Fluid Mechanics Formula Sheet

1 Cartesian coordinates x = ve, + ye, + ze,

For any function f(x) and any vector field F(x) = f(x)e, + g(x)ey, + h(x)e., we have the

following.
grad f = Vf = f,a;ew + f,yey + f,zez-
curllF = VxF = (hy—g.)es+ (f-—ha)ey+ (92— fye:.
divF = V.F = f.4+gy+h..
Vif = V-(Vf) = fax+fyy+ [z is the Laplacian of f.

V2F = (V%f)e, + (VQQ)ey + (V?h)e, is the Laplacian of F.

Here , z denotes /0, etc.

2 Useful identities

Vx(Vf) = 0.
V- (VxF) = 0.
V2F = V(V-F)-Vx(VxF).
V-(fF) = fV-F+(F-V)f.
(F-V)F (VxF)xF+V(iF-F).

The material derivative is D/Dt = 8/t + (u- V).

3 Divergence Theorem

If V is a closed region with boundary 0V then

/VoFdx:/ n-Fds
1% v

where n is the outward normal at each x € V. Consequences:
i) [, Vfdx = / nfdsS
av
i) [, VxFdx = / nx FdS
av

iii) [, Vifdx = /(n~V)de.
ov



4 Orthogonal Coordinates (a1, ag, as)

Write x = 2(a1, a2, a3)e, +y(ai, az,a3)e, + z(ai, az, a3)e..

The coordinates are orthogonal if % . % =0 for i # j. Then let
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and let e; = T Bar be the unit vector corresponding to a;. Grad, curl and div are given by the

o ox
Z_aai

following formulae.

Vi = %falel + }%2.][2292 + }%Sf,geg.
1 hier  hses  hges
VXF = - a/aal 8/80,2 a/aag
hihahs
hiFy  heFy  hsks
1
‘F = ———((ho,3F hihsF. hihaFs) 3).
v hihohs (( 2, haF1) 1 + (hihgFs) 2 + (hihe 3)73)

Here F = Fie; + Fyey + Fses and , i denotes 9/0a;.

Cylindrical Polars a3 =r >0, ay=0¢€ (—m,7|, a3=z.

xr=rcos, y=rsinf, =z is unchanged.

e, =cosfe, +sinfe,, ey = —sinfe, +cosbe,, e, isunchanged.

Also x = re, + ze,.

Spherical Polars a1 =r >0, a2 =0¢€[0,7], az3=¢ € (—m, 7.
r=rsinfcos¢, y=rsinfsing, z=rcosh.

hy =1, hy=r, hz=rsinf.

e, = sinfcos¢ge, +sinfsinge, +cosbe,.
ep = cosfcospe,+coslsingpe, —sinfe,.
e, = —singe, +cospe,.

Also x = re,.



5 Equations of Motion

Continuity equation: % +pV-u=0.
[This reduces to V - u = 0 when the density p is constant.]

Navier-Stokes equation for incompressible constant-density flow:
p(u;+ (u-V)u) = —Vp + uVu + pg.

[Omit g if gravitational effects are unimportant. For inviscid flow (g = 0) the Navier-Stokes
equation becomes the Euler equation.]

Conditions at a boundary moving with velocity U:
u—U = 0, viscous flow (u > 0);
n-(u—U) = 0, inviscid flow (= 0).
Stress vector on surface with outward unit normal n:-

t=—pn+p[2(n-V)u+nx (Vxu).

6 Useful theorems on fluid flow

Reynolds Transport Theorem:

d

— G(x,t)dx = /

{DG(X’t) +G(x,1)V - u}dx
V()

Dt
Bernoulli Theorems (for inviscid flow only) come from the identity
u;+(Vxu)xu=-VH

where
H=p/p+zu-u+x.

Note: g =—Vy; if g= —ge, then x = gz.
The main results are:

i) (u-V)H =0 (H is constant on each streamline) in steady flow;
ii) H is constant in steady irrotational flow;
ili) ¢+ H is constant in unsteady potential flow.

Milne-Thomson’s Circle Theorem (2-D potential flow only)

If all singularities of f(¢) lie in the region || > a then

@ = f(¢) + f(a?/C)

is the complex potential of a flow that has: i) the same singularities in |(| > a as f({); ii) [{| = a

as a streamline.



7 Streamfunctions (incompressible flow)

A vector streamfunction W is a solution of u =V x W.
For a 2-D flow with u = u(z, y,t)e; + v(x,y,t)e,, let ¥ = ¥(x,y,t)e,. Then

u=V, v=-U,

In orthogonal coordinates with u = u(aq, as,t)e; +v(ay,as,t)e,, let ¥ = iw(al, ag,t)es. Then
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The function % is called the streamfunction.

8 Potential flow

A potential flow has u = Vg for some function ¢(x,t). Every potential flow is irrotational
(Vxu=0,)

Complex potential (steady 2-D inviscid incompressible flow only)
If u = u(z,y,t)e, +v(z,y,t)e, is a potential flow then ¢ and v satisfy the Cauchy-Riemann
equations:-

Pa=vy, Py=Ya

Consequently the complex potential ® = ¢ + i1 is a function of ( = x + iy only.
A point (z9,yo) is a singularity of ® if |®| — oo as ¢ approaches (p = xg + i¥yo.



