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SUMMARY

We study global atmosphere models that are at least as accurate as the hydrostatic
primitive equations (HPEs), reviewing known results and reporting some new ones. The
HPEs make spherical geopotential and shallow atmosphere approximations in addition to
the hydrostatic approximation. As is well known, a consistent application of the shallow
atmosphere approximation requires omission of those Coriolis terms that vary as the co-
sine of latitude and of certain other terms in the components of the momentum equation.
An approximate model is here regarded as consistent if it formally preserves conservation
principles for axial angular momentum, energy and potential vorticity, and (following R.
Miiller) if its momentum component equations have Lagrange’s form. Within these criteria,
four consistent approximate global models, including the HPEs themselves, are identified
in a height-coordinate framework. The four models, each of which includes the spherical
geopotential approximation, correspond to whether the shallow atmosphere and hydrostatic
(or quasi-hydrostatic) approximations are individually made or not made. Restrictions on
representing the spatial variation of apparent gravity occur. Solution methods and the sit-
uation in a pressure-coordinate framework are discussed.
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1 Introduction

Most global weather forecasting and climate models are based on the hydrostatic primitive
equations (HPEs). The HPEs describe both gravity-wave and nearly-geostrophic motion,
and much effort has been put into deriving approximate forms that treat only the nearly-
geostrophic or “balanced” motion; see Norbury & Roulstone (2002) for reviews. However, the
HPEs themselves include at least three simplifications: as well as the hydrostatic assumption,
they embody certain spherical geopotential and shallow atmosphere approximations.

The spherical geopotential approximation is essentially geometric; a subsidiary approxi-
mation is required (as we shall argue) but it is quantitatively minor. The shallow atmosphere
approximation is more subtle. It involves subsidiary approximations not overtly associated
with shallowness - primarily the omission from the components of the momentum equation of
those Coriolis terms that vary as the cosine of the latitude (cos ¢). Following Eckart, (1960),
this omission has been called the “traditional approximation”.

The cos ¢ Coriolis terms have been the subject of quiet controversy in meteorology and
oceanography for many years. Linearised, adiabatic analyses [Phillips (1968), Phillips (1990),
Thuburn et al. (2002a)| suggest that the terms are not important given typical terrestrial
values (< 1) of the ratio R of planetary rotation frequency to buoyancy frequency, and this
is borne out by the similarity of numerical integrations with and without the terms [R. A.
Bromley, private communication, T. Davies, private communication|. But since buoyancy
frequencies vary widely, and the global circulation is driven by diabatic processes, the neglect
of the terms is unsettling. This is especially so if conditions differ markedly from those
currently prevailing on the Earth (either in a climate change scenario or because a different
planetary atmosphere is being studied). Further, thought experiments can be devised in
which omission of the terms leads to small but not negligible effects (White & Bromley
(1995)). The importance of the terms near the equator is suggested by the analyses of
Bretherton (1964) and Colin de Verdiére & Schopp (1994), and for mesoscale motion by
Draghici (1989). Their retention has been associated with the occurrence of novel near-
inertial modes in linearised analyses framed in Cartesian geometry (Thuburn et al. (2002b),
Kasahara (2003a), Kasahara (2003b); see also Egger (1999)). Because of these indications,
a quasi-hydrostatic formulation that includes the cos ¢ Coriolis terms in a consistent fashion
was used as the basis of the Met Office’s Unified Model from 1992 until its replacement by
an even more comprehensive non-hydrostatic formulation in 2002 (Cullen (1993), White &
Bromley (1995), Staniforth (2001), Davies et al. (2004)).

The development of non-hydrostatic models for global simulation has had three main
motivations. First, as spatial resolutions become finer, the use of the hydrostatic approxi-
mation becomes inappropriate at the smallest resolved scales (Daley (1988)), yet the use of
a single equation set to describe all scales remains desirable. Second, given the availability of
semi-implicit methods to handle acoustic waves efficiently, the use of the more accurate non-
hydrostatic equations has become a practical proposition (Tanguay et al. (1990)). Third, the
mathematical pedigree of the HPEs is less well established than that of the non-hydrostatic
equations (which are essentially the usual equations of classical compressible fluid dynamics).
In practice, the use of non-hydrostatic dynamics at global NWP centres has proceeded both
with and without the inclusion of deep atmosphere effects: for example, the Meteorological
Service of Canada has retained the shallow atmosphere approximation (Yeh et al. (2002))



while the UK Met Office has included deep atmosphere effects (Staniforth (2001)).

In the deep oceans the buoyancy frequency is typically an order of magnitude less than
in the atmosphere (see Gill (1982), p52), so the cos¢ Coriolis terms are correspondingly
more important because the ratio R is larger. The ocean model of Marshall et al. (1997) can
include in a consistent fashion all of the Coriolis terms as well as non-hydrostatic effects.

In this paper we examine how deep/shallow and hydrostatic/non-hydrostatic formulation
elements may be combined in a consistent way. We regard a model as being consistent if
it implies axial angular momentum, energy and potential vorticity conservation principles
analogous to those of the unapproximated equations, and - following Miiller (1989) - if its
component momentum equations have the form of Lagrange’s equations.

Approximations are inevitably made when continuous equations are discretized in the
construction of a numerical model. The governing equations are known to deliver (to an
extent depending on the initial state) time evolutions that are sensitive to changes in the
initial state - to behave “chaotically”. The representation of forcing processes such as diabatic
heating and cooling is subject to considerable uncertainty, especially in climate simulation.
Our objective in formulating consistent continuous approximate models is to enable these
challenging issues to be confronted without the suspicion that discretized model behaviour
might partly reflect some unphysical property of the underlying continuous formulation.

All of the approximate models that we discuss involve the spherical geopotential approx-
imation. This approximation is discussed in Section 2. The four consistent models noted by
Staniforth (2001) are surveyed in a height-coordinate framework in section 3; for overviews,
see Figure 4 and Table 1. Section 4 considers the time integration of these models and
discusses the situation in pressure coordinates. Conclusions are given in section 5. The
Appendices present mathematical material in support of the main sections.

2 The spherical geopotential approximation

In terms of the field of velocity u measured in a frame & rotating with uniform angular
velocity €2 relative to an inertial frame, the momentum equation can be written as
Du (8 )
—=(=+u-V]|ju=-20xu—-Q2x (Qxr)—-Vdy —aVp+G. (2.1)
Dt ot
Here D /Dt is the material derivative in the frame <, r is position relative to any fixed origin
on the axis of rotation of &, V is the 3-dimensional gradient operator, ® 5 is Newtonian grav-
itational potential, « is specific volume and p is pressure. The terms on the right-hand side
represent the forces acting (per unit mass): Coriolis (—2€2 x u), centrifugal (—€ x (2 x r)),
Newtonian gravity (—V®y), pressure gradient (—aVp), and all other forces (G).

For discussion of (2.1) as an expression of Newton’s second law of motion see, for example,
Lorenz (1967), Phillips (1973), Gill (1982), Pedlosky (1987), Holton (1992) and Dutton
(1995). As described in these references, it is usual to combine the centrifugal force (—€2 X
(2 x r)) with Newtonian gravity (—V®y) to give apparent gravity, —V®,, where &, =
by — 0%s?/2 is a new scalar potential, s being perpendicular distance from the axis of
rotation of §. Equation (2.1) then condenses to

D
F‘;:—Qﬂxu—VQA—an—i-G. (2.2)



From (2.2) many further relations may be derived. For example, rx(2.2) and use of the
kinematic relation u = Dr/Dt leads to an angular momentum equation:

D

Ft(rxu)zrx(—29><u—V<I>A—an+G). (2.3)
By forming the scalar product of (2.3) with unit vector € in the direction of the vector €2
(here assumed constant), an axial absolute angular momentum equation can be obtained:

E[ﬁ-(rx(uﬂzxr))}:ﬁ-[rx(—v¢A—avp+G)]. (2.4)
Taking the curl (Vx) of (2.2) and applying standard vector differential identities gives a
vorticity equation in the form

DZ

E+ZV'U—(Z-V)UZVPXVC¥+VXG, (25)
in which Z = 22 4+ V X u is the absolute vorticity, and V- denotes the divergence of the
vector operand. See Pedlosky (1987) and Dutton (1995).

Other relations follow upon use of the continuity and thermodynamic equations:

Dp
Ft'i-pV'll—O, (26)
Do 6

L= = . 2.
Dt (Tc,,) @ (2.7)

Here p = 1/« is density, T is temperature, ¢, is specific heat at constant pressure, @
is the diabatic heating rate per unit mass and # is the potential temperature (given by
T (Pres/ p)R/ . R being the gas constant per unit mass of air and p,.; a constant pressure
conventionally taken as 1000 hPa). Perfect gas behaviour, i.e. p = pRT, is assumed. From
(2.2), (2.6) and (2.7) an energy conservation law readily results:

D /1
pﬁt<§u2+<I>A+cUT)—|—V-(pu)=p(Q+u-G). (2.8)
(¢y = ¢, — R is specific heat at constant volume.) From (2.5), (2.6) and (2.7) a conservation
law for Ertel’s potential vorticity aZ - V@ follows:

D Do
P Dy (¢Z-V0) =V (Z D + 0V x G) : (2.9)
Potential vorticity remains unchanged following the flow if the right-hand side of (2.9) van-
ishes, and in particular if the motion is isentropic and G = 0. Eq (2.9) is Ertel’s theorem;
see Gill (1982), Pedlosky (1987) and Dutton (1995).

The governing equations and the relations that follow from them are vector invariant
forms that hold irrespective of coordinate system. But the construction of a numerical
model based on the governing equations requires the choice of a coordinate system and the



separation of vector equations into components. The issue of approximation then arises
because of the geometry of the surfaces of constant apparent gravity potential, ® 4.

By definition, the direction of apparent gravity (—V®,) is normal to surfaces of constant
®,4. These surfaces - called geopotential surfaces, or simply geopotentials - are surfaces of
constant (®y — Q?s?/2), and they are not spheres; see Figure 1. Separating (2.2) into
components within and perpendicular to geopotentials is mathematically and physically
desirable because ®, then appears only in the perpendicular component, whose direction
coincides with the apparent vertical seen by an observer in the rotating frame. If done exactly,
the separation takes account of the departure of the geopotentials from sphericity. However,
as described in the references already cited, the departure from sphericity is sufficiently
small given terrestrial parameter values that a spherical geopotential approrimation is usually
invoked!: the components of (2.2) within and perpendicular to geopotentials are sought, but
the geopotentials, as geometric entities, are treated as spheres once the separation has been
made. This procedure is not the same as isolating the components of (2.2) in a spherical
polar coordinate system; in that case, terms involving ®,4 would occur in the meridional
component as well as the radial component, and they would not be negligible. Neither
would the Earth’s surface be a coordinate surface, even in the absence of mountains.

To develop an analytical framework, we examine the components of (2.2) in Lagrange’s
form in a general orthogonal coordinate system. This approach is inspired by the concise
treatment of Miiller (1989)2, but differs from it by working throughout in terms of velocities
relative to the rotating frame, and is motivated partly by the formal similarity between the
Coriolis force and the Lorentz force which acts on a charged particle moving in a magnetic
field; see, for example, Sivadiére (1983). Details are given in Appendix A. The ith component
of (2.2) in the orthogonal coordinate system ¢; = ¢;(z;) [where z; are Cartesian coordinates
in the rotating frame and indices 7 and j both range from 1 to 3| may be written in Lagrange’s

form as 5 5 5
D L L D
— (=) - 2= = —a== + hGi. 2.10
Dt (é@) o0~ "o T (210)
Here (G; is the component of G in the direction of Vg¢;, h; is the corresponding metric factor
(see (A.12)) and ¢; = Dq;/Dt; the Lagrangian function L is defined as
L=T—-M-—3o,, (2.11)
where T is the specific relative kinetic energy, i.e.
1
= 5u2 : (2.12)

and M, the velocity-dependent potential term of the Coriolis force, is given by
M=-u-(Qxr). (2.13)

L is a function of ¢; and ¢; (but not explicitly of time ¢) and the differentiation with respect
to ¢; in OL/0q; (Eq (2.10)) is taken at constant ¢;.

!The geopotentials could be represented more accurately by spheroids; see Gill (1982) p91. The momen-
tum component equations in an oblate spheroidal coordinate system are lucidly derived by Gates (2004).

2 As discussed in Appendix A, the method used by Miiller (1989) is given in detail in the recent textbook
by Zdunkowski & Bott (2003).



Given any specification of the shape of the geopotentials, (2.10) could be used to derive
the components of the momentum equation in an appropriate coordinate system. Limiting
attention to cases in which the geopotentials are independent of longitude, we choose a
right-handed coordinate system (g1, g2, ¢g3) in which: (i) ¢; is longitude; (ii) Vgo also lies in
geopotential surfaces and is perpendicular to V¢, and (iii) Vgs is in the direction of apparent
vertical (perpendicular to the geopotentials). In the spherical geopotential approximation, g,
g» and g3 are specified as ordinary spherical polar coordinates, e.g. g1 = A (longitude), go = ¢
(latitude) and g3 = r (mean radius of the Earth plus height above a reference geopotential
surface coinciding with mean sea level), and - crucially - ®4 is assumed to be a function of
r only: &4 = ®4(r). The polar axis of the coordinate system coincides with the direction of
the frame rotation vector €2, the origin is at the centre of the Earth - see Figure 2 - and we

have . 1
T = §u2 =3 [().\)27"2 cos® ¢ + (q'ﬁ)Qrz + (T')2] , (2.14)

=—u-(Qxr1)=—-AU?cos? ¢. (2.15)

Here \ = D)/ Dt, b= D¢/Dt and 7 = Dr/Dt; they are related to the components u, v and
w of u in the zonal (\), meridional (¢) and radial (r) directions by the kinematic equations

u=Arcos¢, v=¢r, w=r. (2.16)

From (2.10), the A, ¢ and r components of (2.2) under the spherical geopotential approxi-
mation may be obtained - see Appendix A. They are:

Du  ww « 8p

— = 4 — 2Q 2Q — 2.1
Dt . 4+ taan— vsin ¢ — 2Qw cos ¢ eos N + Gy (2.17)
D 2
Fz = —? — u7 tan ¢ — 2Qusin ¢ — —g—z Gy; (2.18)
Dw u? ? op
— = — 4+ — 420 —g— o— 2.1
Dr = + . +2Qucosg — g an +G,. (2.19)

In (2.18), g = d®4/dr is the magnitude of apparent gravity. The material derivative in
(2.17) - (2.19) may be expanded as

D 4 .0 0 0, w9 vd D
Z 2.2 Jg_2 2,9 2.2
Di= e Y ¢+T or ~ ot T rcosgon roe Vo (2:20)

The spherical geopotential approximation places a constraint on permissible variations
of g. Since the geopotentials are treated as spheres, it would be inconsistent to include
latitude variation of g because the line integral of gk = V& 4, where k is unit vector normal
to the spheres, would then not vanish around circuits in a meridional plane, and there would
be spurious sources both of the zonal component of vorticity and of potential vorticity; see
Figure 3. (Radial variation of g is not precluded by this argument; see section 3.) Since, at
mean sea level, the value of ¢ at the equator is only about 0.5% less than at the poles, the
approximation involved in neglecting the latitude variation of g is likely to be minor.

In the same way, the spherical geopotential approximation requires neglect of variations
of apparent gravity with longitude. These occur in reality because of departures from zonal
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symmetry in the mass distribution of the Earth, the atmosphere and the oceans. Such gravity
anomalies are geophysically measurable but are considered to be negligible meteorologically.
Another effect that is neglected in meteorological applications is time variation of the Earth’s
rotation vector. This variation is related to small but measurable length-of-day changes and
polar motion; see Barnes et al. (1983). A term in Q x r could be included in (2.1) to account
for such changes (see Pedlosky (1987), p.17) but quantitatively it would be minute.

3 A quartet of consistent global models

Within the spherical geopotential approximation and our stated criteria for consistent for-
mulation, we find four ways of combining (quasi-)hydrostatic or non-hydrostatic dynamics
with shallow or deep atmosphere geometry. This is what one might expect, or at least
hope for. A simple way of naming the consistent models would be as “non-hydrostatic,
shallow”, “hydrostatic, shallow”, etc. This terminology runs into difficulty because the “hy-
drostatic, shallow” model is already well-known as the HPEs; also, the “hydrostatic, deep”
equations are not strictly hydrostatic (see section 3(d), below) and have justifiably been
called the quasi-hydrostatic equations (QHEs). We keep these names for the models that
omit the term Dw/Dt from the vertical component of the momentum equation, but use
“non-hydrostatic, deep” (NHD) and “non-hydrostatic shallow” (NHS) for the models that
retain Dw/Dt. Figure 4 and Table 1 display key features of the four consistent models.

(a) The non-hydrostatic, deep (NHD) model

The relevant equations were presented in the previous section: (2.6), (2.7) and (2.16) -
(2.19), D/ Dt being given throughout by (2.20). Rather than via the Lagrange route adopted
here (in Appendix A), (2.17) - (2.19) are more usually derived by separating the zonal,
meridional and vertical components of the momentum equation (2.2) after appeal to the
spherical geopotential approximation; see Gill (1982), Holton (1992) and White (2003).
With the understanding that they incorporate the spherical geopotential approximation, we
call (2.6), (2.7) and (2.16) - (2.20) the non-hydrostatic, deep (NHD) equations.

The six terms on the right-hand sides of (2.17) - (2.19) that are quadratic in the velocity
components are the metric or curvature terms; they reflect changes of orientation of the
coordinate axes with spatial location on spherical surfaces. Two types of metric term can
be recognised. The four not involving tan ¢ reflect the curvature of great circles and hence
the intrinsic uniform curvature of the sphere. The two involving tan ¢ reflect the additional
curvature of latitude circles. The four terms involving €2 are the Coriolis terms; two of them
vary as sin ¢ and two as cos ¢. The other terms in (2.17) - (2.19) represent components of
the pressure gradient force and of the remaining force G.

Equations (2.17) - (2.19) may be written in more compact forms, one of which involves
separating factors of (2Q + u/ (r cos ¢)) amongst the metric and Coriolis terms on the right-
hand sides. Some metric terms remain outside this factorization in (2.18) and (2.19), how-
ever. A very compact form of (2.17) is the axial angular momentum form (3.1), below.

When the requirement that g vary only with r is enforced (see section 2), the rotation rate
Q of the frame & appears explicitly only in the Coriolis terms. The conservation properties



of (2.17) - (2.19) are thus those of the vector form (2.2) in which gk acts radially.
From (2.17) (using (2.16)) an axial angular momentum conservation law is readily derived:

pDBt (u+ Qrcos @) rcos @] = pGrcos ¢ — g—i . (3.1)
This is the spherical polar version of (2.4); the origin is now at the centre of the Earth, and the
gravitational torque term has vanished because of the spherical geopotential approximation.

Given the kinematic relations (2.16), the angular momentum law (3.1) is the most com-
pact form of the zonal momentum equation (2.17), and could have been written down imme-
diately. White (2002) gives a reverse derivation of the component equations (2.17) - (2.19)
that starts from (3.1) and invokes basic features of the energetics.

Other conservation properties follow from (2.17) - (2.19) in conjunction with the continu-
ity and thermodynamic equations (2.6) and (2.7). From (2.17) - (2.19) and (2.7) an energy
conservation law of the form (2.8) results. From (2.17) - (2.19), (2.6) and (2.7) a potential
vorticity conservation law of the form (2.9) follows. In these spherical polar forms of (2.8)
and (2.9), the vector gradient operator V is given by

1 0 10 0
= g -2 9 2
v (rcosgba)\’ r ¢’ 8r>’ (3:2)
and the divergence (V- ) of a vector field A = (A, A4, A,) by
1 0A, 0 10
A= —+—(A —— (r*4,). :
v rcosqﬁ(@)\ +8gb( ¢COS¢)>+7‘237‘ <T ) (3:3)

The curl (Vx ) of A is given in component form as

1
VXxXA=-
,

<8AT B B 1 04, 1 [6A¢ B

o6 E(TAd’)’ E(TA’\) " cosd 0N cosd | ON 8_¢(A’\ oos QS)D - (34)

The components of the absolute vorticity Z = V x u + 2€2 in the spherical polar A\, ¢, r

system are thus
10w 10

Z)\ = ;% — ;E(TU)’ (35)

10 1 ow
Z¢ = ;E(Tu) — rcosgba -+ QQ COS ¢, (36)
Z, = O 2(ucosqﬁ) + 2Q sin ¢. (3.7)

" rcos¢ |ON 09

The expressions (3.2) - (3.7) are of course well known in a general physics context. As we
shall find, they are all modified when the shallow atmosphere approximation is made.
With various extensions to describe and accommodate the presence of water substance in
the atmosphere, the NHD equations are the basis of the dynamical core of the Met Office’s
current Unified Model for weather forecasting and climate simulation (Davies et al. (2004)).
They are also the basis of the NICAM formulation described by Tomita & Satoh (2004).



Since radial variation of g does not give rise to spurious vorticity sources (see section 2),
the question arises as to what radial variation should be adopted in the NHD model. In
the Met Office’s implementation a constant value has been used. Although the quantitative
difference in performance would probably be very small, it can be argued that g should vary
as 1/r? to ensure that the implied equation for the tendency (9/0t) of the 3-dimensional
divergence V - u does not contain a spurious term originating from V - V®, (as defined by
(3.3)). This would also remove the bizarre implication that the mass of the Earth depends
on the radius of the (larger) sphere over which the flux of the gravitational field is integrated!

(b) The hydrostatic primitive equations (HPEs)

In a purely formal sense, the momentum components of the hydrostatic primitive equations
(HPEs) may be obtained from their NHD counterparts (2.17) - (2.19) by making various
changes and omissions in addition to neglect of the term Dw/Dt:

(i) replacing r by a, the mean radius of the Earth, and 0/0r by 0/0z, where z is height

above mean sea level,

(ii) omitting all the metric terms not involving tan ¢;

(iii) omitting those Coriolis terms that vary as the cosine of the latitude;

(iv) neglecting vertical (as well as horizontal) variation of g;

(v) neglecting the vertical component of G, i.e. setting G = G, = (G, Gy, 0).

Of these, (i) is the basic shallow atmosphere approximation (including a simple change of
vertical coordinate), while (ii) and (iii) are subsidiary approximations required in order to
produce the conservation properties and Lagrange’s form noted below. (iii) amounts to
neglecting the horizontal component of the Earth’s rotation € (which at the equator is the
sole component of ). Whether the name shallow atmosphere approzimation is applied to
(i) or to (i) - (iii) is a matter of taste; we prefer the second option.

The neglect of Dw/Dt is justified if the time-scale of the motion is much larger than the
reciprocal of the buoyancy frequency (see White (2002)). The replacement (i) is justified
by the shallowness of the atmosphere in relation to a, as is omission (iv) (which also avoids
the generation of spurious divergence tendencies when the shallow atmosphere definition
(3.17), below, is adopted). The omission (ii) may be justified by considering typical orders
of magnitude (see, for example, Holton (1992), section 2.4). The omission (iii) of the cos ¢
Coriolis terms was considered in section 1; see the references cited there, also the discussions
in Marshall et al. (1997) and White (2003). (v) is an independent simplification motivated
by a desire to reduce (2.19) to the familiar hydrostatic relation, and by the insignificance of
friction in the vertical momentum balance on all except the smallest horizontal scales.

The HPEs corresponding to (2.17) - (2.20) are

Dy wuvw a Op

=—t 2Qw si — —+ G 3.8
Dt a an¢ + Avsin ¢ acosqS(?/\+ A (38)
Dy u? o Op

— Y tang— 20using— 2P .
Dt atanqS usin ¢ a8d>+G¢’ (3.9)

Op
— =0 3.10
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in which the material derivative is now the shallow atmosphere form

D, 0 u 0 v 8 8 0
D. 0o 9 9 _9 11
Dt 6t+acosq§8)\ aaqzﬁ 0z 8t+u Ve (3:11)

The kinematic relations (2.16) also appear in shallow atmosphere forms:
u=Macosd, v=ga, w=3z. (3.12)

As outlined in Appendix A, (3.8) - (3.10) may be derived from Lagrange’s equations
(2.10) by setting D/Dt — D,/Dt and re-defining T and M (see (2.11), (2.14) and (2.15))
as

_ L2 2 2 N2 o] 1,
Turg = 3 [(A) a’ cos” ¢ + (qﬁ) | = v, (3.13)
MHPE = —/'\Qa2 C052 ¢ (314)

Here v is the horizontal flow (u, v, 0). These changes correspond to (i) omitting the contri-
bution of w to the kinetic energy, and (ii) making the shallow atmosphere approximation in
the overt form » — a in both the kinetic energy and the Coriolis potential.

The thermodynamic equation of the HPEs is the shallow atmosphere version of (2.7):

Db (6
00 (2 )e o5

In the continuity equation, the definition of divergence is modified as well; (2.6) is replaced
by

D,p
Dt

where V, - u follows the shallow atmosphere rule that, for vector field A = (A,, Ay, A;),

+pV,-u=0, (3.16)

— (A cos (/5)) a;;. (3.17)

V. A= 1 (8/1,\ 0

@ cos ¢ 0¢

Given the modifications (3.11), (3.12) and (3.17) of material derivative, kinematic rela-
tions and 3D divergence, the HPEs (3.8) - (3.10), (3.15) and (3.16) imply analogues of the
NHD axial angular momentum and energy conservation laws (3.1) and (2.8) in the forms

D, . Op
PDi [(u+ Qacos @) acos ] = pGracos p — ) (3.18)
Ppr (3¥' Hos e ) + Vo tm) =p(@+v-Gi). (3.19)

The variation of planetary angular momentum with height is not represented in (3.18) (cf.
(3.1)). Newton (1971), following Lorenz (1967) (see p 53), found that this height variation
is “not quite negligible” in evaluations of the atmosphere’s angular momentum budget in low
latitudes. White & Bromley (1995) noted that neglect of the height variation of planetary
angular momentum leads to zonal wind errors of up to 2 ms™' when a parcel of air moves
radially from ground level to tropopause in the absence of zonal forces. Eq. (3.19) - in which
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Gy, = (G, G4, 0) - shows that only the horizontal flow v contributes to the kinetic energy
in the HPEs. This well known result is consistent with (3.13) .
The HPEs imply the potential vorticity conservation law (2.9) in the modified form

D, D,0
pﬁt (CKZHPE . VGH) = Va . (ZHPE Di + HVa X Gh> . (320)

The components of the shallow atmosphere gradient operator V, are given by

1 4 19 9 B B
(CLCOS¢8_)\, a%a &) <: Vah_l— <0, O: &)) 3 (321)

and for any vector field A = (A4,, A4, A,) the shallow atmosphere curl, V, x A, is

Va

VaXAE<18Az_8A¢ 94y 1 84, 1 [8A¢, 9

adp 0z’ 9z acosg DA acosg | OA _a_qj(AACOS@D- (3.22)

The HPE absolute vorticity Zgpg is
Zypr =V, xv+2Qksing =V, x (v+iQacose), (3.23)

in which (from (3.22) and v = (u, v, 0)) the HPE relative vorticity V, X v is given by

_ [ Ov Ou 1 ov 0
Va XV = <—&, &, m (5 - % (UCOSQS))) . (324)

The HPE planetary vorticity thus consists solely of the vertical component 2Qksin ¢ of
the planetary vorticity 22(jcos ¢ + ksin¢), and the HPE relative vorticity contains no
contribution from the vertical velocity w. These features are what one would hope for, given
(i) the shallow atmosphere aspects of the HPEs, (ii) the absence of terms in {2 cos ¢ from the
zonal and vertical component equations (3.8) and (3.10), and (iii) the neglect of the term
Dw/Dt. The HPE potential vorticity (a«Zupg - Va0), as it appears in (3.20), is of the form
obtained by making similar approximations and omissions of terms in the NHD expression
for potential vorticity aZ - V@ (see (2.9) and (3.2) - (3.7)). However, it is not obvious that
the HPEs, as defined here in spherical polar, shallow atmosphere form, themselves actually
do imply the potential vorticity law (3.20). A direct proof is given in Appendix B, and the
issue is discussed further in Appendix C (see also section 5).
In terms of v and Zypg, the horizontal components (3.8) and (3.9) may be written as

86—‘; = —Va (%V2> — ZHPE' XV — wg—: - aVahp + G’h, (325)
in which V,, is the horizontal part of V, (see (3.21)). In the HPEs, the true Coriolis
force —2€2 x u, which acts in planes parallel to the Earth’s equatorial plane, is replaced by
—2Q sin ¢k x v, which acts in local horizontal planes (see (3.10), (3.23) and (3.25)).

Along with the neglect of the height variation of the planetary angular momentum, the
changes of both the direction and magnitude of the Coriolis force are disconcerting features
of the HPEs. Nevertheless, by virtue of their conservation properties (3.18) - (3.20) and
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the Lagrange form of their momentum component equations, the HPEs satisfy our criteria
for consistent formulation. Indeed, they set a standard against which any more accurate
approximate model must be judged. This standard can be achieved by two more accurate
models in addition to the NHD equations. Making the shallow-atmosphere approximation
but not the hydrostatic approximation gives the non-hydrostatic shallow atmosphere (NHS)
model; see section 3(c). Neglecting Dw/Dt in the vertical component of the momentum
equation but not making the shallow atmosphere approximation gives the quasi-hydrostatic
equations (QHES); see section 3(d). The four consistent models (NHD, NHS, QHE and HPE)
and the relationships between them are represented diagrammatically in Figure 4. Table 1
summarises the approximations made in the four models, specifies the relevant forms of
the differential operators and gives the angular momentum, energy and potential vorticity
quantities that feature in the conservation laws.

(c) The non-hydrostatic, shallow (NHS) model

The non-hydrostatic, shallow atmosphere (NHS) model differs from the HPEs only as regards
the vertical momentum balance: the term Dw/Dt is included - as D,w/Dt - and a non-zero
component G, of G is allowed. The NHS equations are (3.8), (3.9), (3.11), (3.12), (3.15),

(3.16) and

l;;:] +g+ a% =G,. (3.26)
The shallow atmosphere approximation is made, and vertically propagating acoustic modes
are present because of the retention of D,w/Dt in (3.26). As outlined in Appendix A,
the NHS momentum components (3.8), (3.9) and (3.26) may be derived from Lagrange’s
equations (2.10) by setting D/Dt — D,/Dt and re-defining 7" and M (see (2.11), (2.14),

(2.15)) as

Tyus = % [()\)2 a?cos® ¢ + (¢)2 a® + (2)2] , (3.27)
Myus = Myups = —\Qa” cos? ¢. (3.28)

The contribution of the vertical velocity to the kinetic energy is here retained, but the shallow
atmosphere approximation is applied in the same way as for the HPEs. Equivalent results
were derived by Miiller (1989). The NHS momentum equations were derived by Phillips
(1973) (see his p.10) by setting r = @ in the metric factors (see Appendix A) appearing in a
vector form of the NHD momentum equation.

The axial angular momentum principle of the NHS model is the same as that of the
HPEs (see (3.18)). Spatial variation of g is not allowed. The energy conservation law is

D, 1
PDi (§u2 +g9z+ ch) +V,-(pu)=p(Q+u-G), (3.29)
which is the same as the HPE form (3.19) except for the contribution of vertical motion to

the kinetic energy (u? = v? + w?) and the rate of working by G. The potential vorticity
principle is (see Appendices B and C):

D, D,0
pﬁt (aZNHS . VGH) = Va . (ZNHS Di + HVa X G) . (330)
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Here
Znps = Vg xu+2Qsingk =V, x (u+iQacos¢) , (3.31)

and V, X u is the full shallow atmosphere relative vorticity, defined according to (3.22):

l1ow JOv Ou 1 ow 1 ov 0
= (2w _ v ow r_2 . 32
Vo xu (a 86 0z 0z acosdON acosd (8)\ 96 WCOS@)) (3:32)

The NHS momentum component equations (3.8), (3.9) and (3.26) may be combined into the
vector form

0 1
8—1; =-V, <§u2) —Zngs xu—gk—aVep+G. (3.33)
The NHS equations have been used by, for example, Tanguay et al. (1990), Semazzi et al.
(1995) and Yeh et al. (2002). They are currently available as an option in the dynamical
core of the local and global weather forecasting models run by the Meteorological Service of
Canada, but are not yet used operationally (Coté, private communication 2003).

(d) The quasi-hydrostatic equations (QHEs)

The QHEs differ from the NHD model only in the neglect of Dw/Dt and G, from the radial
component equation (2.19). The QHEs are (2.6), (2.7), (2.16) - (2.18), (2.20) and
2 2
g+a % Y 90ucosg = 0. (3.34)
or r r
The neglect of Dw/Dt has the effect of removing vertically propagating acoustic modes, and
puts the vertical momentum balance into a diagnostic form that differs (slightly in quanti-
tative terrestrial terms) from the simple hydrostatic relation (3.10) - hence the designation
quasi-hydrostatic. The shallow atmosphere approximation is not made. As noted in Ap-
pendix A, the QHE momentum components (2.17), (2.18) and (3.34) may be obtained from
(2.10) by re-defining 7" in the Lagrangian (2.11) as

Toue = % [(/\)2 r? cos? ¢ + (¢)2 7“2] , (3.35)

(cf. (2.14)) whilst leaving M unchanged, i.e. Mgur = M (see (2.15)). This amounts to
neglecting the explicit contribution of w to the kinetic energy, but making no other change.
Roulstone & Brice (1995) gave a variational derivation of the full QHEs, including the
continuity equation, and demonstrated the Poisson bracket structure of the entire model.
We discuss this more comprehensive approach in section 5.

The conservation properties of the QHEs have been discussed by White & Bromley
(1995). The angular momentum principle is the same as that of the NHD model (Eq (3.1))
because the zonal component equation (2.17) and the kinematic relations (2.16) are the same
(with the same definition of the material derivative D/Dt, i.e. (2.20)). The energy principle
of the QHES, also readily derived, is

D /1
oo (§v2 Lo, CUT) LV (pu)=p(Q+v-G) . (3.36)
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This differs from the NHD form (2.8) only in the appearance of the horizontal flow v =
(u, v, 0) rather than the 3D flow u = (u, v, w) in the kinetic energy and in the term repre-
senting the rate-of-working by external forces. The material derivative D/Dt and divergence
V - () are the deep-atmosphere forms defined by (2.20) and (3.3) respectively.

The potential vorticity conservation principle of the QHEs is similar to the NHD form
(2.9), but the definitions (3.5) - (3.7) of the components of absolute vorticity Z are modified
by the omission of all terms in w; in vector terms, Z — Zoyr = 2Q2+V x v, i.e. v replaces u
in the definition of relative vorticity. The principle was established for frictionless, adiabatic
flow by White & Bromley (1995), and their analysis is readily extended to the general case.

Restrictions on the spatial variations of apparent gravity are as for the NHD model:
latitude variation of g is not allowed, but vertical variation (as 1/r?) should be included.

Until 2002, the dynamical core of the Met Office’s Unified Model was a similar formulation
to the QHESs, but expressed in a pressure-based, terrain-following coordinate. See section
4(b) of White & Bromley (1995), and section 4, below, for discussion.

4 Discussion

The methods used in Appendices B and C to establish the PV conservation properties of
the HPE and NHS models can be applied to other shallow atmosphere formulations. One
such formulation, which we call the r = a model, retains the cos ¢ Coriolis terms and the
spherical metric terms but sets r = a wherever it occurs in undifferentiated form in the
NHD equations; it is briefly and transitorily discussed in the textbooks of Gill (1982) (see
p93), Holton (1992) (p37) and Dutton (1995) (p233). The PV conservation principle of the
r = a model, noted here in Appendix C (see (C.13)), contains terms that have no analogue
in the unapproximated case. The model also lacks an acceptable axial angular momentum
principle (Phillips (1968), Miiller (1989)). Arguments from Lagrange’s equations lead to
similar conclusions: only the HPE, QHE, NHS and NHD models result from the treatment
described in Appendix A.

Another strictly inconsistent model is obtained when the vertical component equation
(3.34) of either deep atmosphere model (NHD, QHE) is replaced by the classical hydrostatic
equation (3.10), but no other change is made.

A key aspect of the analysis so far presented is the use of height as vertical coordinate.
The desirability of using other vertical coordinates in certain cases becomes clear when solu-
tion methods for the various consistent approximations in height-coordinates are considered.
Since the NHD and NHS models both have prognostic equations for the vertical velocity
w (as well as for the horizontal velocity components) their time integration is in principle
straightforward. (We leave aside the treatment of acoustic modes in the NHD and NHS
models, which are in practice accommodated by the use of semi-implicit schemes and the
solution of a Helmholtz equation at each timestep; see Staniforth (2001).) In contrast, the
HPE and QHE models do not have a prognostic equation for w, so w must be determined
in some other way in order to carry a time integration forward.

If height is used as vertical coordinate, the procedure for determining w in the HPEs is
to solve a diagnostic ordinary differential equation (o.d.e.) known as Richardson’s equation.
See Richardson (1922), Kasahara (1974) and White (2002). It is more convenient in many
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ways to use pressure (or o = surface-normalised pressure) as vertical coordinate. As is well
known, transformation of the HPEs to pressure coordinates leads to tractable equations
without further approximation, the corresponding vertical velocity being determined from
the continuity equation, which is isomorphic to an incompressible fluid form.

In the QHESs, the counterpart of Richardson’s equation is much more complicated (al-
though still a linear o.d.e. for w; see White (1999)). The Met Office’s implementation of
the QHEs in the dynamical core of its Unified Model (until 2002) depended on: (i) use
of a pressure-based vertical cordinate; (ii) use of a pseudo-radius r; that varies only with
pressure; and (iii) neglect of some very small terms. This approach was taken in order to
retain good conservation properties, to eliminate acoustic modes, and to ease development
from pre-existing HPE models. It is now clear that the approach was crucial in enabling
the vertical velocity to be found by a continuity method (as described by White & Bromley
(1995)) rather than by the more complicated Richardson’s equation method. The continuity
equation remained in its convenient HPE form (as in the non-hydrostatic pressure coordinate
model of Miller & Pearce (1974), which was the first of its type).

The neglect of some very small terms in these pressure-based coordinate equations cor-
responds to a further degree of approximation, albeit minor, as compared with the height
coordinate forms discussed in previous sections. A hierarchy of consistent, acoustically-
filtered models in pressure-based coordinates exists corresponding to the height-coordinate
NHD, QHE, NHS and HPE models as we have described them, but the NHD, QHE and
NHS members of that hierarchy involve further minor approximation. These approxima-
tions are mainly related to acoustic filtering in the case of the NHD and NHS pressure-based
coordinate analogues. (The HPEs are of course precisely equivalent in their implemented
height-coordinate and pressure-coordinate forms.) In current practice at the Met Office,
the issue is circumvented by the use of the height coordinate NHD equations (after exact
transformation to a terrain-following coordinate) as the dynamical core of global and limited
area models; see Staniforth (2001) and Davies et al. (2004).

We also note that pressure coordinate formulations that are not acoustically filtered may
be constructed by using a mass-based vertical coordinate. A compact form of the continuity
equation results in this case without approximations being made; see Laprise (1992) and - for
the deep-atmosphere generalization - Wood & Staniforth (2003). Upper boundary conditions
and conservation issues are considered by Staniforth et al. (2003).

5 Conclusions

In this paper we have identified a quartet of consistent models within the spherical geopoten-
tial approximation. These models correspond to whether approximations of hydrostatic (or
quasi-hydrostatic) and shallow atmosphere type are or are not made. Consistent formulation
has been regarded in terms of conservation properties for energy, angular momentum and
potential vorticity, and of momentum component equations having the form of Lagrange’s
equations (2.10). We have also considered how the spherical geopotential and shallow at-
mosphere approximations place restrictions on representing the spatial variation of gravity.
Each of the four consistent models has been used in numerical weather prediction and cli-
mate simulation, the most widely encountered being the hydrostatic primitive equations
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(HPEs). The HPEs are the only member of the quartet that involves hydrostatic balance in
the classical form (3.10). The main features of the four consistent models are summarised
in Figure 4 and Table 1.

A promising area for future study is the relationship between the treatment from La-
grange’s equations (following Miiller (1989)) that we have used in this paper to derive mo-
mentum component equations, and the full variational method of derivation. In the latter,
one obtains the entire set of approximate equations either from an approximate version
of Hamilton’s principle, or demonstrates the “Poisson bracket” structure of the entire set.
Methods vary in complexity according to which approach is used, although they are in the
end equivalent; see Salmon (1988), Salmon (1998) and Shepherd (1990) for helpful discus-
sions. The pressure gradient force results from a potential energy expressed in terms of
particle labels, conservation properties follow from symmetries of the Hamiltonian, and their
preservation under approximation is assured so long as those symmetries are maintained. A
distinction is clear between approximations of the functional form of the Hamiltonian, and
geometric approximations to the space in which the flow evolution occurs; see Roulstone &
Brice (1995). Miiller’s method is more direct than the variational methods, but - because
the pressure gradient force is treated as a given field - it delivers only the components of the
momentum equation, not the continuity and thermodynamic equations. The method leaves
conservation properties unaddressed, but we have verified after derivation that each model
of the quartet preserves conservation principles for angular momentum, energy and poten-
tial vorticity. Via the particle re-labelling symmetry of the Hamiltonian, variational methods
would very probably give more direct demonstrations of potential vorticity conservation than
those presented here.

Finally, we would reiterate that experience with “deep” models has suggested that they
give very similar results to “shallow” models under currently prevailing terrestrial conditions
|[R. A. Bromley, private communication, T. Davies, private communication|. The value of
deep models lies in their comprehensiveness. They apply to all planetary atmospheres for
which the spherical geopotential approximation is valid, as well as to the terrestrial atmo-
sphere even under conditions of much weaker static stability than those currently prevailing.
One also feels more confident in presenting results from a deep model because the account
does not have to be preceded by justification or apology for having omitted those Coriolis
terms that vary as the cosine of latitude.
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APPENDIX A

Lagrange’s form of the component momentum equations in a rotating system
and their approximation

The treatment given by Miiller (1989) (following K. Hinkelmann) has recently been pre-
sented in more detail by Zdunkowski & Bott (2003); see their chapter 18. Both studies use
velocity in the absolute frame as starting point and both work in general coordinates. Here
we limit attention to orthogonal coordinate systems, work in the rotating frame through-
out, and offer a free-standing treatment tailored to our context. The incorporation of the
Lorentz force into the Lagrange framework is described in analytical dynamics texts such
as Goldstein (1980). The Coriolis force —2€2 x u is easier to handle than the Lorentz force
—B x u because spatial variations of 2 do not have to be allowed for. B is the magnetic
field; B =V x A, where A is a vector potential. 202 =V x (Q x r).]

In a Cartesian system Oz 2523 rotating with the frame 3, the jth component (j = 1, 2, 3)
of (2.2) is

DU]' . 0o A _ @
Dt J Ba:j a@xj

where u; = Dz,;/Dt = ;. In terms of the specific kinetic energy, 7', given by

=—-2(2 x u)

+Gj, (A.1)

j=3 j=3
2T =Y ug =Y (;)%, (A.2)
j=1 j=1
and the scalar field M defined as
M=-u-(Qxr)=-r-(2xr)=r-(2xr), (A.3)

(where r = (1, 2, x3)), (A.1) can be written as

D (dT\ D (0M\ oM 9,  p
Dt ~on, oz Yap TU A4
(a:g) Dt (a:'cj ) oz; oz  Com; T Gj (A.4)

Dt

Since T' does not depend explicitly on the z;, and the apparent gravitational potential ® 4
does not depend on the £;, (A.1) may be written compactly as

D (0L oL op
— =)= =—-a—+G, A5
Dt (8:@) 8xj a@xj + 77 ( )
in which the Lagrangian L function is given by
L=L(z;,2;)=T—-M—2y4. (A.6)

The quantity M defined by (A.3) may be regarded as a velocity-dependent potential (which,
according to Goldstein (1980), p21, has been called the Schering potential). Alternatively,
—M can be regarded as an additional contribution to the kinetic energy: it is the “cross
term” in the absolute kinetic energy % (u+Q x r)2. This interpretation is appropriate to
the absolute-frame treatment of Miiller (1989); see also Landau & Lifshitz (1976), p128.
(The term (€ x r)” in the absolute kinetic energy appears in (A.6) as part of —®4.)
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To transform (A.5) to the system ¢; = ¢;(z;), multiply by 0z;/0¢; and sum over j:

1= D (0L 0, OL D [0z, 0L Ox; ap =2 o,
Dt \0i; ~ 9000 | = “oa oL Al

di; Dt

0g; ! 0q;

7j=1
From the inverse relation x; = z;(¢;) it follows that dx;/0¢; = 0; also,

=3 O O0x;  Ox; oi; %= 0%, _D <8$>
Ti=) — = 1= and —L = Gy = — 7. A8
T ,CZ1 Oqk % d4;  Og dg; kzl aqzaqk t \ Og; (4.8)

o o . . EoLos,  oLoi)| S[oL o,
95~ g L)l = 2:: laxj 2, | o, aq;-] Z:: [633] aqzl

oL 0 OL 0x; OL Oz; =31 0L Ox; 8L D (0x,
= = L . 2\ = e J e J J — J
dg ~ g, L (i)l ;laxj 9¢; | 03, aq,-] Z:Z laxj d¢; | oz, Di (8(_1,-)]
(A.10)
and (A.7) becomes
D (0L oL 8p =3 Oz,
— =] -7 +) G A1l
<5Qi> o aqz ng 7 9g; (A-11)

The tortuous path leading from (A.5) to (A.11) is generically standard (see Goldstein (1980),
pl9) as indeed is (A.11) . We have described it for the sake of clarity and completeness.
In terms of the (non-negative) metric factors h; defined by

=3 (02,\°
B2 — J) , A12
=% (5 (A12)

and mutually orthogonal unit vectors q; in the directions ¢; we have

i=3 i=3
i=1 i=1
M can also be written in terms of the ¢; and ¢;, but the result is not informative in the general
case. P4 = P4(¢;) is in principle readily obtainable from ®4 = ®4(z;), given z; = z;(¢)-
Upon division by the metric factor h;, the sum on the right-hand side of (A.11) becomes
simply the component of vector G in the direction of the coordinate ¢;, which we denote
(with tolerable ambiguity) G;. Hence (A.11) can be written

D (0L oL op
e e I A4
(é@) g - ag TG (A-14)

in which there is no summation over the repeated suffix ¢ in the final product term.
In the spherical geopotential approximation, choose spherical polar coordinates ¢; = A =
longitude, go = ¢ = latitude, g3 = r = radial distance, and require ®4 = ®4(r). Use of

Ty =rcos¢sin\, o =rcos¢cosA and r3 = rsing (A.15)
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n (A.12) gives, as expected,

hy = hy =rcos¢, hy =hy =r; and hy = h, = 1. (A.16)
Egs. (A.13) and (A.3) now deliver (2.14) and (2.15) as
T =u? = (/\)2 r? cos® ¢ + ((/5)2 2+ (#)? and M =—-\Qr’cos’¢. (A.17)
With Eqgs. (A.17) as they stand, and with ®4 = ®4(r), we find from (A.6):
oL oL
Q — ; Al
5 ()\-I- )r cos’ ¢ and o = 0; (A.18)
L L C o
g_qﬁ = ¢r? and g_qs -2 ()\ + QQ) r? sin ¢ cos ¢; (A.19)
oL oL 2 0P 4
5-7‘ and E—)\()\'ﬂ'?ﬁ)?‘ cos qﬁ—i—(gb) vl (A.20)

Use of (A.18) in (A.14) with ¢; = ¢ = A leads to the zonal component equation (2.17) of the
NHD equations. Similarly, use of (A.19) in (A.14) with ¢; = g» = ¢ leads to (2.18). Finally,
use of (A.20) in (A.14) with ¢; = g3 = r gives (2.19). Repeating this procedure, but omitting
the contribution of w = r to the kinetic energy, i.e. with
N2 N2
2T — 2Tgpp = v2 = ()\) r? cos® ¢ + (gb) r?, (A.21)
is easily seen to deliver the QHE momentum components (2.17), (2.18) and (3.34).
Making the shallow atmosphere approximation in the form r — a in (A.17) gives

2T — QTNHS = (A)2 a2 COS2 ¢ + (¢)2 az2 + (T)2 and M — MNHS = —AQU,Q COS2 QS . (A22)

In place of (A.18) - (A.20), with L — Tnys — Mxus — Pa(r) we find
oL oL

B3 (/\—i-Q)a cos’ ¢ and ET = 0; (A.23)

gz = ¢a® and g_qs =) ()\ + QQ) a’ sin ¢ cos ¢; (A.24)
oL OL _ d®y4

E — T and 5 dT‘ . (A'25)

The NHS equations can be obtained by repeating the procedure by which the NHD equations
were earlier derived from (A.14) by use of (A.18) - (A.20), but with D /Dt replaced by D, /Dt
(which corresponds to setting 7 = a in (2.20) . Finally, the HPESs result when the contribution
of w = 7 to the kinetic energy is neglected in (A.22), i.e. when

2TNHS — QTHPE = ()\)2 CI,2 COS2 gf) + <¢)2 0,2. (A26)
In addition to the simplifying restriction to orthogonal coordinate systems, this treatment
differs from that of Miiller (1989) and Zdunkowski & Bott (2003) as regards the partition
between kinetic and potential energy; we have worked throughout in the rotating frame. Set-
ting r = a in (A.17) and (2.20) is the metric simplification of Miiller (1989) and Zdunkowski
& Bott (2003), and leads to the NHS equations. An essentially new element of the present
treatment is its inclusion of the QHE and HPE models in the picture by re-defining the spe-
cific kinetic energy so as to exclude the contribution of the vertical velocity. An anonymous
reviewer has observed that this re-definition is a degeneration of the velocity metric.
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APPENDIX B
Direct proof of the HPE PV equation (3.20)

Introduce horizontal coordinates Z, y¥ and weighted velocity components u, v as

ZT=MAacos’p, J=asing and U=ucos¢p, U=1vcose, (B.1)
and set
= (0/0z,0/0y,0/0z), u=(u, v, w). (B.2)
From (3.11), (B.1) and (B.2) it follows that, for any once-differentiable field 3,
DB 0 . =
== . ) B.
Dy (at +1u V) B (B.3)

The operators 0/0% (at constant ¢) and 0/0y (at constant A) do not commute. With
Y =sin¢g = y/a:
g9 00 2Y 0
A - B.4
00y 0yoz a(l1-Y?)0z (B4)
But 0/0% and 0/0y each commute with 9/0z (which acts at constant ¢ and \). Hence
0 (DY _Du(95), 06 oo 2o 03
oz \ Dt ) Dt\oz) 0z a(l-Y2)0z’

oun = 2Yu  0p
( ) Ft<_> aaw*au—m%’ (0

25 ()2

Since V-1, as defined by (3.17), transforms to V -, the continuity equation (3.16) becomes

(B.5)

D —~
l;:‘ —aV-d. (B.8)

The horizontal component equations (3.8) and (3.9) of the HPEs can be written

D . 9\ 3
5y = 200Y + H, (1-v?)7, (B.9)
D,y . (ﬂ2 + 172) Y 9 %

in which Hy and H, are the zonal and meridional components of the vector H, = G,—aV,p,
Van being the horizontal part of V, (see (3.21)).
Define a modified HPE absolute vorticity Z in terms of ¥ = (4, 7, 0) as

(B.11)

o5 O o O
92 9z 0z 07)

2:(21722,23):§X6+fk:<—— —,ZQY+———
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From (B.9) - (B.11), using (B.5) - (B.7), it follows that

~

B = (R AT ey () () R o)
2 (3-%)0- 2 -a+ (1) 2D (B.13
Pl (@ 9)w- 2% e 2 1) - 2 (-v)]] . ey

Use of (B.8) in (B.12)-(B.14), and multiplication by components of V6, gives

90 Dy (CYZ1) = a% (Z : V)u+0z% l% 9 (u + v ) (1 Y2) 8H¢] (B.15)

0z Dt 0T o7 1-Y2) 9z 5%
2 (o) = oy (2-9)a+ady (1-v9) 22, @19

BD: (a2) = o2 (%) w+a§ {aa 1, (-7 - 2 (- )’ ]}_ (B.17)

Put 8 = 0 in (B.5)-(B.7), multiply by components of aZ and note (B.11) to obtain:

s D, (00 50U o oY 00 0 5 0 (D,0
CkZlF (8:1}) = —CkZl 9% -Vo — mam 92 ( ) +CkZlaA ( > y (B]_S)
~ D, (00 50U = oY 00 0 ~ 0 [ D,f
Za ()~ 07,2 _ Zy— (22 B.1
D <ag> “ 28@ Vb Ti-vHas0: () +a 2ag<Dt> - (B19)
00 8u 0 (D.b

Upon addition of (B.15)—(B.20), the six explicit scalar products on the right-hand sides
cancel, as do the terms involving %2 and %2. The result can be written

i ( Di

_ (Db = = !
oZ - ve)—az-v< )+aV0-V>< [(1—Y2)2Hh]. (B.21)
In terms of Zypg and V, rather than Z and V (note (3.23)), (B.21) becomes

D,
Dt

D,0

(Q’ZHPE V 0)—CYZHPE V (Dt

) + a (Ve x Hy) - V,0. (B.22)

Since H, = G;, — aV,,p, and g = constant in the hydrostatic relation (3.10),
Vo xH, =V, X G, =V, X (aVep) =V X G, — Vaea X Vp. (B.23)

Hence V,0-V, xH, =V,0-V, x G, (because o = a(p,0) = V.0 (V,a x V,p) = 0) and
(B.22) reduces to (3.20).
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This direct method may be used to examine the PV conservation properties of other
shallow atmosphere models. Other terms may be included in the component momentum
equations by suitably re-defining H) and H, in (B.9) and (B.10), and allowing a vertical
component H, if necessary. New or suspected components of the appropriate absolute vortic-
ity may be included by augmenting the components of Z (see (B.11)). The PV conservation
law (3.30) of the NHS model can be derived in this way, but a method that exploits the vec-
tor form of (3.33) is quicker, given a property of vector differential identities that is discussed
in Appendix C.

APPENDIX C

Metric approximation and vector differential identities

As is well known, the potential vorticity equation (2.9) may be derived from the unap-
proximated equations (2.1), (2.6) and (2.7) via the vorticity equation (2.5) by using various
identities involving the vector differential operators grad, div and curl (V, V- and Vx ):

2(A-V)A =V (A?) —2A x (V x A), (C.1)
Vx(AxB)=AV-B+(B-V)A—BV-A—(A-V)B, (C.2)
V x (xA) =xV x A+ (Vx) x A, (C.3)

(A-V) ll)jjf =A- —(Vx) +Vx-[(A-V)u]. (C.4)

(See, for example, Pedlosky (1987), p38.) Here A, B and x are suitably differentiable vector
and scalar fields. In addition, some more basic properties of the operators are needed:

VxVx=0, V- (VxA)=0. (C.5)

The identities (C.1) - (C.5) are usually established by adopting a Cartesian representation of
the vectors and using the appropriate and familiar definitions of grad, div and curl. In spe-
cific physical contexts, it is often convenient to use curvilinear orthogonal coordinate systems
(cylindrical polar, spherical polar, parabolic cylinder coordinates etc.) and corresponding
expressions for grad div and curl are then required. The procedure in each case is to de-
rive exact transforms of the familiar Cartesian expressions. Given appropriate orthogonal
coordinates qi, ¢o, 3, and metric factors hq, hs, hz (as defined in Appendix A), the relevant

expressions are
1 ox

(Vx); = b, 0g; (C.6)
1 0 0 0
VA= hohsAr) + —— (hshyAs) + —— (hyhoAs)| C.7
o aql(”l) o (i ) + o (oo ©7)
(V X A Zejkl hlAl) . (CS)

J h1h2h3
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In (C.8), €k is the usual cyclic permutation tensor. The corresponding expression for the
jth component of the advective derivative (A - V) B is

A;0B; B; [, 0h; . Ok
A -V)B]. = = At —A— ). .
(A -V)Bl; =2, { b 0g; " uby < En a%-)} )

(See Batchelor (1967), p598 and Oates (1974), p152, for derivations of (C.9).) That the
identities (C.1) - (C.5) are preserved in the curvilinear orthogonal system is assured for the
very reason that the transformation from the Cartesian system is exact.

The discussion so far has applied to everyday 3D space. A new perspective is attained
by noting that the general orthogonal curvilinear coordinate expressions (C.6) - (C.9) satisfy
(C.1) - (C.5) irrespective of the functional dependences of the metric factors hy, ha, hs on
the coordinates qi, qo, q3. (It is assumed that the dependences are appropriately differen-
tiable.) To establish this result, (C.6) - (C.9) may be considered as definitions of the various
differential operations on the appropriate fields, and the relations (C.1) - (C.5) verified di-
rectly. The procedure is straightforward for all cases, but for some (e.g. (C.4)) considerable
labour is required. The result has important ramifications for approximation. If the func-
tional dependences of the metric factors are changed from their usual 3D-space forms in a
particular coordinate system, then a mathematical space is set up which is a distortion of
3D physical space and is non-Euclidean; but the vector differential operators defined in this
mathematical space behave analogously to the usual 3D-space operators. In the case we are
interested in here, the shallow spherical polar choice h; = acos ¢, ho = a, h3 = 1 gives the
definitions of grad, div and curl noted in section 3(c), and preservation of the identities (C.1)
- (C.5) is assured so long as we retain those definitions throughout. A PV law of the form
(3.30) follows: its derivation from (3.33), (3.15) and (3.16) proceeds in parallel with that for
the unapproximated case. It is crucial that the NHS momentum component equations (3.8),
(3.9) and (3.26) can indeed be combined into the vector form (3.33).

The argument may be extended to other conservation principles by showing that the
relevant vector identities are also indifferent to the functional dependences of the metric
factors on the coordinates.

Several published studies discuss the shallow atmosphere approximation and the NHS
model in terms of replacing the variable radius r by the constant @ in the metric factors;
see, for example, Phillips (1973) p10 and Zdunkowski & Bott (2003) p538. But, so far as
we are aware, the result that approximating the metric factors preserves the conservation
properties has not previously been stated in a meteorological context.

The PV conservation properties of other shallow atmosphere models may be examined
after placing the appropriate terms in the vector momentum equation (3.33). An example is
the » = a model, discussed in section 4, in which all the spherical metric and cos ¢ Coriolis
terms are included but 7 is set equal to a wherever it appears in undifferentiated form. The
component momentum equations can be gathered into the (shallow-atmosphere) vector form

%—?:—VG<%u2>—qu—é(kxu)xu—gk—avapth. (C.10)

Here N
Z =V, xu+ 20 (C.11)
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is the natural definition of absolute vorticity for this model. Forming a vorticity equation by
taking V,x (C.10) generates spurious terms via V, x (u x (k x u)) = V, x (k (v?) —wv).
A spurious term is also introduced by V, x (22 x u) when the shallow atmosphere version
of (C.2) is applied, since Q is divergent in shallow-atmosphere space:

Vo-Q=V,-(0, Qcos ¢, Qsin ¢) = —? sin ¢. (C.12)

The only way in which this spurious effect can be removed is to neglect the horizontal
component of €2 - which amounts, of course, to the neglect of the cos ¢ Coriolis terms in the
components of the momentum equation. If the spurious terms are retained, the resulting
potential vorticity equation is

2 (02 9.0) + (2 w004 L (9, (v -k (v))) w0 = s (13

in which

D,0
Dt

Of the two spurious terms on the left-hand side of (C.13), the one involving 2 sin ¢ necessarily
vanishes in steady, isentropic flow (for which D,0/Dt = u-V,0 = 0), but the other remains
even then.

White and Bromley (1995) deduced the PV conservation properties of the QHE model
from the result in the NHD case by re-expressing V x (kDw/Dt). The PV conservation law
of the HPE model may be deduced from that of the NHS model by a parallel method. The
shallow atmosphere equivalent of identity (4.6) of White and Bromley (1995) is

RHS =V, (Z + 0V, x G) : (C.14)

Da DaEa p— p—
D;U) = +E2,Ve-u—(E,-V,)u, (C.15)

x (x
VX( Dt

in which E, is the part of the shallow atmosphere vorticity associated with vertical motion:

10w 1 ow
o (5%’ _acos¢a’ 0)' (C.16)

(11

Given (C.15), the PV conservation law of the HPEs follows easily from the NHS result. The
effort here goes into substantiating (C.15); this involves analysis comparable in length to
that of the direct proof of HPE PV conservation given in Appendix B.
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TABLE 1

SUMMARIZING THE APPROXIMATIONS MADE IN THE QUARTET OF MODELS DISCUSSED IN THIS PAPER,
THE COORDINATES USED, METRIC FACTORS (SEE APPENDICES), DIFFERENTIAL OPERATORS,
MATERIAL DERIVATIVES AND QUANTITIES FEATURING IN THE CONSERVATION LAWS (SEE MAIN TEXT)

NHD model ‘ QHEs ‘ NHS model ‘ HPEs
Spherical geopotential Yes Yes Yes Yes
approximation made?
Dw/Dt omitted from vertical No Yes No Yes
component of momentum equation?
Shallow atmosphere No No Yes Yes
approximations made?
Coordinates (N, o, 1) (A, ¢, 2)
Metric factors hy=rcos¢, hy=r, h, =1 hy =acos¢, hy=a, h,=1
grad V as given by (3.2) V. as given by (3.21)
divA V-A as given by (3.3) V.- A as given by (3.17)
curlA V x A as given by (3.4) VXA as given by (3.22)

Material derivative

D/Dt=0/0t +u-V

D./Dt =0/t +u-V,

Axial absolute angular momentum

(u + Qr cos ¢) r cos ¢

(u + Qacos @) acos ¢

Planetary vorticity

2Q2

fk = 2Qsingk

Absolute vorticity Z=20+4+V xu | Zouyr =2Q4+V XV | Znys = fk+ Vo xu | Zypr = fk+V,x v
Potential vorticity aZ - Vo aZour - Vo aZnmgs - V0 aZygpr - Va0
Total energy per unit mass w4+ Ou(r)+ e, T | v+ P4(r)+ ¢, T cu? +gz+ ¢, T vi+gz+c¢,T




Figure captions

Figure 1. Polar section of a non-spherical geopotential surface, and directions of appar-
ent vertical (arrows) normal to it. O is the centre of the Earth, which rotates with angular
velocity €2 about the polar axis ON. OE lies in the equatorial plane. Apparent vertical is the
direction of apparent gravity, and is locally delineated by a pendulum bob hanging at rest
relative to the rotating Earth. At the poles and at the equator, the direction of apparent
vertical coincides with the radii (ON and OE) but at other (geocentric) latitudes ¢, centrifu-
gal force leads to a deviation « of apparent vertical from the local radial direction. « reaches
a maximum at about 45 degrees of latitude. For clarity, the diagram greatly exaggerates the
geopotential eccentricity, typical tropospheric values of o, and the distances of the points E,
F, G, H, N from the geopotential.

Figure 2. The A, ¢, r spherical polar coordinate system. A is longitude, ¢ latitude of point
P and r its distance from the origin O. The polar axis ON (¢ = 7/2) coincides with the
rotation axis of the Earth. Arrows at P indicate the local unit vectors i, j, k associated with
the corresponding A, ¢, r directions; velocity components u, v, w are also shown.

Figure 3. Polar sections of two geopotentials treated as spheres centred at O. Apparent
gravity is the gradient of a scalar field, so its line integral around any spatial circuit must
vanish. It acts perpendicular to geopotentials, and in the spherical geopotential approxima-
tion is thus idealised as acting radially; the contributions to its line integral around circuit
ABCD from the radial line segments AB and CD must therefore be equal and opposite. This
will be so if apparent gravity is represented as varying only with radius (i.e. with distance
from O) but not, in general, if it is represented as varying also (or only) with latitude.

Figure 4. Showing the inter-relationships of the four consistent approximate models of
the global atmosphere identified in this study (NHD, QHE, NHS and HPE models) and the
relationship of the NHD model to the original (unapproximated) equations. G denotes the
spherical geopotential approximation, H the omission of the term Dw/Dt from the verti-
cal component of the momentum equation, and S the shallow atmosphere combination of
approximations (see text).
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Figure 1: Polar section of a non-spherical geopotential surface, and directions of apparent
vertical (arrows) normal to it. O is the centre of the Earth, which rotates with angular
velocity 2 about the polar axis ON. OE lies in the equatorial plane. Apparent vertical is
the direction of apparent gravity, and is locally delineated by a pendulum bob hanging
at rest relative to the rotating Earth. At the poles and at the equator, the direction of
apparent vertical coincides with the radii (ON and OE) but at other (geocentric) latitudes
¢, centrifugal force leads to a deviation « of apparent vertical from the local radial direction.
a reaches a maximum at about 45 degrees of latitude. For clarity, the diagram greatly
exaggerates the geopotential eccentricity, typical tropospheric values of «, and the distances
of the points E, F, G, H, N from the geopotential.
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Figure 2: The A, ¢, r spherical polar coordinate system. A is longitude, ¢ latitude of point
P and r its distance from the origin O. The polar axis ON (¢ = 7/2) coincides with the
rotation axis of the Earth. Arrows at P indicate the local unit vectors i, j, k associated
with the corresponding A, ¢, r directions; velocity components u, v, w are also shown.

32



B

Figure 3: Polar sections of two geopotentials treated as spheres centred at O. Apparent grav-
ity is the gradient of a scalar field, so its line integral around any spatial circuit must vanish.
It acts perpendicular to geopotentials, and in the spherical geopotential approximation is
thus idealised as acting radially; the contributions to its line integral around circuit ABCD
from the radial line segments AB and CD must therefore be equal and opposite. This will
be so if apparent gravity is represented as varying only with radius (i.e. with distance from
O) but not, in general, if it is represented as varying also (or only) with latitude.
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Figure 4: Showing the inter-relationships of the four consistent approximate models of the
global atmosphere identified in this study (NHD, QHE, NHS and HPE models) and the
relationship of the NHD model to the original (unapproximated) equations. G denotes
the spherical geopotential approximation, H the omission of the term Dw/Dt from the
vertical component of the momentum equation, and S the shallow atmosphere combination

of approximations (see text).
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