplify further, we note that the above two inequalities hold if there exists a constant K > 0 such that for

t Z S Z 1,
k.2 e(t—s), | k2
1+?|ak(8,t)‘t§K€( ) 1+t7,

k2
14+ = |be(s, t)[t < Ke=),
S

_ k2
lew(s, )|t < Kect=)4 /1 + =

|di(s,t)|t < Ke<t—2),
First we will prove the fourth inequality of (40). Let
fre(s,t) == e C=tdy (s, 1).
We need to show that fi(s,t) is uniformly bounded for k € Z and ¢t > s > 7. Since J_ = (—1)*J; and

Y_; = (—1)*Yy, it is sufficient to consider k € N.

We start with showing that fj is bounded for k£ € N fixed. In the slightly smaller sector ¢t > (1+6)s > (1 +d)r;
(where § > 0 is arbitrary), we have |fi(s,t)] — 0 as s + > — oo, or equivalently, as t — oo. Indeed, Yj(s),
Jix(s), Y/ (s) and J}(s) are bounded by a constant Cj, for s > r; [1, (9.2.1)], and so

|fi(s,t)] < CRe <=9t < C2te<0t/(1+9) g (41)

as t — oo. Furthermore, \/sY%(s), v/sJk(s), V/sY/(s) and /sJ}(s) are bounded by a constant Dy, for s > ry [1,
(9.2.1)], and so for r; < s <t < (14 6)s we have

| fr(s,t)] < e =)\ /(1 4 0)stdy(s,t) <1+ D2

Altogether this implies that fx(s,t) is bounded in the whole sector ¢ > s > r; by a constant, possibly depending
on k.

To show that in fact fi(s,t) is bounded by a k-independent constant, we consider s > r; as being fixed for the
moment. First we note that in (41), we proved that for fixed s and k, fi(s,t) — 0 as t — oco. Thus for s > rq
fixed, the function fi(s,t) attains its maximum in an interior point ¢ > s or at the boundary t = s. We use a
method by L. Landau [11] to analyze the behaviour of fi(s,-) at its critical points. At a critical point, we have
Ofr/0t(s,t) = 0. By equation (11) of [11], at the points where 9f; /0t = 0 we have

9 2 _ fk(svt)Q 9 —2¢(t—s) 42
GRlHs 07 =2 T s (e t Ak(t)) ,
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where Ay(t) = fooo Ko(2tcosh7)e™2F" dr, and Ky is a modified Bessel function of the second kind, satisfying
Ko(z) = / e TS T gr,
0

In particular (since 2t fy(s,t)%/e2<t=5)¢2 > 0), fx(s,t)? is decreasing in k at a point where 0f;/0t = 0 if and only
if e=2¢(t=5)¢2 A;.(t) is decreasing in t. Note that A (t) is monotonically decreasing for ¢ > 0, and since e~2¢(t=5)¢2
is monotonically decreasing for ¢ > 1/¢, we conclude that | fx (s, -)| is monotonically decreasing in k at its critical

points for ¢t > 1/e.

Note that in the case when r1 > 1/¢, we have proved that if the maximum of fi(s,) occurs for ¢ > s > rq, then
the maximum is decreasing in k, and hence stays bounded as k increases. At the boundary ¢t = s > 71, we have
fr(s,8) = 2/m, which is independent of k. As each function fi(s,t) is bounded, in particular fi(s,t) is bounded,
it follows that fx(s,t) is bounded in the whole sector t > s > 71 by a k-independent constant for all k € Z. This

shows that fi is uniformly bounded in the case when r; > 1/e.

When 7 < 1/€, we also need to estimate fi(s,t) in the triangle 1/e > ¢t > s > 1. Here we use the estimate
e~<(=9)t < 1/e. Tt follows that |fx(s,t)| < |gr(s,t)|, where

91(5, 1) = (VL) u(8) = TL(Yi(0).

Applying Section 3 of [11] we conclude that g (s,t)? is decreasing in k at the points where dgy(s,t)/0t = 0.

Furthermore, gy,(s,t) — 0, for t — oo and g (s, s) = 2= < —2— for s > r;. The proof of the fourth inequality of

TES — Tery

(40) is complete.
Next, we prove the second inequality of (40). By [1, (9.1.27)] we have

(1 + I:) Yi(s) = Yi(s) + %(qu(s) + Yir1(s)),

(1 + i) Ji(s) = Ji(s) + %(Jk—l(s) + Jiy1(s)-

Note that

I{Q 1/2 k k2 1/2
(1+2) §1+§\/§(1+ ) :
S S

52

and so the second inequality of (40) is equivalent to

‘t ((Yk(S) + %Yk—l(s) + %Yk—kl(s))n]k(t) — (Jk(S) —+ %Jk—l(s) + ;Jk+1(5))Yk(t)> ’ < Kee(tfs).

To prove the inequality, we use the same method as above, with

fr(s,t) = te==%) ((Yk(s) + %Ykﬂ(S) + %YkJrl(S))Jk(t) — (Jr(s) + %Jkﬂ(S) + ;Jk+1(5))Yk(t)>

and
1

gk(s,t) = te_se? ((Yk(s) + %Yk,l(s) + %Yk+1 (S))Jk(t) — (Jk(S) + %kal(s) + ;Jk+l(8))Yk(t)) .

Then |fx(s,t)| — 0 as s+t — oo in the sector t > s > r; and as above, fx(s,t)? is decreasing in k at the points
where 0fy/0t = 0if t > 1/e. In the triangle 1/e >t > s > ry, |fu(s,t)] < |gr(s,t)| and gy is decreasing in k at
the points where dgi /0t = 0. Finally, at the boundary points where s =t > r1, we have fi(s,s) = gr(s,s) = 0.
We conclude that the second inequality is valid in the whole sector t > s > ry.

For the third inequality of (40), we use the last identity of [1, (9.1.27)] which shows that the inequality is
equivalent to the two inequalities

3 1/2
TN - ROl < ket (1455 )

2\ 1/2
i (t) = Vi) a0l < K (145 )
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The first of these inequalities follows from the fourth inequality of (40), and the second can be handled as in the

proof of the second and fourth inequalities after noting that at the boundary where ¢t = s > r; we have

T(8) Y1 (8) — YE(8) Tk ()] = C1T(8)V(s) — Yi(3)Ti(5)] = —

s ms2’

thus fi(s,s) = —=2—— < 2. We omit the details.

my/ 1452 /k>

It remains to prove the first inequality of (40). This can be handled as the second inequality by using

_k
Tt

and splitting the inequality up into the two inequalities

Tk (8)Y5(t) = Yi(s) i (t) (Ji(8)Yi(t) = Yie(8) Tk () + (Yie(8) Tt 1(t) — Ji(8)Yit1 (1))

2 1/2 k 1/2
(1 + 52) I I(8)Ye(t) = Yils) Je (D]t < Kect=) (1 + ) ,

32\ /2 32\ /2
Y (8) T (6) — Ju($)Yiers (0) (1 4 ) b < Keet=) (1 N ) .

The first inequality follows directly from the second inequality of (40), and the second inequality is proved in
the same way as the second inequality of (40), except that at the boundary where t = s we have
[Yi(8)Jit1(5) — Ju(8)Yit1(s)| = 2/s.
The details are omitted.
It is also clear that the estimates above are uniform in A for A € (Ag/2,2X¢).

The estimates for SN/,f follow by the same estimates, since it is just a matter of multiplying each side of the
inequalities by the factor (1 + &2). O

We are ready to prove that there exist time-dependent exponential dichotomies on J; for the full system (4).
First we define the spaces X* := X% x X% and ys = Y$ x Y. Note that y® C X C X*°. As before, we can
decompose those spaces into X* = @rez X} and V* = Brez)y with &7 = X,ﬁ X X,‘j and Vi = f/,j X f/ks.

For s > s3 = r3, we have that r = s and hence, for s € [s3,00), the system (4) reduces to

0 1 0 0
1 1

-0 -1 1 0
0 0 0 1
A 0 -%0* -1

U'=A(s; U with A(s;\) = (42)

We consider the system (42) for s € [r1, 00) and record that (42) and (4) coincide on the smaller interval [s3, 00).
The exponential dichotomy for (4) on the whole interval J; will follow from the fact that the systems (4)
and (42) are linked by the smooth transformation r(s) of the independent variable on the compact interval
[s1,s3]. Thus, since we are using r = s in (42), we see that if U(s) is a solution of (42) for s € [ry,00), then
U(s) = diag(1,7/(s),1,7'(s)) U(r(s)) is a solution of (4) for all s € [s1,00). Recall that there are constants
0 < ¢ < C such that ¢ < r/(s) < C for all s € R, thus dichotomy results for U will immediately give similar

dichotomy results for U.

It is easy to check (similarly to Lemma 2) that A(s;\) : X* — X' is closed and densely defined with domain Y*
and that A(s; A) : Y* — Y* is closed and densely defined with domain 75 x 75,

The Fourier coefficients of U = (u1, ug, uz, us)? satisfy the system

!/
U = u2,

, k2 1
Uy = S—Qul - gUg + us,

, (43)
Uz = U4,

, k2 1
Uy = Aug + S?U?) — ;U47
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of ODEs, where we omit the subscript k. We denote by ®j(s,t) the evolution operator corresponding to the

system (43) and consider this evolution operator in either X'* or Y*.

Now we can use the earlier dichotomy results to show the existence of a uniform (s-dependent) exponential
dichotomy for the system (43) and hence for (42).

Lemma 13. There exists an ¢y > 0 such that for any € € (0,¢y) there exists a K > 0 such that for any
X € (Mo/2,2)Ng) there exists an s-dependent exponential dichotomy of (42) on Jy such that the evolution operators
3 (5,15 ) and (s, t; \) solve (42) and

195 (5,5 Ml e,y = 195 (s, 5 N) [l oye ey < Kem A 1m96=0 s> 4>y, (1)
||<I>C+u(87t; )\)||£(Xt’Xs) = ||¢$L(S7t;)\)||£(ytvys) < Kee(t_s), t>s>nr.
The dichotomy is smooth in A for A near \g.
Proof. Since X* = &X} and each X} is mapped into X under the flow of (42), we write for U € X*
@7 (s,t)U :zZ@i(s,t)ﬁkeik‘7 s>t>r,
keZ (45)
(s, ) 1= (s, )TUne™,  t>s5>7.
kez

Moreover, for each k € Z the evolution operator P (s, t) associated with (43) can be expressed in terms of ¢ (s, t)
and ¥ (s,t). Indeed, it can be seen that

Ba(st) = L ( Ou(s ) + (s, ) Jx(dnls,t) - ws,t»)
’ 2 \/X(¢k<svt) _"/)k(s’t» ¢k<svt)+"/)k(8vt) .
Similarly,
NS B {CRO R YA CR)
Oi(s,t) = 5 <ﬁgbz(s,t) ;Z(&t) )

and

De(s. 1) = L ( Oh(s, ) +ulst)  JR(Gp(s0) ~ ¢k<s,t>>> |

FTT T2 \VN@ (s 1) — (s, ) B(s, )+ k(s, 1)

Introducing the temporary notation Uk = (u,v)" € X}, where u(u1,u2)” and v = (us,us)”, we have

2
(46)

S Iy 1
@305, )Txl3; = 501 +A>]
X5

1
Oi (s, t)u + ﬁﬂﬁi(s, t)u

Since we will take the supremum over all Uy, € X} such that ||(7kH xr = 1, we may without loss of generality
assume that v = v/Au, since all other choices will result in a smaller value of the right hand side of (46). For
any such u and v € X}, the condition that H[A]kaY, = 1 implies that Hg||§~(, (14 X) = 1. We therefore have

k k

~ 14+ A

sup [ @p(s )URlI%; = sup = [éi(s, Dul%,

U115, =1 laull%y =1/(142) .
k 7

sup || (s, t)u %
H?'(t =1 ¥
k

2 u

which shows that 1
||(I)Z(Sat)H[l(X,:,le):EH(bZ(Sat)”ﬁ(f(fc,f(,j)'

Likewise,

195 (55 )l e ) < NPR(s: Dl ) + 19k (s, )l o a0
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where

,t _ Yr(s,t)
(5,1) = (_f;f;k(s) ) W(fﬂ) and B(s,1) = B (s,) — B(5,1).

As above,
c 1 2
1905, Ol ey =g 0o, D2 5
U 1 U 2
”(I)k(svt)HE(X,é,X,:):ﬁHQbk(S:t)||L(XE7Xz)-
From Lemmas 11 and 12 it follows that

195, (5, )| g, apy < Kem X' =06-0 s> 4>

(47)
195 (s, )| cp ey < Kee=2), t>s>r.

By (45) and (47) we see that for s >t > rqy

||<I>i(s,t)H%(Xf,’Xs)= sup H(I>s(s,t)U||§(s= sup HZ(I)’C s, 1) Upe™ ‘Xg

U xe=1 Ullxr=1"cz
= s S||eps 00| < sup SRR e ey [
1Ullxt=1 17 X WUllxe=11cy
_ 1/4_ _ _o(A\/4_ _
< sup K2€ 2(A €)(s t)HUk”%{’z _ K2€ 2(A €)(s t).
1Ullxt=1 ez

A similar calculation shows that ®" satisfies the second equation of (44). The estimates for ffks follow by the

same estimates since it is just a matter of multiplying each side of the inequalities by a factor (1 + k2)2.

Finally, the smoothness in A follows from the implicit function theorem [4, Corollary 3.1.11]. As A(s; \) depends
linearly on \, we get that <I)6/°u(s t; \) satisfies

d s/cu Ss/cu
£<I>+/ (5,5 2) = [A(5;20) + (A = Ao) Bo] ®%/“(s,8; 1),

where By is defined by (18).
For A € (Xo/2,2)o) and sufficiently close to Ao, the pair (®7% (s, t; X), @5 (s,t; X)) satisfies the fixed point equation

t
D7 (5,85 X) = D (5,85 X0)+ P (5,85 M) P (51,65 A) + (A — Ao) {—/ ®7 (5,73 Ao) Bo @ (7, t; A) dr

1
S o0
+/ % (5,73 Ao) Bo @L(7, 3 ) dT—/ D (5,75 Ao) Bo @5 (7,5 \) dT:|,
t s
s=>t=>ry;

D (s, 0) = DL (5,85 A0) =P (5,85 M) P (51,85 A) + (A — Ao) {/ % (5,73 Ao) Bo (7, t; X)) dr

2l
t o)
—/ O (5,735 Ao) By @ (Tt)\)dTJr/ O (5,73 Mo) By @7 (TtA)dT:|,
s t
t>s>r.

This fixed point equation is considered as a mapping on X*® x X where X/ are defined as

Xs _ {‘Ps(s,t) c C(Xt,)(s); ||(I)S<3=t)”f(s = sup e((Ao/2)1/4_e)(S—t)H(bs(s,t)||£(xt7XS) < oo}
s>t>ry
Xev = {cpcu(s,t) € LA, X%); |0(8,1) || geuw = sup e 2D (s, 1)|| (e 1) <oo}.
t>s>r1

With the estimates derived before on ®% (s,#;A) and ®9"(s,t; ), it is easy to check that the right-hand side
is well-defined in this space. With the implicit function theorem, it follows immediately that the mapping is

smooth for A near \g. O
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6 The unperturbed adjoint system

The dual space of X is X' = H™2 x H™! x H™! x L? (using the L? pairing). For the space X', we make the
decomposition
X' = @kGZX]:;7

where X, are 4-dimensional pairwise orthogonal subspaces span{((a,b,c,d)e?*); a,b,c,d € C} C X'. For
W e X and U € X}, we have the pairing

(W,U) :=w1u1 + Waug + Waus + Waud, (48)

where the bar denotes the complex conjugate. This means that we may use the standard inner product on C*
when computing the adjoint equation.

Similarly, the dual space of X := H' x L? x H! x L? is X' = H~! x L? x H~! x L? (using the L? pairing) and
we can make the same decomposition as above, i.e.,

X' = ®rezd,

where X} are the same 4-dimensional subspaces as above but are now regarded as subspaces of X’. For W € X

and U € X}, the pairing is again as in (48).

At the end of Section 4, we have investigated the solutions of the unperturbed linear system U’ = A(s; Ao, 0)U
on J_. The adjoint unperturbed system is

W' = —A(s; Mo, 0)W = —(A* + B(s; Ao, 0)*) W. (49)

Just as in the case of the unperturbed linear system itself, expanding W in a Fourier series shows that the Fourier
spaces X, are invariant under the flow of the adjoint system (49), and the Fourier coefficients satisfy the adjoint
equation of (13), i.e.,

Wis) = — [2,(1@* + B(s; A, 0)7| Wi(s). (50)

It is well known and straightforward to check that the pairing of a solution of a linear system with a solution
of its adjoint is constant. For our systems, this means that any two solutions Uy(s) of (13) and W(s) of (50)

satisfy

%(Wk(s), ﬁk(s)) =0, and thus (Wk(s),ﬁk(s)) = (Wk(sl), ﬁk(sl)> for any s € R. (51)

From [17, p. 56] it follows that if a finite-dimensional linear system has an exponential dichotomy on an interval J
with constants K, k° and k", then the adjoint system has an exponential dichotomy on J with the dichotomy
constants K, —k" and —k°. Furthermore, if we denote evolution operators corresponding to the exponential
dichotomy of the adjoint system (50) by iii(s,t) and @z(s,t), respectively, then ii(s,t) = ®}(t,s)* for t <s
with s,t € J and @g(s,t) = &7 (t,s)* for s <t with s,t € J.

On J_, the dichotomy constant K in (16) is independent of k, and so we immediately get the following estimates
about the solutions of the adjoint system in the Fourier spaces X, with norm
|wi|? wa*  Jws?

W 2 ;= W w12 ;= 2 .
|| k”X,c || k€ ||X (k2 T 1)2 + k2 11 + k2 +1 + "U}4|

Lemma 14. There exists a K > 0 such that for every k € Z\{0} and Wy € X

D5 (s, )Wl x; < K e MO [Willx;,  t<s<si,

|25 (s, OWillxy < K MO Wiy, s <t <
Furthermore, for any solution Wk(s) with Wk(sl) € Ran(&;}g_ (s1,51)), we have
[ (3)] < KelH =0 [Wi(s1) |

for all s < s1, where wg(s) denotes the fourth component of ﬁ/\k(s)
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Similar arguments give the dichotomy of the adjoint system on J;. From (47), it follows that the solutions
of the linearised system in the Fourier spaces ®j(s,t) and ®{*(s,t) have an exponential dichotomy with a
uniform constant K. The dual space of X® is denoted by (X*)’, and for s fixed, this space is equivalent to
H~' x L? x H! x L?. The dual Fourier space is denoted by (X)), and its norm is

§2

e |wa]? + |wal?.

IWelltas ) = Wie™ [[Fxe, e glwil® + wel +

k;2 k24 82

On J,, we have the following estimates:
Lemma 15. For every e > 0, there exists a K > 0 such that for every k € Z\{0} and W, € X,
1855 (5, Wl ey < K €0 [y sm<t<s,
1BL (s, ) Wil ey < K eX 0D W[ ey, 51 <s<t.
Moreover, for any solution Wk(s) with Wy(s1) € RaLn(EI\)z"’(sl7 s1)), we have
i (s)] < Ke =W (51)| 2001y
for all s > s1, where wy(s) denotes the fourth component of /Wk(s)

Next we look at the adjoint system associated with £ = 0. In Lemma 9, we have seen that the solutions space of
the linear system at k = 0 is spanned by Uy j, j = 1,...,4. Now let Z; ;(s) be solutions of the adjoint system (50)
with £ = 0 such that {Zy;(s1)}i=1,..4 is a dual basis of {Up ;(s1)}j=1,..4 (i.e., (Zo(s1),Uo,;(s1)) = 6i).
With (51), this implies 0;; = (Zo,(s),Up,;(s)) for any s < s;. The unbounded solutions Uy, and Uy are
not unique, but they can be chosen such that Z, 2 and Zp 4 are bounded on J_, whereas Zy; and Zp3 grow

algebraically as s — —oco. A convenient choice for Zy 2 and Zg 4 is

_r(s) :
ZOJ(Z) = 7,/(5) UO,j71<s>7 J= 274a (52)
where Ut = (—uy,us, —us,uy) if U = (uy,u2,uz,us)’. It is easy to check that Zd:j(s) are solutions of the
adjoint system (49) using that Uy j_1(s) are solutions of the original system (4).

As will be shown below, a similar exponential dichotomy on J_ as in Lemma 14 also holds with norms in X”.
Lemma 16. There exists a K > 0 such that, for every k € Z\{0} and Wi € (X)), we have

185 (s, OWillar < K e MO0 [ Wflar, <5 <51,

|25 (s, )Wl < K MO0 [Wiflar, s <t <.

For any solution Wy (s) with Wk(sl) € Ran(@%(sl, s1)) and with wy(s) denoting the fourth component of W (s),
we have |wg(s)] < Ke‘k‘(s_sl)HWk(sl)HX/ for all s < sy.

Proof. First we will show that the linear system (13) has an exponential dichotomy in X%. The proof is very
similar to the one in section 4 with a slightly modified matrix M}. Define the matrix M} whose columns consist

of eigenvectors of A_(k) that are scaled different to those in Mjy:

—1/|k| 0 1/1k| 0

— 1 1

M, = 0 0
0 —1/|k| 0 1/1k|
0 1 0 1

As M, consists of eigenvectors of A_ (k), it follows immediately that A_(k) = ]\/Z;@ij\//z;l. It is also straightfor-
ward to verify that My, is a homeomorphism between C* and ), with || Mp||z(ca,x,) — V2 as |k| — oo.
Using the same ideas as in the proof of (16), with M}, replaced by ]\//.Tk and exploiting the observation that

27-/\k\
T Bl o OV < = sup {1, 1A = (s)
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we find that R R
@5 (s, ) Us|lx < K e MED T lx, ¢t <s < s,

5 K - (53)
@5 (s, ) Ukl SKe‘ I(s=1) Uk || 2, s<t<sy

for any ﬁk € X}, for some constant K that is independent of k. As X} is finite-dimensional, this immediately
implies the estimates of the Lemma. O

Finally we will show that, for large values of k, the solutions of (50) are close to the solutions of the asymptotic
system Wé(s) = —A,(k)*/VVk (s). Recall that we denote the spectral projection onto the eigenspace of A_(k)
associated with the positive eigenvalue |k| by P and the complementary projection onto the eigenspace of A_ (k)
associated with the negative eigenvalue —|k| by Pj.

Lemma 17. For every € > 0, there exists an N € N and a § > 0 such that, for every |k| > N, we have

||<f>z(5751) _ elk\(sfsl)(p]j)*”axé) < eelklls=s1), forall s — 6 < s < s1,

_ (54)
@Y (s,s1) — 6‘k|(s_51)(P§)*||c(x,;) < €e|k|(5—51)7 for all s < s1.
Thus, for |k| > N and Wk(81> € Ran(&)}j(sl,sl)), we have
[Wi(s1) — (P) Wi(s1)llx; < el Wi(si)llx;,
[Wi(s1) — (P) Wi (s1)llxr < el Wa(s1)lx, -
Proof. The evolution operator C/I;}g(s, s1) satisfies
B (s,51) = elflemo0 (PE)” — / e MO0 (BE) Bt 2o, 0) @Y (1, 1) d
S1 A
+/ elFI=D (PE)* B(t; Mo, 0)* @1 (¢, 51) dt.
From its definition (11), we immediately see that || B(t; Ao, 0)*||z(x/) < Ce? and [|B(t; Mo, 0)*[| a7y < \/k(;ﬁ et

for some constant C, independent of k. Hence, with the dichotomy estimates from Lemma 14, we get that for
s < s1 and k € Z\{0}
S

[B(s.50) = MO (P ey < OK [ o0y

oo

+CK N elkl(s=t) 2t eIl (t=s1) gy

S

CK e2s1
< CF jkj(s—s1) A
=5 NI

It is now easy to see that we can choose N > 0 large enough and § > 0 small enough such that the first inequality
of (54) is satisfied.

With the dichotomy estimates from Lemma 16, we get

(s, 51) — Mo (B)* g < Iblt=) 21l t=s1) gy

70 K/S e
VEZ+1 —c0
C 1
- [kl(s—t) L2t |Fk|(t—s1)
+mK/S e e“‘e vdt

< COK  ki(s—s1) (62 N 6251)
BV CES (1 + [&])

2s
< CKe™ lki(s=s)
T VEZ+1

It follows that also the second inequality of (54) is valid when N is sufficiently large. O
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7 Matching the core and far field solutions

In the next lemma we show that u is an embedded eigenvalue of of £ + p if and only if U is a solution of (4)
such that U(s1) € Ran P{ (s1; A, p) N (Ran P¥(s1; A, p) & PP (s13 A, p)).

Lemma 18. Let u be an L? solution of (1). Then the corresponding solution U(s) of the system (4) is bounded
in X as s — —oo and decays exponentially with rate \'/* — € as s — 400 in the sense that for any € € (0, )\1/4)

there exists a constant K > 0 such that
|U(5)]| e < Kem =0 (55)

for every s > s1. Conversely, if U is a weak solution of (4) such that ||U(s)| x is bounded as s € J_ and such
that ||U(s)||xs decays exponentially as s — +oo (with any decay rate), then it corresponds to an H* solution u

of (1).

Proof. If u is an eigenfunction of (4), it belongs to H*(R?). By Lemma 1, the associated solution U(s) of (4)
is bounded in X as s € J_. In J4, for s > s3, the system (4) reduces to (42) and the decaying solutions of this
system are series formed by Bessel functions K}, Jx and Y;. The decay of Ji and Y} is asymptotic to 1/4/s as
s — 400, and so these solutions do not give rise to L? solutions of (1). It now follows from Lemma 13 that U(s)

decays exponentially as s — 400, in the sense that (55) holds.

Assume that U is a bounded weak solution of (4) which decays exponentially as s € J;. We need to show
that the first component of U which we denote by u belongs to H*(R?) when regarded as a function of the two
variables (r, ¢) in radial coordinates. As U is a weak solution of (4), by Definition 1, U € L? (J;Y)NHL (J; X).
Also, ||U||x is bounded on J_, and and hence U € L{°,(R_; X). From Lemma 1 we know that u € H}} (R?),
so we only need to worry about the decay properties of u as r — oo (i.e. as s — o0). From Lemma 13 and the
definition of A'® it follows that for any 0 < € < ¢g and s > s
() aqsny < Kem X =900 s) e
L2(s1) = )]l a=

and so it is clear that u € L?(R?). From (1) it then follows that u € H*(R?). O

Recall that u, is the radially symmetric eigenfunction associated with the embedded eigenvalue Ay when p = 0.
Let U, be the associated solution of (4) with p = 0 and A\ = Ao, defined for s € R, i.e. U, = (ux, v}, Aus, (Auy)’)T.
Define X := H! x L? x H! x L? and recall that X = H? x H! x H* x L?. Let

E} - ={U € X; P{(s1;20,0)U =U},
E . ={U € X; P%(s1;20,0)U =U},
E® . = span{Up1(s1),Uo,3(s1)} C X,

where Uy ; are defined in Lemma 9. Roughly speaking, F{ and E* consist of the initial values at s; of solutions
of (4) with p =0 and A\ = Ao which decay exponentially as s — oo and as s — —oo, respectively, and E* & E
consists of the bounded solutions on .J_. Note that the norm of & is used for £, while the norm of X is used
for E* and E®. We have E$ N (E* & E®) = span{U,(s1)} since )y is an eigenvalue of £ with multiplicity 1.

Next, we introduce a new Hilbert space X such that X ¢ X C X, and special solutions Vi, k€Z,j=1,...,4,
such that {Vj ;(s1)} is a basis for X.

We have seen that the unperturbed system (4) decouples when p = 0 so that the subspaces X} and X}, are
invariant under the flow of (4) with p = 0. For k = 0, we pick Vp1(s1) := U.(s1) € E® N ES. Note that
there are no other solutions in X, which decay exponentially as s — oco. We pick Vp2(s1) € E° such that
Voo(s1) ¢ EY and E® = span{V; 1(s1), Voa(s1)} (thus span{Vy1(s1), Voo(s1)} = span{Up.1(s1),Uo3(s1)}).
Next, we will choose Vj 3(s1) and Vp4(s1) € Xo such that they belong to the span of Up2(s1) and Up 4(s2).In
order to do this, we introduce a dual basis Wy ;(s1) of Vj ;(s1) and choose Wy 3(s1) := UL (s1), where U (s1) =

—uy(s1),us(s1), —u2(s1),u1(s1)) and u;(s1) are the components of U,(s1), while Wy 4(s1) is any other vector
j ,
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so that span{Wy s(s1), Wo.4(s1)} = span{Zy 2(s1), Zo,a(s1)}. The remaining vectors Wy 1(s1), Wo.2(s1), Vo,3(s1)
and Vj 4(s1) are determined by the conditions that {Wy ;j(s1); j=1,...,4} and {Vp ;(s1); j=1,...,4} are dual
bases:

(Wo,;(s1), Vo,u(s1)) = 01, I=1,...,4.

We use the notation E := span{Vj 3(s1), Vo4(s1)}. We normalise the vectors such that ||Vp ;(s1)||x = 1 for
j =1,...,4 and note that, for V € Xy, we have ||V|x = ||V| x. Define Wy ;(s) so that it satisfies the adjoint
system (49) (and hence (50) with k = 0) and passes through Wy ;(s1) for s = s;. From (51) and the relation
above, it follows immediately that (W, ;(s), Vo,i(s)) = d;; for all s < s;. Furthermore, from (52), we conclude
that W 3(s) and Wy 4(s) are bounded solutions of the adjoint system on J_.

Next we consider k& # 0. The spaces X3 and &} are four-dimensional, and £ N X, and E3 N &} are one-
dimensional, E* N X}, and E* N &}, are two-dimensional, and E* N E5 N X = {0} = E* N E$ N A&}, since the
multiplicity of the eigenfunction U, is 1. Using this, we define base vectors in X} and X}, as follows: For k # 0
we pick Vi 1(s1) € E7 (and hence Vi 1(s1) ¢ E*). We also pick Vi 2(s1) and Vi 3(s1) so that they belong to E
(and hence do not belong to E3). Thus {Vi1(s1), Vi,2(51), Vi,3(s1)} span a three-dimensional subspace in the
four-dimensional spaces X and Xj. We normalize the solutions Vj, ; such that for k € Z\{0}: ||[Vi1(s1)||lx =1
and ||y j(s1)|]lx = 1 for j = 2,3. Hence there exists a unique (up to multiplication by a unimodular constant)
vector Wy 4 € X}, such that

<Wk74, Vk7j> =0 for j = 1,2,3 and ||Wk74(51)||/y}; =1.

Then (W 4(s1), V) = 0for V € Ran(®} +(51, 31))+Ran( k. ¥ _(s1,s1)) and hence Wy, 4(s1) € Ran(q)?f_‘_(sl, $1)*)N
Ran(®; _(s1,s1)") = Ran(® ks+(51, s1))N Ran(fb}jﬁ(sl, s1)). We take the one remaining solution in Xy and X
such that (Wy 4(s1), Vk74( 1)) = 1 and [[Via(s1)|la = 1. Then Vi4(s1) ¢ E* U ET as (Wi 4(s1),V) = 0 for
VeEr"+ L.

Let X be defined by

<oo}.

Note that X is the direct sum of two Hilbert spaces, which are closed subspaces of X and X, respectively. It

X = {U: Z ak]VkJ(sl) e x; ||UHX Z akJij 81 Z akJij 81

kez keZ X keZ
j=1,...,.4 j=1,4 j=2,3

follows that X is a Hilbert space.
Note that E{ and E“ are both closed subspaces of X: Indeed,

Ei = clxspan{ V. 1(s1) }rez = cla span{ Vi 1(s1) }rez
EY = clyspan{Vj 2(s1), Vi.3(51) frez\ {0y = clx span{ Vi 2(s1), Vi 3(51) frez\ {0} -
It is clear that E< is a closed subspace of X since it is finite-dimensional.

Define ¢ : X (E* ®E?) xRxR— X by

WUS, UY + U, p) = PU(s13 M, D)UY + P(s13 A, p)US® — P (s13 M, p)UG

_ ,b b s , (56)
= PY(s1; A\, p)US + P (s1; A, p)US” — Pi(s1;A,0)Ug,

where we recall the definition (29) and note that the last equality holds since p(s) = 0 for s > s1. We will see
that the range of ¢ is a subspace of X, and that ¢ is smooth into this space. For this we need a more explicit
formula for ¢. By (29), (30) and (48) evaluated at s =t = s1, we have (see (18) for the definition of By)

PP (s N p)USY = Ugb+/ D (51,75 Mo, 0)r' (T)2(X = No — p(7))BoU (3 A, p, US®) drr (57)
PY(s1;0,p) = Pf(31;>\070)+/ (51,73 Ao, 0)r' (7)* (A — Ao — (7)) Bo®“ (7, s1; A, p) dr (58)
PJSr(SlaAvo) = PqSL(sl;)‘OvO) _/ (Diu(slv,r; )\O,O)T/(T)Q()\ - AO)BOCI)i(Tasl;)‘vO) d’T, (59)
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where we recall that 7(7) = €7 for 7 < sg, so that 7/(7)? = €27 in this interval. Hence we may write

L(US, UL+ U N, p) = Ul + U — U —|—/ D (51,73 Ao, 0)r'(7)2 (X — Ao) Bo®%, (7, 513 A, 0)U§ dr (60)

S1

S1
+/ DL (51,75 20, 00”7 (A = o = (7)) Bo [UL(73 A, 5, UG") + (513 0, p)UG ] dr.

— 00

Lemma 19. The map ¢: E x (E* & E?) x R x R — X is smooth.

Proof. We have seen in Theorem 2 that (UY,\,p) +— P%(s1;\, p)UY and (USP, N, p) — P(s1; )\, p)US® are
smooth as functions from E* x R x R to X C X and from E® x R x R to X C X, respectively.

Hence it suffices to prove that P (s1;A,0) is smooth from E x R to X. We do this by studying the terms of
(59) separately. It is clear that U5 € X.

Next, we study the integral term, and note that by Lemma 13, for 7 > s;, ®%(7,51;,0) : X — X7 with
norm bounded by Ke(Al/ll_E)(T_Sl) and @i"(sl,T;)\o,O) : Y7 — Y1 with norm bounded by Kec(™=51)  Recall
that X = H! x L? x H! x L? and Y* = H? x H' x H?> x H! with s-dependent norms. Thus By : X7 — )7
is bounded with norm 7. Using the exponential estimates of Lemma 13 and that Y € X € X C X1, there

exists a constant C' > 0 such that for any € > 0 sufficiently small

o0
/ 5 (51,73 Ao, 0)1(7)2Bo®5, (1, 813 A, 0)U§ dr

S1

o0
/ D (51,75 X0, 0)Bo @ (7,515 A, 0)U dr

S1

]
X

Y
2_(AY4—2¢)s; > —(AY4—2¢)r s
< CKZ% Te dr||Ug [l =1

E
CK?
< ——— US|~
= ()\1/4 o 26)2 ||UO||X7
for some constant C'. To show that the integral term is smooth in X into X, it suffices to prove that for n > 1

n

o
. d 3 '
/ (51,75 Ao, 0)r' (7)? By % (7, 513 A, 0) U dr

. "

dar
Y dA\"

as ®5 (7,513 A,0) does. It follows as above that the integral in question converges in Y** C X. Smoothness in

belongs to X. This follows since, by Lemma 13 3 (7,515 A, 0) satisfies a similar exponential decay estimate

U§ is immediate, since ¢ is bounded and linear in Ug into X. O

Lemma 20. The operator A% + 0 + p has an embedded eigenvalue X\ > 0 if and only if there exist US € EY,
Uy € B* and US® € E® such that
UG, Ug + U’ A, p) = 0. (61)

Proof. If X is an eigenvalue of £+ p, then by Lemma 18, the corresponding solution of the system (4) is bounded

as s — —oo and decays exponentially as s — +00. Hence there exists a solution of (4) with initial condition
Pi (513, p)US = P(s1: A, ))Us + P (s1: A, p)UG”

at s = s, i.e. (61) holds.
Conversely, suppose that (61) is satisfied for some (U§, Uy + U, A\, p) € ES x (E* & E?) x R x R. Then there

exists a solution of (4) with initial condition Us = U¥ + U§®. By Lemma 18, this implies that ) is an eigenvalue
of L+ p. O

Lemma 21. The subspaces E<® @ E* and E3 have complements in X denoted by E“® E*® and ES$". Moreover,
(E<* @ E°) N ES" is infinite-dimensional and has a basis with elements Vo 3(s1), Voa(s1) € Xo, Via(s1) € Xk,
ke Z\{0}.
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Proof. Recall that E€® = span{Vp 3(s1), Vo,4(s1)}. Let

E? :=span{Vi 1(s1), Via(s1); k € Z\ {0}},
E$" : = span{Vy 2(s1), Vi,3(s51), Via(s1); k € Z},

where the closures are taken in X. It is easy to see that these spaces have the desired properties. O
Let @ be the projection in X onto Ran(-,+; Ao, 0) = E5 + (E* & E) such that
kerQ = E{" N (B ® EY).

Note that Ran @ and ker @ are closed subspaces of X, and @ is therefore continuous.

Equation (61) is equivalent to the pair of equations

QuUs, Ug + Us*; A, p) = 0,

s u cb ~ (62)
(I = Q)u(Us, Uy + Ug”s A, p) = 0.

Lemma 22. For (\,p) in a neighbourhood of (A\g,0) € R x R, the first equation of (62) has a unique (up to
constant multiples) nonzero solution (U3, UY + U{jb) which depends smoothly on A and p is this neighbourhood.
We write US(\, p), UM, p) and USP(X, p). Furthermore, U (Ao, 0) = U.(s1) = U§* (Mo, 0) and U¥(\o,0) = 0.

Proof. For (X, p) fixed, Qv is a linear mapping from Ef x (E* & E°) to Ran Q. It is clear that

ker Qu(+, -3 Ao, 0) = span{(Us(s1), Ux(s1)) }.

By Lemma 19 and since Ran @ is closed, it follows that Q¢ is a smooth mapping in its arguments. Let D be an
affine hyperplane of E5 x (E* & E®) such that D N span{(Us(s1), Us(s1))} = {(U«(s1),U«(s1))}. The implicit
function theorem then implies that for (A, p) close to (Mg, 0) the first equation of (62) has a unique solution
(US, UL+ U = (US(N, p), UL(A, p) +UEY (A, p)) € D in a neighbourhood of (Us(s1),Us.(s1)). Moreover, U§, UY
and Ug® are smooth in their arguments. O

For (), p) in the neighbourhood obtained in Lemma 22, we let
F(Ap) : = (I = QU5 (A, ), Ug (A, p) + Ug" (X, 7))

—(1-Q) / L% (51,75 00, 006 (A — Ao — (7)) Bo [USH(r3 A, ) + 8% (7, 515\, UL (A )] dr

oo

+( - Q)/ O (51,73 X0, 0)r'(7)*(A = M) Bo®3 (7, 513X, 0)UG (A, p) dr
51

where US?(s; \, ) corresponds to U (s, A, 5, US? (A, p)) so that US®(s; Ao, 0) = U.(s). We see that solving (62) is
equivalent to solving F'(A, p) = 0.

On Ran(I — Q) C X, the X-norm is the same as the X-norm, and so we solve F(),) = 0 in X. For k € Z\ {0}
let Fr(X\, p) := (Wi a(s1), F(X, p)), and for k = 0 and j = 3,4 we let Fy ;(A,p) := (Wo ;(s1), F(A, p)). Define
Wi a(s) so that it satisfies the adjoint system (49) (and hence (50)) and passes through Wy, 4(s1) for s = s1. As
Wia(s1) € Ran(®5", (s1,51)") N Ran(P;, _(s1,81)") = Ran(ffzf_ir(sl, $1)) N Ran(EI;}gv_(sl, 1)), we get for k # 0

Fie(A, p) = / (Wia(s1), (51,73 X0,0) €™ (A = Ao — 5(7))Bo [Us" (T3 A, p) + @“ (7,515 A, p)UG (A, p)] ) dr

— 00

+ / (Wia(51), @5 (51,73 30, 00" ()2 (A — Ao) Bo®%. (7, 51: X, )US (A, 7)) dr

S1

= [ (27— 2o = DBy (U (73 0,5) + % (rsus A AU O )] dr

— 00

4 [, (20— ) B 5150, O A, ) d

s1
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and for £k =0 and j = 3,4 we have similarly

S1

Foi(\p) = / (Woi (1), €2 (A= Xo = (7)) Bo [Us* (T A, p) + @ (7, s13 A, )UG (X, p)] ) dr (63)

—00

+/ (Wo (1), (1) (A = Xo) Bo®? (7, 513X, 0)UG (A, p)) dr
s1

Lemma 23. For (\,p) in a neighbourhood of (M,0) € R x R, the equation (62) has a nontrivial solution
(US(N\ D), US(N, p) + USP (N, p), A\, p) € ES x (B @ E?) x R x R if and only if Fy(\,p) = 0 for k € Z\ {0} and
FoJ(/\,ﬁ) =0 fOT’j = 3,4.

Proof. Suppose that (Ug(X, p), U\, p) + UsP(\, ), A\, p) € B3 x (B* @ E??) x R x R solves (62). It is then
clear from the definition of Fj, that Fi (X, p) = 0 for k € Z\ {0} and Fy ;(A, p) = 0 for j = 3,4. Conversely, let
Fr(X,p)=0for k € Z\ {0} and Fy (A, p) =0 for j = 3,4. By Lemma 22, the first equation of (62) is satisfied,
so it remains to check the second equation of (62). Recall that the basis vectors in Ran(l — Q) are Vi ;(s1),
where j = 4 for k # 0 and j = 3,4 for k = 0. The coefficients of (I — Q)c(Ug, U + U§’; A, p) with respect to this
basis are then Fy ; (j = 3,4) and Fy, k € Z \ {0}. Since all these coefficients vanish, the conclusion follows. [

Lemma 24. The equation Fy3(A, p) = 0 defines A as a smooth function of p in a neighbourhood of p =0 such
that A(0) = Xg. Furthermore,

J2L ()2 (s)e* dr

S @ ()2 (r)r (7) dr

where ,/5\0 is the Fourier coefficient of p corresponding to k = 0.

X(0)5= -

Proof. By Lemma 19 it follows that Fj 3 is a smooth function of A and p in a neighbourhood of (A\g,0). Note
that

o0

agi,S(Ao,o): /00 (Wos(r), ()2 BoUs (7)) dr = / w3l (s)r (r)? ds.

— 00 — 00

where we have used that Ug(\g,0) = Us(s) = US®(A\o,0) and U (Ao, 0) = 0. We recall that Wy 3(s1) = U(s1)
and that Wy 3(s) satisfies the adjoint system (49) for s € R. It can be verified that

Woals) = "yt s)

r'(s)
for s € R, where UL = (—uy4, uz, —u2,u1), and u; are the components of U, j = 1,...,4. Hence
OF o
202 (2, 0) = / wa(8)2r()r () ds > 0, (64)

The last inequality follows since the integral is positive (using that u, is an eigenfunction).

Since 0Fp 3/0A(Ao,0) # 0, we can solve the equation Fj (A, p) = 0 by the implicit function theorem for X as
a function of p, and this solution is a smooth function A(p), defined in a neighbourhood of p = 0, such that
A(0) = Ao, and N (0) is given by

0Fy 3 _ /0Fy3 _ [ (7')2,/5 (T)e*™ dr
w0/ 2552000 = -

as claimed. O

Since we have solved Fp 3 = 0 for A in terms of p, the remaining equation corresponding to k = 0is Fy 4(A(p), p) =
0. We define

Gmwszmmmﬁuu No — 3(r)) Bo [US(7: M(5), B) + B (7, 51: A(), UL (NP, )] ) dr

— 00

+/OO<W0,4(T)77“'(T)2(A( p) = Ao) Bo®(7, 513 A(p), 0) U5 (A(p), p)) d,

s1
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and for k #£ 0,
Gu(7) : = Fu(A\(5), )

= /S1 (Wi,a(7), €% (\(B) = Ao = 5(7))Bo [U5"(T: A(p), ) + L (7 515 M(p), A)Us (A(p), p)] ) dr.

— 00

+/ (Wia(1),7' (1) (A(p) — M) Bo®(7, 513 A(p), 0) UG (A(p), p)) dr.
Lemma 25. The mapping G : R — 13 defined by

G(p) = {Gr(p)}rez

is smooth.

Proof. We first verify that the range of G belongs to 2. To do this, we split the expression for G (5) (k # 0)
into three terms, which we deal with separately:

S1

Gr(p) =(A(p) = Xo) /81 <Wk,4(7),€27Ucu(T)> dr —/ <Wk,4(7),627ﬁ(7)U°u(7)> dr
% > (65)
+OG) =) [ (Wialr). ' (20°(7) i,

where we used the notation
U (r) = [Ug" (T3 A(p), p) + @2 (7, 51: M), D) Ug (M), )],
US(T) = (I)j-(Ta S15 A(ﬁ aﬁ)U(f(/\(ﬁ)7ﬁ)
Then BoU (1) € {0} x {0} x {0} x H?(S') and BoU*(7) € {0} x {0} x {0} x H!(S'). Furthermore, by its

construction, we have that Wy 4(s1) € Ran(@%}_(sl, s1))N Ran(ZI;Zf_F(sl, s1)) for all k € Z\{0}. Thus Lemma 15
implies that for any € > 0 there exists a constant K such that for every k € Z\{0} and s > s,

||Wk,4(8) Il(Xs)/ S Kee(s_sl)

as the norms on X’ and (X°*)" are equivalent and ||[Wj 4(s1)[|x = 1.

Now observe that BoU?®(7) vanishes for all components except the last one, so we only need an estimate on the
last component of Wy, 4(s), which we denote by wy, 4. Then the estimate above gives that there exists a constant
K independent of k£ such that

|wg.a(s)| < Kee(sfsl), for all k € Z\{0} and s > s1, (66)

as X' = H ' x L? x H~! x L?. Similarly, from W 4(s1) € Rarl((/I;}:,’_(sl,51))7 Lemma 14, X' = H 2 x H™ ! x
H=' x L% and |Wi4(s1)||x < [|[Wka(s1)|lar =1, it follows that there is some constant K such that

lwr.a(s)] < Ke*s==1) for all & € Z\{0} and s < s;. (67)

First we look at the last integral in (65). Let u/\z(T) be the first component of the k-th Fourier coeflicient of
@3 (7,513 M(p), p)US(A(p), p), then the definition of By in (18) gives

oo
—

/00 <Wk74(7),T/(T)ZBQUS(T)> dr = / T‘/(T)z’ka(T) uj (7) dr.

S1 S1

From Lemma 13, it follows that, for any € > 0 and 7 > s,
s ~\ ~\TTS ~\ = - p)/4—e)(r—s s ~\
195 (7, 513 M), DUS (A(D), p)llacr < Kem XD T=9T=0 U (A(B), 5) a1 -
This implies for the Fourier coefficients qu that

> <1+f_z>

kez\{0}

— 2 ~
o[ < 0t

VT DNUS (A B), 5) I3 -
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Combining this with (66), we see that for any p, we have

Z (1+k2)</:or’(7)2wk4() o(r d7-> <C Z (14 k?) (/ Ker=) 5 ()|d7->2

kez\{0} 1 kez\{0}

<c Y (/:64”1)(17) </:e3€<f (14 K)[@ ()|2d7>

kEZ\{O}

<7 3e(T—s1) 2 l_i_k‘j As( )|2d
T2 Up\T T
keZ\{o}

<C/ 72 _2(,\(p VA _de) (71— «51)HU‘5( ( ) )”Xsl dr < C,

where C' = C(¢) denotes the different constants occuring.

Next, we look at the first integral in (65). Let @ be the first component of the k-th Fourier coefficient of
U (T3 M(p), p) + @™ (7, 515 M(p), P)UXA(p), p). The definition of By gives that the first integral can be written as

S1
—

/_S1 (Wia(7),e* BoU" (7)) dr = / T w4 (1) ug (1) dr.

o0 —00

As ®* leads to solutions with an X-norm that is exponentially decaying at —oo and Ug® is bounded in the

X-norm, there exists a constant K such that the Fourier coefficients Ez\“(r) satisfy

> 14k @(7)’23 > (1+k%)°

kez\{0} kez\{0}

— 2
G| < K2

for all 7 < s1. Together with the fact that (67) implies that |wg 4(7)| < K for all 7 < s1, this gives

> (14 (/ €2 w4 (7) U (7) dT>2 <K* > (14K (/ £25162(r=51) @(T)dT)z

keZ\ {0} o kez\{0} e

S1 S1 o
< K225 Z (/ 62(751)d7'> (/ (1+ k2)62(7751)|u2"(7)|2 dT)

kezZ\{0}

K26231 S1 . — K4€2$1
< /_ P S (L R () dr < T

o0 kezZ\{0}

Finally, let v(7) be the first component of p(7)U(7), so that v(1) = p(r)u(r). As u* € H?(S!), its
H? norm is uniformly bounded on (—o0,s1] and p € L?(J_; H/?(S'),e**ds), Lemma 5 implies that v €
L2(J_; H'Y/2(SY), e?ds).

Denote the Fourier coefficients of v by 7. Then the second integral of (65) can be written as

/S; <Wk,4(7'),e pr\U (T >d7.,/81 eszﬁk(T)dT

— 00

and the estimate (67) on the decay of wy, 4 implies that there exists a constant C' such that

S1 2 S1 S1
( / e2rwk,4(r>@(r>d7> g( / K262<lkl+1><w>) ( / e%ﬁk(f)mf)

K2 S1
< — 2D, dr < / 6273 2 )= dr,
< gD | L < kl

and so

S (148 (/ eQkaA(T)sz(T)dT)Q <c ¥ (1+k2)1/2/51 2D (r)2 dr

kez\ {0} —oo kez\{0} T
= CHl/Hiz(J_;H1/2(51),e28ds) < 00.

Hence the second term also belongs to /3, and so the proof of the claim that the range of G is contained in % is
complete.
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Smoothness follows since the integrands are smooth in p and since the derivatives of arbitrary order of the
evolution operators ®% (7, s1; A(p), p) and ®*(7,51;A(p), p) belong to the same exponentially weighted space as

the evolution operators themselves (see Theorem 2 and Lemma 13). O

Finally we consider G'(0). Since U, is radially symmetric (and hence belongs to Xo) we have for k # 0 that

GM®ﬁ=/W<W%Mﬂm%ﬂ%me—ﬁUDRWMﬂ>w

— 00

— 00

where ﬁk is the k-th Fourier coefficient of p. For £ = 0 we have

51 ~  woal D uL(T)r' (T)2dr 51
amm=—/ 02 Bolshus(s)e2 ds — =g 04T () (7) / Po(s)us ()€ ds.

oo ffooo s (7)2r(T)r' (1) dT ) _o

To rewrite the preceding expressions, we define

Mk (8) = w4 (8) 1 (8)X (— 00,61 (5)
for k € Z \ {0}, and set

1= wo.4(T)us(7)r ()2 dr

ffooo s (7)2r(T)r' (1) dT

Mo(s) = [wo,4(8) + U (s)
Then we may write

— 00

S1 o
g5 ={- [ ermiinir
kEZ
For any k € Z, we have ne’* € R: indeed, (67) shows that [wy 4(7)| < Kel*(7=51) for any 7 < s, and k € Z\{0},

while |wg 3| and |wp 4| are bounded on J_, so that there exists a constant C such that

C

51 S1
w(T)2 e?7dr < sup us (T2 C elEI+2)(T=51) qr < sup ul(T 2
n

—00 TE(—00,81) TE(—00,81)

From the definition of G’(0)p, it follows immediately that G'(0)p = 0 if and only if

/ €2 i (7)(7) dr = 0

[e )

for all k£ € Z. Thus, if we define

M = span{netr¢; k € 7},

where the closure is taken in R. Then it can be seen that M is the orthogonal complement in R of ker G’ (0),
and so Rker G’ (0) ® M.

Lemma 26. G'(0) : M — 3 is a linear homeomorphism.

Proof. Tt is clear that G/(0) : R — (2 is bounded since by Lemma 25, G is smooth in a neighbourhood of 0.

We need to investigate the subspace M. Let n € M be arbitrary, then

(s, 0) =Y arne(s)e™. (69)

kEZ
The upper bound estimate (68) implies that
s1
Il = > (1 + k2)1/2|akl2/ ()2 *Tdr < C" Y Jay . (70)
keZ - keZ
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Next we derive a lower bound for HWH% Since u.(s1) # 0, there exist € and § > 0 such that u,(s)? > €2 for every
s € (s1—9,s1). Lemma 17 shows that, for k large, W}, 4 is close to solutions of the system at infinity, both in the
X and X norms. This allows us to get a lower bound on |wy, 4(s)| for k large. Let € > 0 and K as in Lemma 17.
As Wi a(s1) € Ran( ¥(s1,s1)), it follows that Cﬁ}g(s, 51)Wga(s1) = Wi.a(s), and hence

1Wia(s) = M=) Wia(s1) | < e [ Wi (s1) [ ar = el

for |k| > K. Thus we get for the fourth component wy, 4(s)

wia(s)| = e D(P) Wi a(s1))a] — |wi(s) — e ((P)* Wi 4(51))4]
> M=) (P2 Wi a(s1))al = [[Wia(s) — e (P) Wi a(s1) | v
> M=) (1((PR) Wi a(s1))al — el Wia(s1) [l ) = ™70 (g 4 (s1)] — 2€|[ Wi a(51) | )
> elkl(s—s1) (lwg,a(s1)] — 2€).

To get a lower bound on wy 4(s1), first note that Lemma 17 implies that [|[Wy 4(s1) — (P)*Wga(s1)|lar < €
and that Ran(Pg)* = span{(—|k|,1,0,0)T, (0,0, —|k[,1)T}. Thus there exist ay, B € C and W) € X} with
[IWi|lx <1 such that

Wia(s1) = ax(—[k[,1,0,0)7e™ 4 8,(0,0, = [k, 1)Te™ + W
As Vi 1(s1) € B, its first component has to be a multiple of K, ()\(1,/47"(51)) and hence

K|k|()\(1)/47‘1)

. 7’/( ))\1/4K/ (/\1/47”1) . v Kk ()\ /47“1)
Vie1(s1) = Cre™ k|30 Cpe'™ Tk with v, = IE| o
) =€ RO ) [T ) T g Ky (g )

P ()N Ky (A )

where 1 = r(s1) and Cj, is such that ||Vi.1(s1)|lx =1, Le.,

1
(1+Xo) [(k2+1) (K rl)) v (7 (s Ky (05 7»1))2]

Ci =

Since (W 4(s1), Vi.1(s1)) = 0, we have
0=Cy (f|k:|K|k|(/\(1)/4r1) + 0/ (s1) Ky (A 7'1)) (ak + Bev/ o) + (Wi, Vi1 (s1)). (71)

From (9.6.23) in [1], we see that K|;|(z) > 0 for any z > 0 and (9.6.26) implies K|} (2) = —Kjx-1(2) — @ K (2)
for any z > 0, hence K‘k‘( z) < 0 for any z > 0. So we see that —|k|K|k‘()\0/ r1) < 0 and )\(1)/4r’(31)K"k|()\(1)/4r1) <
0. A short analysis gives that

~2/3/T+ Ao < Cr (=K1K (g r1) + A" (51) Ky (A 11)) < —=1/3/2(1+ Ao).

Furthermore, [(Wg, Vi.1(s1))| < |Wkl|lx/||Vi1(s1)|lx < 1, and we can conclude from (71) that o = —Brv Ao +
. . 2 2

O(e). Finally, [Wia(s)lr = 1 gives 525 (a2 + 52) = 1 — O(e?), and hence (1 -+ Ao)6Z = &% — O(¢). Thus

there exists a C' > 0 such that |wy 4(s1)| > C for all |k| > K. This implies that there exists a C' > 0 such that

lwr.4(s)] > C k=51 for every s < s1 and |k| > K.

Combining the lower bounds on wu.(s) and wy, 4(s), we find that there exists a § > 0 such that for |k| > K

S1 ~ S1 ’6\26‘12
[ mtrperar z@cr [T ek g £ (1o )

. L k[ + 2
i . i (72)
€
> 7 (l-e2)y> -
= 2|k|+2< )= 1+ k)12

S1

for some positive k-independent constant C. Since for all k € Z, / nk(1)%e*™ dr > 0, the constant C' above

—00

s1 C
2 271
/_ M (7)"e" " dr = EYEEE

oo

can be modified so that
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also for |k| < K. Hence it follows that

Il = o0+ B Pl [ (a0 jul.

keZ > keZ

The upper and lower bounds on H17||,2[~z show that n € M if and only if 7 is given by (69) and {ay }rez € I%.

As we have seen that the mapping G'(0) is bounded above, it is sufficient to show that it is bounded below to

conclude that G'(0) is a linear homeomorphism from M to . From its definition, it follows that

g ={a [ mmperary

—0o0 keZ

and so by (72) and (70), we see that

S1 2 ~
19Ol = S0+ e ([ e as) 2 Ol = il
e keZ

kEZ N

We are now ready to complete the proof of Theorem 1.

Proof of Theorem 1. By Lemma 20, if (X, p) is sufficiently close to (Mg, 0) then X is an embedded eigenvalue for
A% 4+ 6+ p if and only if (61) holds. We have also seen that (61) is equivalent to F(), 5) = 0, which allowed us
to solve for A as a function of p and finally obtain the equation G(p) = 0, where G : R — I2. By Lemma 26,
R =ker G'(0) ® M, and G'(0) : M — 2 is a linear homeomorphism. Hence for j € R we may write j = £ + 17,
where £ € ker G’(0) and n € M. By the implicit function theorem, we can solve for 7 in terms of £, and this
equation defines a smooth manifold in a neighbourhood of 0 with infinite dimension and codimension. O

8 Conclusions and open problems

In this paper, we considered the planar bilaplacian with a smooth, radially symmetric and compactly supported
potential § and described the set of perturbations of the potential in the space R = L2([0,r1]; HY/?(S"),r dr)
for which an embedded eigenvalue persists. We expect that the space R can be replaced by the Sobolev space
H'Y?(B,,(0)) of H'/?-functions of two variables that have support in the ball B, (0).

One restriction of our work is that we consider only potentials with compact support: The reason is that we
were forced to work with different function spaces of solutions for r small and for r large. For r small, we have
some freedom in choosing the space, as any space of the form X = H't® x H® x H' x L?, with 0 < o < 1,
ensures that an exponential dichotomy exists. For r large, due to the structure of the equations, there is no
such freedom, the regularity on the first two components has to be same as the regularity of the last two. So
it is unclear whether there exists an exponential dichotomy when the support of p is not compact. It would be
interesting to see whether our hypothesis that p has compact support could be replaced by an appropriate decay

condition on p.

For the original potential 6, we see no obstacles in removing the condition that 6 has compact support. It should
be possible to replace this condition by the long range condition |¢’(r)| < C(1+7)~1=# for some 3 > 0. It should
also be possible to remove the condition that 6 is radially symmetric, although considerably more work will be

needed without this condition.

We believe that the methods put forward in this paper can be used to study other operators. In particular, the
exponential-dichotomy results established in [18] are for systems of reaction-diffusion equations, so we believe
that the only obstacle for extending our results to selfadjoint systems are the presence of nonsmooth potentials.
For other operators, it might not be possible to modify the function spaces involved to prove the existence of

exponential dichotomies. These are difficult problems that have to be studied in future work.

39



References

[1] ABRAMOWITZ, M., AND STEGUN, 1. Handbook of Mathematical Functions with Formulas, Graphs, and
Mathematical Tables. Dover, 1972.

[2] AKHIEZER, N. I., AND GLAZMAN, I. M. Theory of linear operators in Hilbert space I. Pitman, 1981.

[3] BECK, M., SANDSTEDE, B., AND ZUMBRUN, K. Nonlinear stability of time-periodic viscous shocks. Arch.
Ration. Mech. Anal., to appear.

[4] BERGER, M. Nonlinearity and functional analysis. Academic Press, 1977.
[5] CopDINGTON, E. A., AND LEVINSON, N. Theory of ordinary differential equations. MacGraw-Hill, 1955.
[6] CopPEL, W. Dichotomies in stability theory. Lect. Notes Math. 629, Springer Verlag, 1978.

[7] DERKS, G. A., MAAD, S., AND SANDSTEDE, B. Perturbations of embedded eigenvalues for the bilaplacian
on a cylinder. Discr. Contin. Dynam. Syst. A 21 (2008) 801-821.

[8] Evans, L. C. Partial differential equations. Amer. Math. Soc., 1998.

[9] HisLop, P. D., AND SIGAL, I. M. Introduction to spectral theory with application to Schrédinger operators.
Springer-Verlag, New York, 1996.

[10] KaTO, T. Perturbation theory for linear operators. Springer, 1976.
[11] LANDAU, L. Bessel functions: Monotonicity and bounds. J. London Math. Soc. 61 (2000) 197-215.

[12] PELINOVSKY, D., AND SULEM, C. Bifurcations of new eigenvalues for the Benjamin-Ono equation. J. Math.
Phys. 39 (1998) 6552-6572.

[13] PELINOVSKY, D., AND SULEM, C. Eigenfunctions and eigenvalues for a scalar Riemann—Hilbert problem
associated to inverse scattering. Comm. Math. Phys. 39 (2000) 713-760.

[14] PETERHOF, D., SANDSTEDE, B., AND SCHEEL, A. Exponential dichotomies for solitary-wave solutions of
semilinear elliptic equations on infinite cylinders. J. Differ. Eqns. 140 (1997) 266—308.

[15] REED, M. AND SIMON, B. Methods of modern mathematical physics IV. Academic Press, New York, 1978.

[16] SANDSTEDE, B. Stability of travelling waves. In Handbook of Dynamical Systems II (Fiedler, B., ed.), North
Holland, 2002, 983-1055.

[17] SANDSTEDE, B., AND SCHEEL, A. On the structure of spectra of modulated travelling waves. Math. Nachr.
232 (2001) 39-93.

[18] ScHEEL, A. Bifurcation to spiral waves in reaction-diffusion systems. SIAM J. Math. Anal. 29 (1998)
1399-1418.

40



	Introduction
	Spatial-dynamics formulation
	Dichotomies for the system at -
	Dichotomies near the core
	Dichotomies for the far field
	The unperturbed adjoint system
	Matching the core and far field solutions
	Conclusions and open problems

