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Abstract

We determine the linearised stability of travelling front solutions of a perturbed sine-
Gordon equation. This equation models the long Josephson junction using the RCSJ
model for currents across the junction and includes surface resistance for currents along
the junction. The travelling waves correspond to the socalled fluxons and their linear
stability is determined by calculating the Evans function. Surface resistance corresponds
to a singular perturbation term in the governing equation, which specifically complicates
the computation of the corresponding Evans function. Both the flow of quasi-particles
across and along the junction stabilise the waves.

1 Introduction
Consider the following perturbed sine-Gordon equation
Ut — Ugg + Sinu = € (7 — auy + Pugy) , (1.1)

where ¢ > 0 for definiteness. This equation models the long Josephson junction: two super-
conductors separated by a thin insulating layer, see for instance [23] and [3] and the references
given there. Here we consider one direction (the z-direction) large compared to the Joseph-
son penetration depth. In case ¢ = 0, (1.1) reduces to the sine-Gordon equation, which
has a Hamiltonian structure and which is completely integrable. Physically this means that



the superconductors are ideal, and there are no quasi-particle currents. All electrons have
condensed to the superconducting states; they have all formed Cooper pairs. The electrons
of the two superconductors can be described by a single wave function, and u denotes the
phase difference of the electrons between the top and the bottom superconductor.

The sine-Gordon equation can be obtained using the CSJ-model, in which it is assumed
that across the junction there is only a supercurrent and a current due to capacitive effects and
an inductance for currents along the junction, see [9, 26]. The right hand side of equation (1.1)
consists of three terms. The first one models the applied biased current, which is assumed
to be uniform. The second one models the tunnelling of quasi-particles using the RCSJ
model for currents across the junction. The third term models the flow of quasi-particles
in the superconductors. It involves a third order derivative, and therefore it is a singular
pertubation, which is interesting from mathematical point of view. This flow leads to an
energy loss comparable to surface resistance. The energy loss due to surface resistance and
tunneling depends on the material, and is small in practice. This justifies the rescaling of
these material parameters by €. The applied biased current v does not need to be small and
is here taken small to be able to perform a perturbation analysis.

A fluxon corresponds to a travelling front solution with an increase of the phase u by
2m. The sine-Gordon equation has a family of travelling wave front (kink or soliton) solutions
which travel left or right with wave speed (¢) less than 1. For € > 0 small, the perturbed
equation also admits front solutions, but the wave speed is no longer free, but selected by the
parameter values.

The driving force for physics to research the long junction, are the various possible appli-
cations [14, 27, 21]. In all these applications, the existence of fluxons play an important role.
Fluxons are current vortices that can travel along the junction. For this reason the study of
fluxons and their stability has been a topic of research for a long time [19, 20, 25]. In most
cases the behaviour of the fluxons is predicted using perturbation theory. In the present paper
we will give a more rigorous treatment of both the existence of the fluxons, and the stability
thereof. Existence results for perturbed fluxons based on energy methods are given in [18].
The travelling wave fronts in the sine-Gordon equation are stable if ¢> < 1 and in this paper
we will show that the perturbed travelling wave fronts are linearly stable too. When g =0,
this immediately gives nonlinear stability due to a result in [2].

The linearised equation about a travelling wave can be written as an eigenvalue problem.
By using the complete integrability of the sine-Gordon equation, it is possible to find the
general solution of the linearisation of the sine-Gordon equation about the kink solution, see
MANN [17]. From this it follows that the unperturbed linearised sine-Gordon equation has
a double eigenvalue at zero and continuous spectrum on the imaginary axis. So for € > 0
small, the perturbed linearised sine-Gordon equation can have eigenvalues near zero or near
the essential spectrum.

To study the behaviour of the eigenvalues we will use the Evans function. The Evans
function is a complex valued function with the property that to the right of the continuous
spectrum the zeros of this function correspond to isolated eigenvalues of the linearised system.
In its original definition, the Evans function is not defined near the essential spectrum but
in the literature there have been several extensions of the Evans function to deal with this
problem. We will use an extension close to the work of KAPITULA & SANDSTEDE [11] and
GARDNER & ZUMBRUN [8].

The results presented in this paper can also be seen as a first step towards a mathematical



understanding of the dynamics of fluxons in long Josephson junctions. Here, we consider
the simplest problem of a single fluxon in one junction. In the physics literature, the main
interest lies in the dynamics and interactions of various types of fluxons, or periodic ‘trains’ of
fluxons, in multi-layered ‘stacks’ of long Josephson junctions. The methods developed in this
paper can and will be extended, so that these more complex phenomena can also be analysed
and understood mathematically.

In section 2 we analyse the persistence of the fluxons in the perturbed equation, followed
by a formulation of the spectral problem in section 3. Related to the spectral problem is the
Evans function. In section 4 we analyse this function when surface resistance is absent, i.e.
when 8 = 0. In section 5 we include a small surface resistance. This leads to a singular ODE.
However, when looking for the stability of the travelling waves, we find that the effects of the
perturbation are eventually similar to the regular case.

2 Existence of the travelling wave solutions

The family of travelling wave front (kink) solutions of the sine-Gordon equation (¢ = 0)
consists of waves of the form

T —ct+ xg
Vi—e2

for |¢| < 1 (see also Remark 2.5). To simplify notation, we define a coordinate transformation

§ — T—ct+xg
. 1_62 .
arrive at the equation

ug(z,t) = 4arctan(ef), where ¢ =

and new variables u(¢,t) such that u(z,t) = u({,t). Dropping the tildes we

9 ¢ +si ( T be 4P )
Upp — 2————=Ugt — U sinu =€ —— U — QU — ———————1 —
ISl e TTVime Tt T (imaepte T I
(2.1)
The travelling wave equation for the perturbed system is
ac Be
Uge — SINU = —¢€ + Ug — U . 2.2
€€ (7 2% Vi_ay 555) (2.2)

Theorem 2.1 Let « > 0, 8 > 0 and v € R be fired. There exists a unique smooth curve
of parameters € v c¢. and a unique smooth curve of wave shapes € — uc(-) such that for ¢
small, the waves uc(€) are travelling wave solutions of (2.2) with ¢ = ¢. and u:(0) = 7 .
Furthermore, in the limit for ¢ — 0, we have

T — cot + xg
V1-¢

and cy is a solution of the equation

ug(§) = 4arctan(ef), &=

3y (\/ 1-— 02)3 +4c[3a(1 — )+ B8] = 0. (2.3)

Remark 2.2 Relation (2.3) implies that ¢y and v have opposite signs. Furthermore, it is
not difficult to prove that for positive values of «, 8 and « equation (2.3) has one solution
for ¢, denoted by cy.
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Figure 1: The unperturbed (unbroken line) and the perturbed travelling wave (dashed line).

In Figure 1, we have sketched u. in case 8 = 0. Note the limits for £ — +o00.

Proof of Theorem 2.1 For ¢ # 0, the travelling wave equation (2.2) is a singularly
perturbed problem. By introducing the coordinates v = ug, w = v¢ = uge, we can write the
travelling wave equation as the (slow) system

u§ =7
Vg = w (2.4)

efc ac

o Ve = w—sinu +e(y + mv)

Introducing the fast variable ¢ as €{ = £, we can write the travelling wave equation as the
fast system

UC = &v
ve = EwW (2.5)

__Be ac_ )

i W = w—sinu+e(y + A= v

The asymptotic (¢ = 0) slow system is

Ug = v Uge = sinuy
v = W hence Vo= Ug
0 = w-—sinu w = sinu

Heteroclinic solutions of this system correspond to the travelling wave solutions of the unper-
turbed sine-Gordon equation: wug(¢) = 4arctan(ef). The asymptotic fast system is

uc =0 U = U
ve =0 hence v = g
( 1’87002)3 we = w —sinu ( 1[37602)3 we = w — sinyg

Thus, the critical points (slow manifold) of the system are wy = sinug, which are attracting
if Bc < 0. This manifold is also clearly normally hyperbolic if B¢ # 0. So for £ small and
Bec # 0, Fenichel’s Theorem [7] gives the existence of an invariant (center) manifold

w = h(u,v,e) = sinu + ehi(u,v,€),



where hi(u,v,e) satisfies

hi( )+ + X o pe v COS U ehe (8h1 v+ (sinu + ehq) 8h1)
U, V, € — - (= gy
' T e T iy VI-&) \ du Y 5w
Hence in lowest order,
Bc ac )
hi(u,v,0) = | ——=ZcoSU — ——= ) v — 7.
) = (o 2 ) vn

The dynamics on the slow manifold is given by

ve = v (2.6)

ve = sinu + ehy(u,v,0) + O(e?)

This is a perturbed Hamiltonian system with Hamiltonian H (u,v) = %112 + cosu and non-
Hamiltonian perturbation G(u,v,e) = (0, h1(u,v,0)) + O(e2). For ¢ = 0, the heteroclinic
solution is given by ug(¢) = 4arctan(ef) and wvo(€) = uf(¢) = 2sech(¢). The Melnikov
function for the perturbed system is

M = [ " VH(uo(€)) - Glun(€), v0(€),0) dé + O(c).

Thus
_ *° ac Be 9
MO = = [ (@) + (2 — iy cosol®)) w(e)
= —2my - % (\/1/3;602)3 - 8\/104_002'

Hence the solvability condition for the existence of a heteroclinic connection between the fixed
points arcsin(e7y) and 27 + arcsin(ey) is M (e) = 0. The lowest order of this equation implies
that

3y (\/ 1-— 02)3 +4c(3a(1 — )+ B) = 0.

This gives the existence of a curve of heteroclinic connections and a curve of parameters as
specified in the theorem, if Sc # 0 (see GUCKENHEIMER & HOLMES [10]). We select one
travelling wave solution by imposing the condition u.(0) = 7, to get rid of the arbitrary
phase-shift.

Equation (2.2) is no longer singularly perturbed when fc = 0. Hence the dynamics is
two-dimensional and is given by (2.6) with hi(u,v,0) = —y— 2
simular to the one before gives the existence of a travelling wave solution and the expression
for the wave speed as given in the Theorem with Sc = 0. O

v. A Melnikov argument,

Using symmetry of the travelling wave equation, it can be shown that the travelling wave
solutions and its derivatives with respect to ¢ are either even or odd and that the wave speed
¢, is a function of 2.

Lemma 2.3 Let a >0, >0 and v € R be fired. Then for ¢ small and ¢ € R we have
u_e(—€) =2m —u(§) and c_. =ce.

This implies that for any k € N, the functions 6;;,‘5 . (&) are even in & for k odd and odd
e

in & for k even. Furthermore, c. is a function of €.



k
Proof. Define the wave v.(§) = 2r—u_.(—£). Then its derivatives satisfy ((d%) ’U€> (&) =
k
(—1)k+1 ((d%) u_g) (—¢) for any k € N and v.(0) = 27 — u-(0) = 7. Since the pair
(ce,ue(€)) is a solution of the travelling wave equation (2.2), we get that v.(£) is a solution
of

(0)ee(©) = ~(u-2el=0) = [sin(u-a) e (v + 5 (e~ i (e )| (-9

ac_g

= sin(ue(€)) — & 7+ 55 (00 — At (e

In other words, v:(£) is a solution of the travelling wave equation (2.2) with ¢ = ¢_. and
v:(0) = 7. Since the travelling wave pair (c,u.) with u.(0) = 7 is unique, this implies that
v =ue and c_, = c.. O

It is also possible to obtain expressions for the higher order terms in the expansion for the
travelling wave solution u.. We write

ue(€) = ug(€) + eur (€) + *ua(€) + O(%).

It follows from the travelling wave equation (2.2) that lim wu.(§) = arcsiney and lim u.(§) =
£——00 =00

27 + arcsiney. Equation (2.6) gives that the equation for u is of the form

acy Beo

(u1)ee — cos(uo(§)) ur = —y — ﬁ (uo)e (&) + W

Also the equations for the higher order terms u;(§) will be of the form (u;)¢e —cos(uo(€)) u; =
fi(&), where f;(¢) is a function of the lower order terms. Expressions for solutions of this
type of equation can be determined with the Lemma below.

cos(up(€)).

Lemma 2.4 Assume that the function f(£) satisfies
/_oo f(€) sech&dé = 0. (2.7)

Then the equation uge — cos(ug(§))u = f(§) has a bounded solution on R. If the condi-
tion (2.7) is satisfied, then the unique solution satisfying u(0) =0 is given by

(:§%>:=XT®[/me“X%rﬂwfyh41£§P%XUmTyh], (2.8)
where -
x@ = [fod, feeiramd) p= [ ] =t wma o =[]

Proof. Writing U = (u, ug)”, we obtain for U the first order equation

d
d_gU = AU + F(£) (2.9)



0 1
cos(ug(¢)) 0
Z_gU = A(&)U . We will construct the solution U of (2.9) as the intersection of the stable and
the unstable manifold. Since P" is the projection on the unstable manifold at £ = 0, (2.9)
has a bounded solution on R, provided

where A(¢) = [ ] . The matrix X (€) is a solution matrix of the linear equation

PUU(0) = / " pux(r)F(r) dr.

Similarly, since P® = PU is the projection on the stable manifold at ¢ = 0, (2.9) has a
bounded solution on R_ provided

PU(0) = / " Ps X Y7)F(r)dr.

As P* = ﬁs, this is equivalent to the solvability condition on f. The explicit representation
for U follows immediately, since u(0) = 0 is equivalent to the condition P*U(0) = 0. O

aco Beo

By applying the Lemma to f(£) = —y— i (ug)e(€)+ WiEAE cos(ug(€)) an expression
for u; can be obtained. First we note that the condition (2.7) on f in the Lemma corresponds
to the solvability condition given by the Melnikov function, since vy = (ug)¢ = 2sech {. Hence

this condition is satisfied by the definition of ¢y, as given in Theorem 2.1. For later use, we
work out equation (2.8) in case 8 =0 and obtain the following identity
(ef —1)2  7wg(e* —1) /5 87edT
o (

ul(f) :'ysech(f) [ €2§+ 1 - 4(625 ¥ 1) TeZT)?’dT] +

(2.10)

(Esech& +sinh&) [ me B 2(ef — %)
7 2 e +1  (e2€ +1)2

This function is clearly even as predicted by Lemma 2.3.

— 2arctan et ]

Remark 2.5 The (unperturbed or perturbed) sine-Gordon equation also has solutions that
travel with speed |c¢| > 1. However, these waves correspond to heteroclinic orbits that connect
the trivial states u = Fr to u = £7 (at leading order). These states are unstable, so that
these waves are irrelevant for the dynamics of (1.1).

3 The spectral problem and the Evans function

First we look at the linear stability of the travelling wave solutions which we have found in the
previous section. The linear stability problem leads to a spectral problem and we will analyse
this problem by using a so-called Evans function. The linearisation about the travelling wave
solution u.(€) of the perturbed sine-Gordon equation gives

2c,

Vi — Vgt — —F——s
tt — Vet e

vgr + cos(ug)v =

ace Bee

E| —F—=v¢ — Qv —
vi-e (vi-a

B
Vege + ——5 Veet
)3 1333 1— Cg.



The spectral Ansatz v(¢,t) = eM9(€) leads to the following spectral problem

2 e .

(A% + o8 ()0 — Tgg — ———os U =
1—¢2

3.2
ace . - Bee BA (32)
— QAU —

—— 3 Ve + T Vet
VERT: (vi—@) 1-c

Like the existence problem, of course the linear stability problem has a singularly perturbed
nature for 8 # 0 too. We will distinguish throughout this analysis between the regular case
(8 =0) and the singular case (5 # 0).

The analysis of the regular case is similar to that of [11], mainly because the sine-Gordon
equation shares many relevant features with the nonlinear Schrédinger equation. It is known
that singularly perturbed linear stability problems may exhibit subtle, unexpected phenom-
ena. For instance, small (but singular) perturbations may have a leading order influence
on the eigenvalues (see [5, 6]). Therefore, a careful analysis of the full, singular problem
is necessary. The special, regular, case 8 = 0 serves as a firm foundation of the singular
analysis.

Remark 3.1 The analysis in the subsequent sections is mostly devoted to the analysis of
the Evans function(s) near A\ = 0 and near the ‘edge’ of the essential spectrum \ = +iwy.
The local analysis of the Evans function near A = 0 has been put in a general theoretical
framework in [12]. The possibility of eigenvalues appearing from the edge of the essential
spectrum in a general setting of nearly integrable systems has been studied in [13], again by
Evans function techniques. However, neither of these papers consider the effects of higher
order, i.e. singular, perturbations.

3.1 The Evans function without surface resistance

In this section we will focus on the non-singular case. When g = 0, we rewrite (3.2) as a first
order system by introducing U(€) = (0(€),7¢(€))T . This gives the linear equation

U§ = A(fa A 5) U, (33)
where
0 1
AN E) = )2 4 qer+ cos(ug) — TCE_& (2A+ea) |- (3.4)

Note that this system is (non-autonomous) Hamiltonian if A =0 and € = 0.
The front solutions decay exponentially fast to arcsin(ey) and arcsin(ey)+ 27 at x = Foo
respectively . So we can define the system at infinity (far field equations) as

Us = Ao(Ne)U, where Ag(Ae)= lim A(E A e).
&l =00

Note that this a linear autonomous ODE. Since lim cos(u.(€)) = /1 — 272, the charac-

|§]—o00
teristic polynomial of Aq is

(i, A e) = p? + i@)\ +ea) — (A2 4 dea + /1 — 242). (3.5)

V1-¢2



This shows that A has double eigenvalues for A = —¢ + iw,, with
w2 = (1= A) (V1 —e2v2 —%a?/4). (3.6)

In Figure 2, we have sketched the eigenvalues of Ay for A € C. At the two places in the
A-plane, where A( has a double eigenvalue, we make cuts in the complex plane, denoted by
the bold dashed lines in Figure 2. The bold solid lines are the continuous spectrum. In the

ImQ)

%) .ul ‘ Yy . o Ly

,,,,, 1o,
Uy 293 1 1293
,,,,,,,,, ‘0
—eo/2 3 RCO\.)
————— -i@,
. Ui,
Ha M %3

Figure 2: Eigenvalues of Ay for A € C. Note the cuts (bold dashed lines) in the complex
plane ending at —5* +iw,. The bold solid lines are the continuous spectrum and the shaded
region is denoted by A..

A-plane, we define the region
A= {)\ e C| RO > —%0‘ or || < iwg}.

This region is shaded in Figure 2. For A € A., there is an eigenvalue p; with negative real
part and an eigenvalue po with positive real part. So the linear system (3.3) has exactly one
(up to scaling) solution which is exponentially decaying at £ = 400, we denote this solution
by Ut (&, )\, €) and one solution which is exponentially decaying at ¢ = —oo, we denote this
solution by U~ (€, A, €). The solutions U* (&, ), €) can be chosen analytically in A for A € A, .
For A\ € A., the Evans function is an analytical function defined as

D(he) = ¢ Js AN [ (¢ )\ e) AU (€, ), €). (3.7)

(cf. [1]). The Evans function can be made unique by using the normalisation

lim e_’“()"g)fU“L({,)\,s)] A [ lim e #2XU— (e N e)| =1 (3.8)
E—o0 E——o0

This normalisation has a number of advantages (see e.g. [4]), however, it degenerates near
the endpoints of the essential spectrum (see Remark 3.5). The Evans function can also
be defined uniquely by prescribing the behaviour of the solutions U (&, \,e) at & = Foo



[1, 8, 11, 5, 6]. This method has as disadvantage that one needs explicit information on
the linearised stability system at +oo. However, this information can be determined for
this problem: for any eigenvalue y, the eigenvector can be written as a multiple of (1, )T
Therefore, we normalise D(\,e) by

lim e MOt (e N e) = (1, p1)" and  lim e POEU— (¢, N e) = (1, o)
£—00 E——00
(3.9)

In [11] it is shown how to extend the Evans function across the essential spectrum. Away from
the branch points and the cuts, we continue the eigenvalues and eigenfunctions smoothly in
a sufficiently small strip left of the essential spectrum while keeping the definition of D the
same. The resulting function is analytic in A and smooth in €. We will come back to this in
section 4.2. The extended Evans function equals the traditional definition for ®(A) > 0. So
eigenvalues with $(A) > 0 correspond with zeros of the Evans function in this region of the
complex A plane.

The Evans function has some symmetry properties, which are induced by symmetry prop-
erties of the original system (3.1) and the travelling waves as given in Lemma 2.3.

Lemma 3.2 For )\ € A., the Evans function satisfies
D(\e) = D(M\e) and D(—X\,—¢) = D()\¢).

Proof. First we observe that A is the only non-real element in the definition of A(&, A, ¢),
hence A(E, )\, e) = A(€,\,€). Together with the normalisation property, this implies that
D(\e) = D(\¢).

Furthermore, using the symmetry properties of Lemma 2.3 for the travelling wave, we
have that cos(u_c(—¢)) = cos(2m —u(§)) = cos(us(€)) and c_. = ¢.. Thus A(—&,—\,—¢) =
—SA(& )\, e)S, where S = diag(1, —1). Using this, we get D(—\, —¢) = D(\,¢€). O

Next, we determine the Evans function in case ¢ = 0. In MANN [17], it is shown that the
solutions of the linearised sine-Gordon equation (3.1), which can be related to the eigenvalue
problem (3.2) with ¢ = 0, are given by

vo(&,t) = sech¢

to(§,t) = (2€ +sinh(2£)) sech = 2({ sech { + sinh¢)

vF(€,1) = eMelThER) (tanh € F by), by = %ocz and by = @ (3.10)
Biwo (£,1) = (£tanh — 1) ei(wot—cot) ”

(recall that wo = /1 —c3, (3.6)). The first two solutions are the solutions at A = 0, the
solutions 'uic are valid for eigenvalues A # 0. Note that v;" =wy at A = iwp = iy/1 - 2,
thus the solution #j,, is the degenerate solution at A = iwyg.

Remark 3.3 Note that the linearised sine-Gordon equation (3.1) has more solutions than
the ones mentioned above, for example 7y(¢,t) = (t4/1 — & — co€) sech(€) is a solution. This
solution can be found by differentiating uo(§) with respect to cg, using the definition for ¢
as a function of ¢y, = and t.

10



Based on (3.10), and incorporating the normalisation (3.9), we define

UH(E,N,0) = <7 ((by + tanh €), — (by + by) (tanh & + by) + sech? €)T

e~ (b1—b2)¢

U™(§X,0) = &5, ((b2 — tanh ), (by — by)(tanh & — by) — sech? &) 3.1)

where we have used that p1(\,0) = —b; — be and pa(A,0) = —by + by. Note that by has to
be defined carefully to incorporate two cuts in the complex A- plane. To be explicit,

A+ iwgVA — 1 z
= v +\l/u10\/_2 1w0’ with /z = /|z|él = ), —7 < arg(z) < . (3.12)

This leads to two horizontal cuts in the left half of the complex plane, ending at Ziwy.
Choosing the cuts in this way has the advantage that the symmetry properties as given in
Lemma 3.2 are valid for all points in the complex plane, except at the cuts.

Lemma 3.4 When € =0, the Evans function is explicitly given by the relation

2b2(1 — bg) —9 A2 —I—wg — woVA + wgv/ A — iwg

D(),0) = — _
( ) 1+ by w8+w0\/)\+in\/)\—in

Here the square roots are defined with branch cuts as in (3.12) and wy = \/1 — ¢§. The Evans
function is real if A is real and has the asymptotic properties

D()\,0) = m%q+mﬁ) for A —0,

D(A\0) = —(1 li;) VAFiwg + OAFiwg) for A — tiwy,
C

D(\,0) = =+ O(%) for X\ — oc.

\/lfco

Furthermore, at € = 0, the roots of the Evans function are at A = 0 (double) and at A = tiwg.
So these are the only points from which eigenvalues can bifurcate when € # 0.

Proof. The Evans function at € = 0 follows from a direct computation using (3.11) and the
_ __2coA - _
fact that tr(A(&,\,0)) = Jia s 2b, (3.4). a

Remark 3.5 The alternative normalisation (3.8) yields an additional factor in the Evans

function. This factor is singular at by = 0, i.e. at A = Fiwp. This is due zf) the fact that
at these points the eigenvalues collide and the eigenspace becomes degenerate, i.e, there is
only one eigenvector instead of two. At these two values of A the analytic definition of the
alternative Evans function breaks down too, and they are the endpoints of the branch cuts.
However, the Evans function itself is still well-defined at these points, but it does not vanish

anymore.

3.2 The Evans function for a small surface resistance

In this section we will consider the singular case, i.e., 8 # 0. When § # 0, we rewrite the
linearised equation (3.2) as a first order system by introducing U () = (0(€), D¢ (€), Dee (€))7
This gives the linear equation

Us = AP(¢,0,6) U, (3.13)

11



where

0 1 0
AP(g, N e) = 0 0 1 . (3.14)
_ (Wtaedtcos(ue))(v/1-¢2)®  (2Atea)(1—c?) (1*C§+6,3)\)\/q
eBce B efce

The front solutions decay exponentially fast to arcsin(ey) and arcsin(ey) + 27 at z = Foo
respectively . So we can define the system at infinity (far field equations) as

ngAg()\,e) U, where A’g(/\,e) = lim AP(, N, e).

§|—o0

Note that this a linear autonomous ODE. Since lim cos(uc(£)) = /1 — €292, the charac-

|€| =00

teristic polynomial of Ag is

A N (1 c2+efA)4/1— 02 2/\+sa)(17c§) (A24+aed+4/1-€292)(1/1— c2)3
p(lj’ﬂ 76) - eBce ef B eBece
(3.15)

This shows that for £ small, the matrix A’g has one large eigenvalue of order % and two
order 1 eigenvalues, which correspond to the eigenvalues of the S = 0 case. To be explicit,

we have
cs)\ —cz 21241
pi(Xe) = \/ﬁ O(e),
na(h€) = —EIVEHL 4 o), (3.16)

\V1—c2
_ (W= | (1)
:u’?)(Aag) - s/Bcs Cg\/l 02

a(1—c2)?—B[(1—c2)+A*(c2+3)]
(\/1 02 +O( )

The continuous spectrum is given by those A values which satisfy

(A1 —=¢c2 —ick %( (1—A)+ B2 AM1 =2 —icek) + K2+ V1 —e242/1 =2 =0

1—c¢c2

+ ece

for some k € R. In Figure 3 a sketch of the continuous spectrum in case § > 0 and ¢ is
small is given. Note that for 8 # 0, the continuous spectrum does not have endpoints near
the imaginary axis, instead the continuous spectrum curves smoothly. This is due to the fact
that the double eigenvalue has moved out of the continuous spectrum for S # 0 (see also
section 5.3).

The expressions (3.16) for the eigenvalues p; imply that the far field equations have two
slow solutions and one fast solution. In lowest order, the slow eigenvalues p1 and ps are
equal to the eigenvalues of the unperturbed linearised sine-Gordon equation. Hence for ¢
small, there will be one slow positive eigenvalue, one slow negative eigenvalue and one fast
eigenvalue, whose sign is equal to the sign of Sc. .

We define the slow solutions U~ (£, ), €) and Ut (€, ), ¢) and the fast solution U7 (£, ), €)
to be such that they solve (3.13) and that U7T(£, )\ €) is exponentially decaying like et1&
at & = 400, U™ (€, ¢€) is exponentially decaying like e#2¢ at ¢ = —oo and U7 (£, ), ¢) is
exponentially decaying like e#3¢ at ¢ = —sgn(fc.)oo. The Evans function is defined as

DP(\e) = e Iy tr(AP (s,0.6))ds UT(E,0e) AU (6,0, €) AUF(E, ) €). (3.17)

12
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Figure 3: Sketch of the continuous spectrum for § > 0 and € small. The picture on the right
zooms in at the “corners” of the continuous spectrum near the imaginary axis and shows that
the continuous spectrum does not have endpoints, but turns smoothly.

As before, we make the definition of the Evans function unique by prescribing the behaviour
of Ut, U~ and U’ at oo, —oco and —sgn(fc.)oo,

fhm 6_“1(>‘75)EU+(§,A’€) = 771(/\55) = (1,/11,/1,%)T,
—00
Jim e MERT(E,Ne) = m(Xe) = (L, pd)T, (3.18)
] _,u3()‘55)£ f = = 1 1 T
f—»—Slgllrllgﬂcs)ooe UHE A e) na(A-e) (Ng’ “3’1) ’

where 71 2 3(), €) are the eigenvectors associated to p123(X,€). As in the case without surface
resistance, the Evans function has some symmetry properties induced by the symmetries of
the original system. First we observe from the characteristic polynomial (3.15) that for ¢
small a double eigenvalue occurs if the two slow eigenvalues collide, i.e., at

Bt

2
1—00

A = tiwg — Ax(e), where A () =A_(e) = = (a + ) + O(2). (3.19)

Lemma 3.6 For |[R()\)| < R(N(€)) or |(N)| < iwg +iS(X4(e)), the Bvans function satisfies
DP(X,e) = DB(\,e) and DP(—\ —e) =DP()\e).
Proof. The proof is similar to the proof of Lemma 3.2 with S = diag(1,—-1,1). |

In lowest order, the two slow solutions (corresponding to the order 1 eigenvalues) are related to
the unperturbed sine-Gordon equation. Hence with ut (£, \,0) = e~ (®1+82)¢(bhy 4 tanh £) /(1 +
by) and u” (£, \,0) = e=(®1782)¢(hy — tanh €) /(1 + by) (3.10),(3.11) it follows that

UT(&X,0) = (uF, (uh)e, (u)ee) (€, A, 0);
U_(f,/\,()) = (u_a ('u’_)§’ (u_)&)(fa)‘ao)

and b; and by as given in (3.10). Looking at the lowest order in the fast system, we see that
the fast solution satisfies

lim e #MEEU S (€, 0 €) = (0,0,1).
e—0

13



So altogether, in lowest order the Evans function for 8 # 0 is equal to the lowest order of the
Evans function for 8 = 0, i.e. the Evans function for the unperturbed linearised sine-Gordon
system as given in Lemma 3.4 (with the same branch cuts as defined in (3.12)). So again, the
only possibility for eigenvalues to bifurcate into the right half plane is from A = 0 or from
the endpoints of the branch cuts A = +iwy.

4 Stability analysis with zero surface resistance

In this section we will analyse the possible bifurcation of eigenvalues when g = 0. This
analysis shows that for a > 0, one of the double eigenvalues at A = 0 moves to the left.
Furthermore, we will also show that there are no eigenvalues bifurcating out of the continuous
spectrum. So, no eigenvalues bifurcate in the right half plane and hence the perturbed
travelling wave solutions are linearly stable.

Theorem 4.1 In case of zero surface resistance (= 0) and o > 0 the perturbed travelling
wave u.(€), with & = Z=%L is spectrally stable for small values of €.

Actually, linearized stability implies here also nonlinear stability. First we give a precise
definition of orbital stability. For the details we refer to [2]. All the arguments given there
for the Klein-Gordon equation carry over to the sine-Gordon equation.

Definition 4.2 Let f = 0. The travelling wave solution wu. is an asymptotically stable
travelling wave solution of (1.1) if there is a neighbourhood N C H' x L? of (u.,0) such that
for any (4,0) € N there is a k € R such that

lu: + &, 8) — ue ()l + llue(- + k)|, = 0,
as t — 0o, where u is the solution of (2.1) with u(-,0) = ue + 4 and wi(-,0) = 0.

Theorem 4.3 For ¢ > 0 but sufficiently small, the travelling wave solution u. of (1.1) is
asymptotically stable.

Remark 4.4 A linearized stability result has also been obtained by Maginu in [16]. In this
paper the point spectrum near 0 is determined in the case § = 0. In addition the stability of
periodic wave trains is determined, which we do not touch upon at all in this paper.

4.1 The Evans function for \ near 0

The existence of the travelling wave front solution in the perturbed system, gives rise to an
eigenvalue A\ = 0. Indeed, the front solution u.(£) satisfies

. QcC,
—(ue)ee +sinue = ¢ (7 + (us)s) -
1—¢

Differentiating this equation with respect to ¢ gives that v(£,t) = (uc)¢ is a solution of
the linearised problem (3.1) with 8 =0. We define V(¢) = 1 (u., (uc)e)” and UT(£,0,¢) =
CIVE(E), U (£,0,¢) = CoVE(E), where CZ are such that the normalisation (3.9) is satisfied.

From the previous section, it follows that Cif = %. Note that the definition of 17;(5 ) agrees
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with the unperturbed limit, i.e. the solution of the unperturbed linearised system (see (3.10)).
Since UT and U~ are parallel, it follows immediately that D(0,e) = 0. We can also determine
the behaviour of the Evans function near A = 0.

Lemma 4.5 The Evans function satisfies D(0,e) =0 and 6%D(O,E) = + O(€?).

(e
2(1—c?)
Corollary 4.6 For A and ¢ near 0, the Evans function is given by

Qe A2
D _ 3 2 2 )
(A e) 2(1—c§)+2(1—c3)+0(>\ + X + Ae?)
Hence the Evans function is positive if « > 0 and A\ > 0 and the eigenvalue bifurcation
from X = 0 goes into the left half plane. To be explicit, for € small this eigenvalue is

A= —ca+ O(e?).

Proof of Lemma 4.5 We calculate the derivative of the Evans function with respect to A
at A=0.

QD(O 6) — ffog A(s,0,6))ds
oA ’
( 5,0 &) A CIVE(©) + CHVEE) A ZU(6,0,2)
= + (é" )’
where

= (S >
WE(¢,e) = CFe Jo trlAls0eDds T2(¢,0,e) A VE(©).

Hence we have to analyse the derivative of U* with respect to A. By differentiating (3.3)
with respect to A\ and setting A = 0, we see that (%Ui({, 0,¢) satisfies

(FRU(E.0.)) = A€ 0,€) FUE(E,0,¢) + MCEVE(E)

where
M 9 A0 ’ ) 4.1
(8) - a (5’ ’6) - EQ _12f562 ( : )
Thus, for the ¢-derivative of WE(£,¢) we get

DEW:E (57 5) = —tI'(A(f, 07 8)

YWH(E€)
+ C;Fef f(f tr(A(s,0,e

(000 A (€,0,6) FU(E,0,¢) A VE(E)
+ CFe Ji wAC0NS M()CETE() A V()
+ CF o™ Iy A 0N BUk(e,e) A A(E,0,)VE(6,0)
— C:Fc:l: ffo tr(A(s,0,¢))ds M(E)Vg(f) A Vg(f)
The last equality follows from the fact that for any two vectors U; and Us and any matrix
B we have BU; A Us + Uy A BUy = tr(B) Uy A Us. Using that 6ligEn W=*(,e) =0, we
— o0
conclude that
(’%\D(O’E) = W+(£1€) _OEV_(&g)
— —CFCE [ BUACONE MeTE(E) £ T (€t
—00
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where tr(A(£,0,¢)) = —%. Using the definition of M (4.1) we have
2

MW@A@%F&(%M%mﬁiﬁ%ﬁémmV)

Hence
CFCE [* —T=5¢ ae
iD — Qe £ £ / l—cg - 2d — 2
oA (O’E) 4(1 _ cg) _ooe ((U’ )6) f 2(1 _ C%) + O(E )’

since (ug)e(€) = 2seché and CE =1 4+ O(e). Thus, we conclude that for A small,

e A2

bre=sa—a taa—a

+ O(M\%e + X3 + %)
(Lemma 3.4). The expression for the bifurcating eigenvalue follows by setting D(\,¢)=0. O

4.2 The Evans function for )\ near +iw, and ¢ near zero

Instability might again occur through eigenvalues that bifurcate from the endpoints of the
continuous spectrum, i.e., from A = +iwg. As seen before, A is the only non-real element
in the linearised problem, hence the Evans function satisfies D(),e) = D(\,e). So we can
restrict the analysis to the case A\ = iwy.

The analysis follows the ideas of the analysis of the bifurcation from the endpoint of
the continuous spectrum in [11] and it has to be done in a rather subtle way. Firstly an
e-dependent near-identity coordinate transformation has to be made from A to ¢ such that
the end of the continuous spectrum occurs at a fixed value of the new coordinate o for all e,
namely ¢ = iwg. Furthermore, the Evans function is not analytic anymore for ¢ near iwg,
but it is smooth in /o — iwp, as will be seen later. An extra complication compared to the
analysis in [11] is that second derivative of the Evans function has to be determined, since
the first derivative vanishes.

Recall the characteristic polynomial (3.5). A double eigenvalue occurs at

A=iw0+X(e)=iw5_%,
where
X(S)=iw£_iw0—€7a=i\/1—c&2.\/\/1—5272_#_1\/1_03_%’!

This double eigenvalue occurs at the end of the continuous spectrum. Note that A(¢) + & is
purely imaginary and a function of €2, since c¢_. = ¢, (Lemma 2.3).
Define the coordinate transformation o = A — A(¢) and the matrix

~ 0 1
A(¢ 0,6) = A\ e) = ((U + i(we — wO))Q _ 524112 + cos(us (€)) _265(0‘1'11(&122—&10))) .

Then A(£,0,¢) = A(—£,0,—¢) since u_o(—€) = 2 — u.(€) and c_. = c. (see Lemma 2.3).
Also, the asymptotic matrix

~

Ay(o,6) = A(+00,0,¢) = Ag()¢)
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has a purely imaginary eigenvalue

. 2.2
pa(e®) = _lcs\/\/l —e?y? — &

at 0 = iwy of algebraic multiplicity 2 and geometric multiplicity 1 with eigenvector

na(e?) = (ud(1€2)) -

We also define the solution vectors ﬁi(g ,0,€) = UX(€,0+ X(€),£). Using the symmetries in
the equation, we can derive a relation between U+ and U~ . First we note that the matrix

~ . _ O 1
A (&, iwo,€) = (%,@(ﬁ) — 0% | cos(u.(€)) 2ud(62)> '

Since u_.(—¢) = 2w — u. (), c_e = ¢ and pg(e?) is purely imaginary, this implies that

~

A(=¢,iwg, —¢) = A& iwo,e) and  A(¢iwg,e) = —SA(E, iwo,€)S,
where S = diag(1, —1) as before. From these properties, it follows that

a% [STE(=¢, w0, —¢)| = A&, iwo, ) STE(=¢, iwn, ).

Furthermore,

lim e*“d(gz)éSﬁi(—f,iwo, —¢€) = Spa(e2) = pq(e?).

£E—Foo

So we can conclude that

SUE(=¢,iwp, —¢) = UF (&, ). (4.2)

Finally we define the Evans function D(o,¢) = D(\, ). Clearly the function D(o,¢) is not
analytic at ¢ = iwg, because of the double eigenvalue. However, at o = iwy), it is still smooth
in €.

The first result we obtain is

Lemma 4.7 D(iwg,0) =0 = %ﬁ(iwo,O).

The fact that the first derivative of the Evans function with respect to £ vanishes at the point
(iwg, 0) should not come as a surprise, since at £ = 00, the matrix A depends on €2.
This result is sufficient to establish the stability of the wave. Even if there are eigenvalues
bifurcating from the continuous spectrum, they will be so close (at a distance smaller than
O(e?)) to the continuous spectrum — that is O(e) away from the imaginary axis — that they
cannot cause instability.
Nevertheless, we need to go one step further to find out whether or not ‘new’ eigenvalues

appear:

Lemma 4.8 For all ¢ small ﬁ(iwo,s) ~ —1.1571~%e? 4+ 0(?). No eigenvalues bifurcate from
the continuous spectrum.
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In this Lemma, the value of the second order term (O(g?)) of the Evans function is determined
by numerical integration of explicitly determined (but computationally rather complicated)
integrals. The proof of this Lemma is given in Appendix A.

Proof of Lemma 4.7 It follows from Lemma 3.4 and section 3.2 that D(iwp,0) = 0. The
definition of the Evans function implies that

2B(iwo,o) = ¢~ 21al0)¢ (aE

P 9 ~
+ -1+ A 97— :
% sU ANU +UT A BeU ) (&, 1wy, 0)
= (W+ - W_)(f,iw(),()),

where

0

W (€, iwp, €) = e 2a(=")¢ <£ﬁi 4 ’ﬁ) (& iwo, €).

We compute (%Wi(f,lwoa 0),

B%Wi(ﬁ, i, 0) = — 21a(O) W= (€, o, 0) +

PUE o0t o0F
e—Q.Ud(O)f (agae ANUT + a— A 8—5> (é-ain’O)'

As both U* are solutions of the linear equation Uy = KU, we find by differentiation with
respect to ¢ that

U+ 0A~, ~oU*
Ty iy
geoe ~ oe 0 A

Hence, we conclude

%Wi(&iwoao) — —21a(O)WE (£, iwp, 0) +

o L
o—21a(0)€ (BAUi AUTF +Aag AUF + aal A AU:F) (€ iwg, 0)

Oe
tip - —2uq(0)¢ N Ut )
= —2uqa(0)W=(€,iwp, 0) + e~ 4% trace(A (€, iwo, 0)) 50 A UT (€, 1w, 0)
+ e 21a(0 )6% Ut A U¢(£,1w0, 0)
— o 21a(0)¢ aAUi A U:F(f,le, 0).

Integrating (%W"'(g,iwo,O) from 0 to oo and (%W_(g,iwo,O) from 0 to —oo and observing
that

U%(¢,iwg, 0) = e 1% (tanh &, —ico tanh & + sech? ¢) & £T7(¢) (4.3)
(see section 3.1), we arrive at the following expression:

0 = o0 oA - -
5 Dliwo,0) = - /Oo e 2nal0) <g<f,iwo,0)U(f) A U(&)) g

+ W (o0, iwg, 0) — W~ (—00, iwg, 0),
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where

U+
Wi(j:oo,iwg,O) = lim t&‘iQMd(O)'g <— A U:F> (f,in,O).
E—Foo Oe
By definition, gliin e HaEETE (€ iwg, ) = na(e?). Differentiating this relation with re-
— 00
spect to € and substituting ¢ = 0, gives lim e i%¢ 8@‘ _ ﬁi(f,iwo,e) = (0,0). Hence
Eo+oo e le=0

W (%00, iwg,0) = 0 and

oo

57 D(iwo, 0) = — / e ok (5(5,@0,0)0‘(5) A U(é)) d.
Since

&~ 0 0
%A(f,lwo,o) - (_ Sln(uo(f))lﬂ(f) 0) ’

X this leads to the expression
£=

S Dn,0) = = [ sin(uo(€))un €) tank(€)d =,

€ oo

with u; (£) = 24

as the integrand is odd, see Lemma 2.3. O

5 Stability analysis for a small surface resistance

In section 3.2 we have determined the “unperturbed” Evans function for the singular case (5 #
0) and we have seen that a possible bifurcation can occur at A =0 or A = +iwy. A careful
analysis of the singularly perturbed Evans function DP(),¢) yields that the perturbations
cannot destabilise the stable unperturbed wave (under the natural, physical conditions, «, 8 >
0).

Theorem 5.1 Let o, > 0, v € R and € > 0 be small enough. Then, the perturbed
travelling wave solution u.(€) of (1.1) is spectrally stable. The linearised stability problem
has two real eigenvalues,

1+ 2¢2
76))((;0%0))) + 0(?) < 0,

and no eigenvalues bifurcating out of the continuous spectrum.

A1 =0 and Ma(e) = —¢ (a+

Remark 5.2 Uunlike in the regular problem (i.e. 8 = 0), the corresponding result on the
nonlinear stability of u.(£) is not a (relatively) straightforward extension of similar statements
in the literature. Here, we do not go into the details of the nonlinear stability of u.(£) in the
singular problem. However, we conjecture that a result similar to that of Theorem 4.3 can
also be obtained for the case 8 # 0.

The general idea behind the proof of this Theorem is like that of the previous section. How-
ever, we shall find that the singularly perturbed nature of the 8 # 0 problem indeed makes
the analysis more subtle.

Before we can study the Evans function D?(),e), we need to determine a more accurate
approximation of the fast solution U7 (¢, )\, ¢).
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5.1 The fast solution

The eigenvector with the eigenvalue us is 73 = (ﬁlg,i,].) (3.18), hence the eigenvector
3

corresponding to the fast eigenvalue us is

_ Beo 2 [ _Ag _ BPeo(l+c)) 3
773(>\’ 8) - (0’ 07 1) + € (O’ ( ,—1_63)3 7 0) + € ((163)3’ (m)7 A7O + 0(6 )
(see (3.16)). Note that we have used here that c. = ¢y + O(¢?) (Lemma 2.3). We expect the
fast solution Uf (¢, A, ) to be O(e) close to 73, therefore we decompose U7 into
UT(&,2€) = [ms(0,€) +eZ(€, A, 0) ] 2O,

where Z(&) = (21(€), 22(£), 23(£)) must go to zero as & — —sgn(fc.)oo and be bounded at
the other end. Substitution into the linearised system gives

8(21)§ + EU3Z1 = EZ2

€(z2)e +epzzy = €23

3 3
(A2+cosue) (4/1-ct) =1 IN(1—c2 V1-¢ct) 23
€(z3)e +epzzy = — ﬁ(CO 0) + 2 ﬂc‘))z2 + ( ﬂcs)
_p2
+e€ ( ,360\/1 — CO zl + (1—ﬂcoz)Z2 4 A Clo COZ3 + (1 — COSU()) '610_062>
0
+ O(e?).
(5.1)
3
/17 2
Since eus(A, ) = ( 5c:0) + g)‘\(zrco) + O(e?) (3.16), we immediately find that
Co -

zZ9 = 0(8), Z1 = 0(82).

Substitution of z; and z; into the z3-equation of (5.1) yields £(z3)¢ = O(e) which implies
that we have to go one order higher in the expansion to obtain z3(£). We find

(23)¢ = ﬁ(l — cos(uo(£))) + O(e)-

Of course (ug)ge —sinug = 0, therefore cosug = (ug)gee/(uo)e = 2tanh* € —1. Also Z(€) — 0
for £ — —sgn(fce)oo, thus, at leading order,

3
_ Beo — cos(u =2 B n g0
2l (Vi=a)" /—sgn(ﬂco)oo(l frafent =) (b6 + 5

Inserting this into (5.1) yields the next order approximation of z:

() = 2623 - (tanh(g) |ﬂ60|)+0(e2).

So, altogether we have

) . (5.2)

2.2
g2 P + (9(83)

0cP
Be 2 B2ct Beo \ _ BPeo(1+c}) 3
0 ne) = | \/1—_) e (2(1 G5 (tanh(€) + 52 = )\>+(9(5) SOV

1+26’67
1—

C

(ta,nh(f) ‘ﬂm') +O(e?)
(5.3)
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This approximation is uniform in £.

5.2 The Evans function for A\ near 0

The existence of the travelling wave front solution in the perturbed system of course again
gives rise to an eigenvalue A = 0: v(&,t) = (u.)¢ is a solution of the linearised problem (3.1)
at A = 0. In this section we derive an expression for the derivative of D?(),e) with respect
to A at A=0.

Lemma 5.3 DP(\g) satisfies D?(0,€) = 0 and & DP(0,e) = 22l=0FQ208 - 4 o(g2),

6(1—c2)*
This immediately implies
Corollary 5.4 DA(\ ) satisfies
3a(l—c)+ (1 +283)8 1
DP(\e) = 0 077 e A2+ O + N2 + Ae?
(X €) 61— ) € +2(1—c%) + O(X° + Xe + Ae?),

so that the linearised stability problem (3.13) has two eigenvalues near 0, A =0 and

2
A=—¢ (a+ 1+2(;0 ﬁ) + O(e?).
0

1-¢
Proof of Lemma 5.3 As in the previous section, we define V¢(¢) = (U, (ue)e, (ue)ge)T .
Then, U*(§,0,e) = CHVE(E) and U (§,0,e) = CVE(E), where CZ are such that the
normalisation (3.18) is satisfied. By sections 3.2 and 5.1 we find that CgE = % Since U™ and
U~ are parallel, it follows immediately that D?(0,¢) = 0.

Next, we calculate the derivative of the Evans function with respect to A at A=0

%Dﬂ(o,e) — o J5 tr(AP(5,0,6))ds
(05U (6.0.€) A VE@©) A UI(E,0,¢)
+CHVEE) A ZU(£,0,6) A UI(E,0,¢)
+CHOZVE©) A VEE) A U (60,0))
= W+(€76) - W_(gas) +0,

where
WE(E,e) = CFe Jo w2 (:0Nds (e 0,¢) A VE(E) A U (E,0,e).
Note that
tr(Af(s,0,¢)) = tr(AP(0,€)) = p1(0,€) + p2(0, ) + u3(0,¢).

Furthermore, U/ cannot grow faster than e#3¢ for ¢ — sgn(Bc.)oo and decays like e#3¢ for
¢ — —sgn(Bec.)oo. Hence UF ~ e3¢ for ¢ — +00. Therefore, at ¢ = +oo0,

VE©) ~ e, UT(€,0,e) ~ e, and ZUT(E,0,e) ~ e+
for any ¢ > 0. This implies that

W&, e) ~ e~ (mtnatius) o€ gusé (0 — o(—metm+dé s g ¢ 5 4o,
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since u1 < 0 and pg > 0. Similarly, at £ = —o0,
‘755(5) ~ e,u2§, Uf(faoae) ~ e'u3€a and a%\U_(gaO,f:) ~ 6(“2_6)5
for any § > 0. Thus

(&, €) ~ e tmata)E gzt gnal p(na=0)E — o(Cmtma=0E g ¢ 5 oo,

since u1 < 0 and p9 > 0.

We analyse the derivative of U* with respect to A in a similar way as in the previous sec-
tion. By differentiating (3.13) with respect to A and setting A = 0, we see that %Ui(f, 0,¢)
satisfies

(FU(£,0,6)) ¢ = AP(£,0,6) FU(E,0,¢) + CEMP(e) VE(¢)

where
0 0 0
0 1 0 0 0
MP () = L AB(£,0,¢) = - - o
( ) oA ( ) € Ea(\/l—cg)s 2(1—¢2) ¢ 1—c2 ( )
- Bee B Ce

Thus, we get for the ¢-derivative of W (¢, ¢)

DeW*(g,e) = —tr(AP(€,0,6)) WE(£,¢)
+ CF e Jo tr(A®(5,0))ds [Aﬁ(g,o,e)%Ui(g, 0,6) A VE(E) A UT(€,0,€)
+ CEMP()VE(E) A VE(E) AUT(E,0,¢)
+ XU (Ee) N AP(E, ,e) “(6) A UL(E,0,¢)
+ axU*(6,e) A VEE) A <s,o UL (€,0,¢) ]
= CFCE e Jo WA (0.0)ds MB(e)VE(€) A VE(E) A UY(E,0,0),

since of course also BU; A Us A Us+Uy; A BU; AU3s+U; AU ABU3 = tr(B) Uy AUy A Us,
for vectors U 23 and any matrix B. We conclude by Eligl W*(&,e) =0 that
—>00

%Dﬁ(ﬂag) = W+(£a8) —ozvi(f,&')
= —CFcE / e~ Iy AP (00)ds MB(e)TE () A VE(E) A U (€,0,¢) de

—00

3
/1_ 2
where tr(A?(£,0,¢)) = % Using the definition of the matrix M?(g) (5.4) and the

explicit expressions for U7 (£,0,¢) (5.3) and u3(0,¢) (3.16), we introduce

Eior(€) € e mAODEMP()VE(E) A VEE) A UY(E,0,¢)
02
—  elus(e)—tr(AP ()¢ (2\/010——c(u5)5(u5)‘5‘5+8[_Q((u5)€)2_2(1[3%((“6)56)2
ey (weJe (e )eee + ooty (tanh € + £2) (u2ec(uce ) + O(?)
def

= Eow)(§) +e[Ea(§) + Ep1 (&) + Ep2(€) + Eyann (§)] + O(e?).
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Since (uo)¢(€) = 2sech, we find

ffooo E,(§)d¢ = —« ffooo sech? £d¢ + O(e) = —2a + O(e),
[0 Epa(§)dE = —(26—0‘2’2 [ tanh? ¢ sech? £dé + O(e) = 3(4ﬁc bz + Ofe),
f_oooo E’B’2(£)d£ = 4(1 c2) f u5 €§)2d§ + O( ) (12_0(2)) + O( ),
f_oooo Etanh(g)dg = - (lllfccé)y f_oo tanh2£sech2 Edé + (’)(5) — _3(&300)2 + 0( )
and
I% Boy (€)de = — i = )2 (e<u3 tr<Aﬁ>)f) de = %o))_ﬁ)q Lo

Hence, by C£ =1+ O(e),

00 2 2
2D (0, ¢) :/ By (€)dE = 3a(l 60(01)1(2’1): 208 , 4 O(?).
o 2

O

Remark 5.5 As for the existence problem, we can conclude that the singular perturbation
term efugy in (1.1) has a regular effect on %D/H(O,s). On the other hand, however, only
the contributions to %D/B (0,e) through the components E,(§) and FEg2(¢) appear from
“regular” interactions of leading order terms (with respect to €). The other three leading
order contributions, through Ep1)(§), Eg1(£) and Eyann(€), have their origin in higher order
effects that one would a priori not incorporate in the perturbation analysis (the leading order
contribution to the integral over Eo(l)(f) comes from the third term in the expansion of
13(0,€) (3.16); Eg1(€) and Egany(€) originate from O(e?) terms in U/ (,0,¢) (5.3)).

5.3 The Evans function for A near +iw, and ¢ near zero

Instability can also occur via eigenvalues bifurcating from the endpoints of the continuous
spectrum, i.e., from A\ = 4iwy. As in the case with no surface resistance, an expansion of
the Evans function will be derived for A near +iwy and ¢ small. Again, we can restrict the
analysis to the case A = iwy.

Recall the characteristic polynomial (3.15). For £ small, a double eigenvalue occurs if the
two slow eigenvalues collide, i.e., at A = iwp + A(e), where A(e) = AT(e) is given in (3.19).
If we let o = A — A(e) and define the matrix AP(¢,0,¢) = AP(£,0 + A(e),€) and the Evans
function 13(0, ¢) = D?(c + A(e),€), then the matrix

Af(0,6) = AP(£00,0,¢) = Af (0 + A(e), )
has an eigenvalue

o | o)

pa(e) = —ico — W

at ¢ = iwp of algebraic multiplicity 2 and geometric multiplicity 1. In a similar way as
before, we let U%(¢,¢) be slow solutions of the linearised system (3.13) at o = iwy that are
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determined by their behaviour at £ = +o00 (3.18). In section 3, we have seen that for £ = 0
the linearised solutions are

. tanh &
Ut (€,0) = —U (€,0) = e ot —icy tanh & + sech? ¢ (5.5)
—c2 tanh & — 2icg sech? ¢ — 2sech? ¢ tanh ¢

Note that U*(£,0) satisfy the normalisation (3.18).
In the next Lemma we will prove that up to first order, the Evans function D (iwg,e) will
remain on the imaginary axis.

1—|—2c0

(V/1-¢2)3’

Before proving this Lemma, we first look at its implication for the bifurcation of eigenvalues

Lemma 5.6 The Evans function satisfies D(0g,0) =0 and %ﬁ(ao, 0) = ——zﬂ

out of the continuous spectrum. There is a § > 0 such that for Uy
Us={oce€C|lo—iw| <}\{oc € C|R(0) <0, S(0) =wp}

the Evans function D(o,€) is continuous for o € Uy and & near 0 and D(iwg, €) is continuously
differentiable in ¢ for € near 0 (see section 4 of [11]). Hence for o € U,, and ¢ small, there
exists some function R(o,¢) such that

N N o ~
D(o,e) = D(0,0) +¢ %D(lwo, 0) + e R(o,¢),
and R is continuous with R(iwg,0) = 0, hence R(o,¢) = o(1). Using the expressions for the
unperturbed Evans function and the derivative of the Evans function, we get that

~ 202 i —i 4 . 142c
D(o,¢e) = g 5 Vo + iwgv/o — i — =i + 26 € + eR(o,¢).
1—c¢; wo 37 (V1= )3

For ¢ near iwy, we have that

D(UO) —2(141)(1 - @) i\/0—1(;104—(’)U—louo
(Lemma 3.4). Hence with the given branch cut for the definition of the square root (3.12),

~ 2
we get that %’r < argD(0,0) < %”. Since for 8 > 0, arg (%zﬂ L2

Wi=@r) ~
that 13(0, ) # 0 for ¢ small and o near iwg. Hence for 8 > 0, no eigenvalue will bifurcate
out of the continuous spectrum.

5, we conclude

Remark 5.7 The Evans function D?(),e) can also be interpreted as being defined on a
Riemann surface R [8, 11, 6]. Eigenvalues of the associated linearised stability problem
(3.14) correspond to zeroes of DA (), ) on one of the sheets of R (that is determined by the
branch cut). The Evans function can also have zeroes on another sheet of R, but these zeroes
have no direct relevance for the stability problem. Lemma 5.6 establishes the existence of a
(complex conjugate) pair of ‘irrelevant’ zeroes of D?(),¢) on R.

Proof of Lemma 5.6 Since U™ (£,0) = —U~(£,0), pqg(0) = —icy and
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lim e #sMEE U (€, 6) = (0,0,1) at 0 = iwy, we see immediately that ﬁ(iwo, 0) =0.

£—0
To analyse the derivative of the Evans function we define
Ul (¢, e) = e w0l 1 (¢ jwg + Ne), ),
where [i3(0,€) = ps(o + M), €)). With (5.3), it follows that

0O(g?)
7 f - Beo O 2
Ul€e) = | e yimap © (%)
1+ Ofe)
Furthermore,
0

a—gﬁf@,s) = (AP (¢, 1w, €) — fia(iwo, €)) U (€, ¢).

With the definition of U/ (&,€), the Evans function at o = iwy can be written as
D(iwo,e) = ¢ MU (€e) AU (€,0) A T (& e).
Using that U™ (&,0) = —U~(&,0) and that liII(l) %f]\f(f, g) is well-defined, we get
e—

gf)(iwo,o) = ¢ 21a(0)¢ (; Ut AU AU +UT A %U’ A ﬁf> (€,0)

Oe Oe
= (W+ - W_)(g,()),
where
WE(£,e) = e 2Hale)E (%Ui AUF A ﬁf> (,¢€).

As both U*(¢, ¢) are solutions of the linear equation Ugc = APUZ, we find by differentiation
with respect to € that

82U:|: o K/B ~ . 8U:t
e 69 = 5 € i, U (6,0) + A (6w, ) (). 6:6)

Note that oA ¢, iwp, ) and AP ¢,iwg, ) cannot be evaluated directly at ¢ = 0. Us-
Oe

ing (5.6), we get

Lo _ + ouatere | OAP L 250U F A Ff
i (€,€) = — 2ua(e)WE(E,€) + e S UT R AUT AT
j: P AN :t A AN
LU RruF A 0f 29 A uT A [A'B—ﬁg] U7 (¢, e).
Oe Oe

Hence we conclude that

a%wi(s,s) — [traco(A8(€, iwo,¢)) — (2uale) + faivo, )] W (E,€) +

<5 R

e~ 2Ha(e)E (%(ﬁ,iwo,e)Ui ANUF AU! ) (&)
< R

— ¢~ 2ma(e)E (‘%(E,iwo,s)Ui ANUT A Uf> (&)
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Altogether we have arrived at the following expression:
~ 00 A ~
%D(iwo,O) = lim (—/ e~ 2Hale)E (%—W ANU™ A Uf) (&,¢)de
0

e—=0
-/ T et (%AU AUF A Uf) (€.) d§> -7

+ W™ (00,0) — W (—00,0),

where

W*(+00,0) = lim e 2#a(0)¢ (Bg ANUT A Uf) (€,0).

E—+o0

Unlike in the previous cases, these terms do not vanish. However, it can be shown that
W (00,0) — W~ (—00,0) = 0. Tt follows from the normalisation (3.18) that

lim e “d(s)gUi(f €) = na(e) = (1, pale), pale)®)”.

E—+oo

In other words, there exists some function VE(&, €) such that U= (€, ) = e#a(€)¢ (ny(e) + VE(E, €))
and that lim V*(¢ €) = 0. This implies that lim %Vi(f,e) =0 and
E—+oo £—+o0

+ +
O (6.0 = e (¢ 2 0) (o) + v, 0) + (G20 + =60 )

Using that UT(£,0) = —U (£,0), hence VE(£,0) = —214(0) — VF(&,0), this implies that

+
e a0 (22 0 07) €0 = (S0 + G6.0) A (cu0) - vEE0) +

Since lim 2Z(£,¢) =0, lim V*(¢,e) = 0, and lim U/(¢,0) = (0,0,1)7 = T/(0,0)
'3 E—+o0 é+o0

—3o0

(5.3), we find
+ _ O 7 _ o) = - P
W=(£o00,0) = e (0) A nq(0) A TU’(0,0) —Nd(o) - (M)y

so that W (o00,0) = W~ (—o00,0). Thus, by (5.7), our main task is now to determine

AP .
F*(&, w0, 0) < lim (%(s,iwo,e)vi(é,s) AUF(Ee) A Uf(£,6)> : (5.8)
We introduce a;(&,0,¢) (7 =1,2,3) by
0 1 0
Al oe=| D 0 !
dl(\/l—cg)s @2(\/1—08)3 63(\/1—03)3
eBco eBco eBco

so that by (3.14) and (3.19)

a1(é,0,€) = a1 + a1 + O(e?) = —(0” + cosug(€)) + E(T—'ii% +u1(€) sinug(€)) + O(e?),
a2(¢,0,€) = azo + eaa1 + O(e?) = 2\/01004: - (\/fcog +0(e?),
as(&,0,¢) = agy + eaz + O(e?) =1+ Zze+ 0 2).
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Note that we have again used extensively that c. = ¢y + O(¢?). Due to the structure of

Kﬁ(f,a, €), we can write as U*(¢,0,¢) = (v¥, 'ugt,v&)(g,a, g) where v*(€,0,¢) is a solution
of the singularly perturbed equation

Beo

We are interested in the higher order corrections to the (regular) solutions U*(£,0) at o = iwg
given in (5.5). Thus, we expand v(£) = vo(&) + ev1(€) + O(e?) and substitute this into (5.9):

ar(&,e)v +ag(€,e)ve +az(€,€) vee = € (5.9)

a19v0 + G20vo,¢ + a30v0 e = O,
a10v1 + Goovi ¢ + G3oviee = H(E) = —a11v0 — G21v0,¢ — G31V0,¢¢ + (\/1’3—%2)3’00,&5-
0

Note that Uo = +tanh&e ¢ at o = iwp (5.5), so that also v; (§) = —v; (£). We can now
compute 35 (571(*‘)07 ) (&7 )7

0
W@ 0 A P !
2 )
e*peo aio + 0(62) aoo + 0(82) aso + 0(62) _(7\’;3_62(2))3]{ + (9(1)

which implies (5.8)

Fi(fa iwg,0) = (&11113[ + dmvgf6 + &311)8:’& ~Jiap fioé)s vé‘f§§§> vf
\Y 0

_ ([ iB : + Beg .+ _ _iB +
= ( ( 1_(;% -I_ul SlIl’uO)’UO + ( ,—1—0(2))3’0056 /—1 CO 0£§+( /—) UO fff)
Thus, by (5.7) and the fact that tanh¢ is odd and u (&) (= 3”58(5) *0) even as function of ¢
(Lemma, 2.3) -
D D(iwp,0) = — [ FE(€, iwp, 0)ex0¢ de = —2if3 \}ﬂ)s S tanh? ¢ sech® € d¢
4. 1+260
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The proof of Lemma 4.8

To compute the second order term (&?) of 5, we will analyse the ¢-dependence of ﬁi@ ,E) 1=
U*(¢,iwg, ). First we write

UE(¢,e) = CE (ny(e?) + VE(E,€)) . (A.1)

It is easy to verify that V*(¢,¢) satisfies

VE(E ) = (A& iwo, ) — pa(e)T)VE(E,€) + R(& €)ma(e?)  and Jim VE(E,e) =0,

—3o0

where

R(¢,€) = (€, iwp, £) — Ao(iwp, ) = (cos(us(f)) K S g)

Hence R(&,¢)nq(e?) is vanishing exponentially fast at ¢ = +oo.

With the symmetry relation (4.2), it follows that

V_(§’ 5) = SV+(—§, _5)1

hence it is sufficient to determine an expansion for V* only. We write

V(& e) =Vo(é) +eVi(é) +eVa(é) + ... .
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Then V;(£) satisfies the following inhomogeneous equation

d N
i (A (&, iwo, 0) +icoI)V; + H;(§), (A.2)
since pq(0) = —icy and where

1
J
Hi(§) = %a% S
=1 =

1 9
+(0ai—:w5

[K(g,iwo,e) — /zd(€2)f] Vi—j (&)

[eostuctey - vi—ez])"

The boundary condition is Elim Vi(€) = 0. Note that the homogeneous part of this equation
—00

does not have an exponential dichotomy. Instead it will be shown that the inhomogeneous
part decays exponentially fast to zero for £ — oco. A solution matrix for the system V; =

[K(g, iwo, 0) + icOI] V is given by

B tanh ¢ {tanhg — 1
x(§) = d%(ta,nhﬁ) — icgtanh ¢ d%(f tanh& — 1) —ico({ tanh & — 1)

(3.10), hence the evolution matrix for this system is ®(&£,7) = x(£)x(7)~!. So we can conclude
that the general solution of (A.2) is given by

3
mam®=@@ﬂW+/@m$m@w.

It can be shown that ®(&,7) grows at most linear in |{ —7|, i.e, there is some constant K such
that |®(&,7)| < I?|§—T|. Hence if H;(s) is exponentially decaying, then ffo b(&,s)H;(s) ds is
well defined and exponentially decaying in £. The travelling wave solution u.(£) decays expo-
nentially fast to y/1 — €292, hence we see immediately that % [cos(ug(f)) —+/1- 5272]
is exponentially decaying for any 7. Hence Hy(s) is exponen%i_aolly decaying and with the
boundary condition V() — 0 as £ — oo, it follows that Vp(¢) = f(fo ®(&,s)Hp(s)ds. This
function is exponentially decaying too. With an iteration argument it follows that

£
maz/émﬁmww, (A.3)

o

and that V;(€) is exponentially decaying at & — oco. It follows from the expression (A.3)
that,

Vo(€) = :Q(f’s) (cos(uo?s)) _ 1) ds = (sechQEtiHililoé(ht;Illhﬁ - 1)) '

This expression is consistent with (3.10) and rephrases the relation (4.3). Next look at Vi ().
First we observe that

Hy(6) = (—ul(f) sin(ug(€)) [1 + Vo(é)[l]]) B <—u1(£) tanhésin(%(f)))’
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where u;(§) = %‘5:0 ue(€), the first order correction to the travelling wave solution. In sec-
tion 2, we have derived an integral expression for u;, hence with (A.3), we have an expression
for V1, involving a double integral. Note that u;/ does not depend on any of the parameters,
hence Vi /v does not depend on any of the parameters neither. By expanding ®(&, s)H(s),
it follows that I(V1(€)[1]) =0 and I(V1(§)[2]) = —coR(V1(€)[1]). For later use, we note that
it can be calculated numerically that V;(0) = v (0.63584,0.89923 — 0.63584 icy)” .

For the second order term of the Evans function, we need R(V2(0)[1]) too. First we
calculate that

LAGE ’
2 —coK(tanh & — 1) — tanh € [ug sin(ug) + u? cos(ug) — 32| — uy sin(ug) V4 [1]

. (tanh & — 1)
1Kz ( —sech? ¢ ) ’

where Ky = ¢ (a? 4+27%) — ¢z, where ¢, = ¢y +e2co + O(e*). With some tedious calculations
it follows that

ROAO)) = [ (tank(s) fua(s)sinfua(s) + 4o (s) costu(s)) ~ §7)
+ tanh(s)u(s) Sin(uo(s))Vl(s)[l]) ds

With the expressions from section 2, a numerical evaluation of the integrals involved gives
R(V2(0)[1]) = 72 1.1503.
Finally, we can consider the Evans function. First we observe that

D(iwg,e) = Ut(0,e) A U (0,€)e 248 = [14(2) + VT (0,€)] A [1a(e2) + V(0,¢)]
= [77d(52) + V+(O,€2)] A [nd(82) + SV+(0, —8)] )

We have just derived that up to order &3

na(e?) + V0, ¢) = ((1)) +€7( 0.63584 ) L2 (1.1503 +i%(V2(O)[1])>

0.89923 — 0.63584 icq V2(0)[2]
— (0 0.63584 1.1503 — iS(Va(0)[1])
2 0 —o — _ 2.2
na(e”) + SV, —¢) (—1) il (—0.89923 — 0.63584 ico) +eny ( V0]

Hence D(iwo,e) = —2e22(1.1503 — 0.63584 - 0.89923) + 0(2) = —1.1571 £242 + o(¢2).

A

Although D(o,¢) is not analytic in o near o = iwy, it is differentiable as a function of
Vo —iwg [8, 11]. Hence we have

D(o,¢) = D(0,0) — 1.1571 422 + O(ey/o — iwg + €3)
= -2(1+1i)(1— co)fix/a — 1wy — 1.1571y2e? + O(ev/o — iwg + (Vo — iw0)2 + &%)

Since arg(2(1 +1i)(1 — co)fi\/a —1iwp) € (—Z,3X) and arg(1.157142%e?) = 0, we conclude
that ﬁ(a, ) cannot have eigenvalues near o = iwy (D(o,e) has zeroes on another sheet of
the associated Riemann surface R, see Remark 5.7).
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