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Dis
rete Symmetries of Di�erential EquationsP. E. HydonAbstra
t. The dis
rete point symmetries of a given di�erential equation 
an-not usually be found dire
tly from the symmetry 
ondition. However, an easyindire
t method has been devised re
ently. This enables the user to obtain alldis
rete point symmetries by �rst 
lassifying their adjoint a
tions on the Liealgebra of Lie point symmetry generators. The 
urrent paper outlines the newmethod, whi
h is used to solve a problem posed by Ibragimov, namely to �ndall point symmetries of a parti
ular multi-sheeted di�erential equation.1. Introdu
tionFor many systems that are modelled by di�erential equations, it is useful toknow all symmetries of a parti
ular 
lass. For simpli
ity, we shall fo
us on theproblem of obtaining all point symmetries of a given ordinary di�erential equation(ODE), y(n) = ! �x; y; y0; : : : ; y(n�1)� ; n � 2: (1.1)Ea
h symmetry is a di�eomorphism,� : (x; y) 7! �x̂(x; y); ŷ(x; y)�;that satis�es the symmetry 
ondition:ŷ(n) = ! �x̂; ŷ; : : : ; ŷ(n�1)� when (1.1) holds. (1.2)Usually, this 
ondition yields a highly-
oupled system of nonlinear partial di�eren-tial equations (PDEs) for the fun
tions x̂(x; y) and ŷ(x; y). It is seldom possibleto solve the symmetry 
ondition dire
tly (see [16℄ for one ex
eption). However,all one-parameter Lie groups of point symmetries 
an be obtained fairly easily bylinearizing the symmetry 
ondition about the identity transformation to derive theLie algebra of point symmetry generators. Ea
h generator 
an be exponentiatedto yield a one-parameter (lo
al) Lie group of symmetries [2, 11, 14, 17℄. The setof all su
h `
ontinuous' symmetries is a normal (lo
al) subgroup of the group of allpoint symmetries. When the 
ontinuous symmetries are fa
tored out, the remain-ing point symmetries form a dis
rete group. If (1.2) is intra
table, these dis
retesymmetries 
annot be 
al
ulated dire
tly. Nevertheless, dis
rete symmetries have2000 Mathemati
s Subje
t Classi�
ation. 34C14, 57S17, 57S30.Key words and phrases. Dis
rete symmetries, di�erential equations, automorphisms.
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2 P. E. HYDONmany appli
ations (as dis
ussed in x4), and it is desirable to be able to �nd themsystemati
ally. Until re
ently, the ansatz-based approa
h was regarded as the eas-iest way to obtain dis
rete symmetries (see [5℄). However this approa
h does notguarantee that all dis
rete point symmetries will be found. Reid et al. [16℄ used
omputer algebra to simplify the symmetry 
ondition for one se
ond-order ODE,enabling a 
omplete list of symmetries to be generated. However, to the best ofmy knowledge, this is the only instan
e in whi
h the symmetry 
ondition for anonlinear ODE has been solved dire
tly.This paper des
ribes an easy indire
t method for obtaining the 
omplete setof dis
rete symmetries of a given ODE that has Lie symmetries. The method isintrodu
ed in x2, and is used (in x3) to solve a problem proposed by Ibragimov[12℄. We indi
ate how to generalize the indire
t method to 
onta
t symmetries.Generalizations to other 
lasses of symmetries of ODEs and PDEs are des
ribed in[7, 8, 9, 10℄. 2. How to determine the dis
rete symmetriesIn this se
tion, we des
ribe the indire
t method for obtaining all inequivalentdis
rete symmetries. We restri
t attention to real transformations and to real-valued Lie group parameters. For brevity, the main results are stated withoutproof; readers should 
onsult [11℄ for details. Suppose that the Lie algebra, L, ofLie point symmetry generators for a given ODE (1.1) has a basisXi = �i(x; y)�x + �i(x; y)�y ; i = 1; : : : ; R: (2.1)In this basis, the 
ommutator relations are[Xi; Xj ℄ = 
kijXk: (2.2)The abstra
t stru
ture of L is re
e
ted in the set of stru
ture 
onstants, 
kij . Supposethat � : (x; y) 7! �x̂(x; y); ŷ(x; y)�is a symmetry of (1.1). The adjoint a
tion of this symmetry indu
es an automor-phism of L, as a 
onsequen
e of the following lemma.Lemma 2.1. For ea
h one-parameter Lie group of symmetries,�Æ = eÆX ; X 2 L;there is an asso
iated Lie group of symmetries,�̂Æ = �eÆX��1;whose in�nitesimal generator is X̂ = �X��1:In parti
ular, for ea
h generator Xi in the basis (2.1),X̂i = �i(x̂; ŷ)�x̂ + �i(x̂; ŷ)�ŷ : (2.3)The generators X̂i; i = 1; : : : ; R; 
onstitute a basis for L, with the same stru
ture
onstants as the basis (2.1).



DISCRETE SYMMETRIES OF DIFFERENTIAL EQUATIONS 3Therefore there exists a nonsingular 
onstant matrix B = (bli) that des
ribesthe original basis in terms of the transformed basis:Xi = bliX̂l; i = 1; : : : ; R: (2.4)(The usual summation 
onvention is adopted.) By substituting (2.4) into the 
om-mutator relations [X̂i; X̂j ℄ = 
kijX̂k when (2.2) holds; (2.5)we obtain the following result.Lemma 2.2. The elements of B satisfy the nonlinear 
ontraints
nlmblibmj = 
kijbnk ; 1 � i < j � R; 1 � n � R: (2.6)The automorphism of L indu
ed by � is� : Xi 7! bliXl; i = 1; : : : ; R: (2.7)In parti
ular, if � = e�Xj for a given value of � then B = A(j; �), whereA(j; �) = exp��C(j)	; �C(j)�ki = 
kij : (2.8)Multipli
ation in the symmetry group 
orresponds to multipli
ation of the matri
esB that represent the asso
iated automorphisms. Two symmetries � and ~� areequivalent if there exists X 2 L su
h that~� = e�X�for some real �. (Note: we require that e�X is in the 
onne
ted 
omponent of theidentity.) Moreover, if � and ~� = e�X� indu
e automorphisms with matri
es B and~B respe
tively then ~B = A(1; �1)A(2; �2) � � �A(R; �R)B;for some parameters �j .To �nd the dis
rete symmetries, we must fa
tor out the 
ontinuous symmetries,leaving a set of inequivalent symmetries. This is most easily done in several stages.First, it is possible to 
reate a set of inequivalent automorphisms by fa
toring outthe 
ontinuous symmetries whose generators are not in the 
entre of the Lie algebra.If Xj is not in the 
entre (i.e. if C(j) is non-zero), repla
e B by either BA(j; �) orA(j; �)B and 
hoose � to be a value that simpli�es at least one entry in the newmatrix. Ea
h A(j; �) is used on
e, so that all 
ontinuous symmetries that are not inthe 
entre are fa
tored out. Generally speaking, it is best to use all A(j; �) that havenonzero o�-diagonal elements �rst; these matri
es 
an 
reate zeros in B. Then usethe diagonal A(j; �) matri
es to res
ale elements of B. By this pro
ess, it is possibleto solve the nonlinear 
onstraints (2.6) and obtain a 
omplete set of inequivalentautomorphisms. No 
ontinuous symmetry whose generator is in the 
entre 
an befa
tored out at this stage, be
ause its adjoint a
tion on L is the identity mapping.For ea
h inequivalent automorphism, the identity (2.4) 
an be applied to theunknown fun
tions x̂(x; y) and ŷ(x; y), yielding a system of 2R determining equa-tions : Xix̂ = bli�l(x̂; ŷ); Xiŷ = bli�l(x̂; ŷ): (2.9)This system of �rst-order quasilinear PDEs may be solved by the method of 
har-a
teristi
s or (if R � 3) by algebrai
 means. The solutions are the point transfor-mations that 
orrespond to ea
h inequivalent automorphism. Now the symmetries



4 P. E. HYDONwhose generators are in the 
entre of the Lie algebra 
an be fa
tored out, leavinga set of point transformations that are not equivalent to one another under any
ontinuous symmetry. (Usually this set 
onsists of a few fairly simple transforma-tions.) Finally, the symmetry 
ondition (1.2) is used to determine whi
h of thesetransformations are symmetries. (It is easy to 
he
k whether or not a given pointtransformation satis�es the symmetry 
ondition.)Example 2.3. Consider the ODEy000 = y00(1� y00); (2.10)whose Lie point symmetries are generated byX1 = �x ; X2 = x�y ; X3 = �y : (2.11)(Although this ODE is easy to solve exa
tly, it provides a simple 
ontext in whi
hall of the main features of the indire
t method 
an be seen. Some less easy ODEsare studied later.) For the Lie algebra spanned by (2.11), the only nonzero stru
ture
onstants are 
312 = 1; 
321 = �1; (2.12)so X3 is in the 
entre of the Lie algebra. The matri
es 
orresponding to the auto-morphisms generated by X1 and X2 areA(1; �) = 24 1 0 00 1 ��0 0 1 35 ; A(2; �) = 24 1 0 �0 1 00 0 1 35 :The 
onstraints (2.6) with n = 1 amount to
kijb1k = 0; 1 � i < j � 3:These yield only one 
onstraint, whi
h is obtained by setting (i; j) = (1; 2), namelyb13 = 0:Similarly, the n = 2 
onstraints amount tob23 = 0;so b33 6= 0 (be
ause B is nonsingular). To simplify B further, premultiply it byA(1; b32=b33) to repla
e b32 by zero. Then premultiply B by A(2;�b31=b33) to repla
eb31 by zero, so that now B = 24 b11 b21 0b12 b22 00 0 b33 35 : (2.13)We have not yet used the nonlinear 
onstraints with n = 3; the above simpli�
ationshave redu
ed these 
onstraints to the single equationb11b22 � b21b12 = b33: (2.14)The matri
es (2.13) satisfying (2.14) represent the inequivalent automorphisms ofthe abstra
t 3-dimensional Lie algebra whose only nonzero stru
ture 
onstants are(2.12). To �nd out whi
h of these automorphisms 
an be realized as real pointtransformations of the plane, we must solve the determining equations,24 x̂x ŷxxx̂y xŷyx̂y ŷy 35 = B 24 1 00 x̂0 1 35 = 24 b11 b21x̂b12 b22x̂0 b33 35 :



DISCRETE SYMMETRIES OF DIFFERENTIAL EQUATIONS 5Taking (2.14) into a

ount, the general solution of the determining equations isx̂ = b11x; ŷ = 12b11b21x2 + b11b22y + 
; b11b22 6= 0; (2.15)where 
 is a 
onstant of integration. Note that the determining equations requirethat b12 = 0, so not every automorphism 
an be realized as a point transformationof the plane. Now we fa
tor out the one-parameter Lie group generated by X3,setting 
 = 0 for simpli
ity. Finally, we must 
he
k the symmetry 
ondition (1.2)for the ODE (2.10) to see whi
h of the inequivalent point transformations (2.15)are symmetries. From (2.15), ŷ00 = b21b11 + b22b11 y00;ŷ000 = b22(b11)2 y000:Substituting these results into the symmetry 
ondition (1.2) yieldsb22(b11)2 �y00(1� y00)� = �b21b11 + b22b11 y00��1� b21b11 � b22b11 y00� :By equating powers of y00, we �nd that either(x̂; ŷ) = (x; y);or (x̂; ŷ) = �� x; 12x2 � y�:So the group of inequivalent dis
rete symmetries of the ODE (2.10) is generated by�1 : (x; y) 7! �� x; 12x2 � y�:This group is isomorphi
 to Z2, be
ause (�1)2 is the identity transformation.The same approa
h 
an also be used to obtain 
onta
t symmetries. In this
ase, x̂, ŷ, and ŷ0 � dŷdx̂ (2.16)are allowed to be fun
tions of (x; y; y0). It turns out that the Lie algebra of Lie
onta
t symmetry generators is spanned by (2.11), so all Lie 
onta
t symmetriesof the ODE (2.10) are point symmetries. The determining equations for the dis-
rete 
onta
t symmetries are now based on mappings of (x; y; y0)-spa
e, so the �rstprolongation of ea
h generator Xi is used in pla
e of Xi. Thus the determiningequations are24 x̂x ŷx ŷ0xxx̂y + x̂y0 xŷy + ŷy0 xŷ0y + ŷ0y0x̂y ŷy ŷ0y 35 = B 24 1 0 00 x̂ 10 1 0 35 ;where B is given by (2.13), (2.14). The general solution of this system and the
onstraint (2.16) isx̂ = b11x+ b12y0 ;ŷ = (b11b22 � b21b12)y + 12b11b21x2 + b21b12xy0 + 12 b12b22(y0)2 + 
;ŷ0 = b21x+ b22y0 :



6 P. E. HYDONUpon substituting this solution into the symmetry 
ondition, and fa
toring outthe symmetries generated by X3, the following result is obtained. The group ofinequivalent dis
rete 
onta
t symmetries of (2.10) is isomorphi
 to the dihedralgroup D(3) = h�1; �2 : (�1)2 = id; (�2)3 = id; �2�1 = �1(�2)2i;where id is the identity map. This symmetry group is generated by�1 : (x; y; y0) 7! �� x; 12x2 � y; y0 � x�;�2 : (x; y; y0) 7! �� y0; y � xy0 + 12 (y0)2; x� y0�:The indire
t method breaks the problem of obtaining the dis
rete symmetriesinto several steps, ea
h of whi
h is straightforward in prin
iple. In pra
ti
e, themost 
ompli
ated part of the 
al
ulation is the determination of all inequivalentautomorphisms of a given Lie algebra. These automorphisms depend only on theabstra
t Lie algebra stru
ture, and it is wise to use a basis in whi
h the stru
ture
onstants are as simple as possible. Even so, if the dimension of L is large, 
omputeralgebra may be needed.In order to alleviate this problem, Laine-Pearson & Hydon have 
lassi�ed theinequivalent automorphisms of Lie algebras that o

ur for Lie point symmetries ofs
alar ODEs [13℄. Their 
lassi�
ation, whi
h in
ludes the inequivalent realizationsas point transformations, is based upon Olver's list of ve
tor �elds that a
t on thereal plane [15℄. The automorphisms and their realizations are presented as a look-up table, to enable users to obtain the inequivalent dis
rete symmetries of a givens
alar ODE, with minimal e�ort.Example 2.4. The fourth-order ODEy(iv) = 2y000y �1� y0� (2.17)has the Lie algebra of point symmetry generators spanned byX1 = �x ; X2 = x�x + y�y ; X3 = x2�x + 2xy�y : (2.18)This Lie algebra is a realization of sl(2), for whi
h the nonlinear 
onstraints (2.6)are fairly 
ompli
ated. However, by using the look-up table in [13℄, we �nd thatthe group of inequivalent real-valued automorphisms of sl(2) is generated by�1 : (X1; X2; X3) 7! (�X1; X2; �X3);�2 : (X1; X2; X3) 7! (X3; �X2; X1):This group is isomorphi
 to Z2 
 Z2. The general solution of the determiningequations for the realization of these automorphisms is�1 : (x; y) 7! (�x; 
1y);�2 : (x; y) 7! �� 1x ; 
2yx2 � ;where ea
h 
i is an arbitary real 
onstant. The only su
h transformations thatsatisfy the symmetry 
ondition belong to the Z2
Z2 group generated by~�1 : (x; y) 7! (�x; �y);~�2 : (x; y) 7! �� 1x ; yx2� : (2.19)



DISCRETE SYMMETRIES OF DIFFERENTIAL EQUATIONS 7In this example, the dimension of the Lie algebra is less than the order of theODE. Furthermore, the Lie algebra is not solvable, so the method of su

essiveredu
tion of order 
annot be used. In su
h 
ir
umstan
es, it is unusual to be ableto obtain the general solution of the ODE, but it may be possible to �nd group-invariant solutions. (For this parti
ular ODE, the general solution 
an be obtainedin parametri
 form, using a te
hnique developed by Clarkson & Olver [4℄ | see[11℄ for details.) Every solution that is invariant under a one-parameter group ofLie point symmetries is of the formy = 
1 + 
2x+ 
3x2; (2.20)where ea
h 
i is a 
onstant. The standard method for �nding solutions of anODE that are invariant under a Lie group is well-known and easy to apply. By
ontrast, it is not usually easy to �nd solutions that are merely invariant under adis
rete symmetry group. Every solution that is invariant under the dis
rete groupgenerated by (2.19) is of the form y = xf(ln jxj);where f is an odd fun
tion. The ODE (2.17) is satis�ed iff 0000 � f 00 = � 2f (f 000 � f 0) (f 0 � 1) :(Here 0 denotes the derivative with respe
t to ln jxj.) This ODE is not easily solved,but it has some obvious singular solutions. The odd solutions off 000 � f 0 = 0
orrespond to solutions of (2.17) that are of the form (2.20). However, the oddsolution of f 0 � 1 = 0produ
es a new group-invariant solution of (2.17), namelyy = x ln jxj : (2.21)This example shows that writing an ODE in terms of invariants of a dis
rete group
an yield invariant solutions that are unobtainable by the standard method.3. A multi-sheeted di�erential equationIbragimov [12, page 235℄ posed the following problem, whi
h illustrates oneof the diÆ
ulties of studying ODEs that are not solved for the highest derivative.Find the maximal point symmetry group for the ODE(y00)2 = �y0x � ey�2 : (3.1)This ODE is two-sheeted; it 
an be split into the pair of ODEsy00 = y0x � ey; (3.2)y00 = �y0x + ey: (3.3)



8 P. E. HYDONThe sets of solutions of (3.2) and (3.3) are disjoint, be
ause no 
urve satis�es bothODEs. The Lie point symmetries of (3.2) are generated byX1 = x�x � 2�y; (3.4)whereas those of (3.3) are generated byX1 = x�x � 2�y; X2 = x ln jxj�x � 2(1 + ln jxj)�y : (3.5)The Lie algebras spanned by (3.4) and (3.5) respe
tively have di�erent dimensions,so there is no point symmetry that maps the solutions of (3.2) to those of (3.3)or vi
e versa. Therefore every point symmetry of (3.1) is a point symmetry ofboth (3.2) and (3.3) separately. This means that we are free to seek the dis
retesymmetries of either of these equations, and then �nd out whi
h are also symmetriesof the remaining ODE. As (3.3) has the larger Lie algebra, it is 
onvenient to studythis ODE �rst.The nonzero stru
ture 
onstants for the basis (3.5) are
112 = 1; 
121 = �1: (3.6)Therefore the nonlinear 
onstraints (2.6) areb11b22 � b21b12 = b11;0 = b21;and so (bearing in mind that B is nonsingular)B = � b11 0b12 1 � ; b11 6= 0:We now fa
tor out the 
ontinuous symmetries, using the matri
esA(1; �) = � 1 0�� 1 � ; A(2; �) = � e� 00 1 � :Postmultiplying B by A(1; b12), we 
an repla
e b12 by zero. Then, postmultiplyingB by A(2;� ln jb11j), we obtainB = � � 00 1 � ; where � 2 f�1; 1g:Thus the inequivalent automorphisms form a group that is isomorphi
 to Z2, whi
his generated by �1 : (X1; X2) 7! (�X1; X2):To solve the determining equations, it is helpful to have at least one generator inthe 
anoni
al form. This is a
hieved by introdu
ing new variablest = ln jxj; z = y + 2 ln jxj;whi
h redu
es the ODE (3.3) to �z = ez: (3.7)In the new variables, the symmetry generators (3.5) areX1 = �t; X2 = t�t � 2�z :The determining equations (2.9) amount tot̂t = �; ẑt = 0; tt̂t � 2t̂z = t̂; tẑt � 2ẑz = �2:



DISCRETE SYMMETRIES OF DIFFERENTIAL EQUATIONS 9By the method of the 
hara
teristi
s, the general solution of these equations ist̂ = �t+ 
1e�z=2; ẑ = z + 
2;where 
1 and 
2 are 
onstants. The symmetry 
ondition for (3.7) is satis�ed if andonly if 
1 = 
2 = 0. Reverting to the original variables, the inequivalent pointsymmetries of (3.3) are given by(x̂; ŷ) = (�x�; y + 2(1� �) ln jxj); � = �1; � = �1:These symmetries form a dis
rete group that is isomorphi
 to Z2 
 Z2, whi
h isgenerated by�0 : (x; y) 7! (�x; y); �1 : (x; y) 7! (1=x; y + 4 ln jxj):Having found all point symmetries of (3.3), we 
an solve Ibragimov's problemby �nding out whi
h of these are also point symmetries of (3.2). From the symmetry
ondition for this ODE we �nd that, up to the 
ontinuous symmetries generatedby X1, the only remaining symmetries are the re
e
tions generated by �0. Thuswe have derived the following result.Theorem 3.1. The maximal real point symmetry group of the ODE (3.1) 
on-sists of all point transformations of the form� : (x; y) 7! (�e�x; y � 2�) ; � = �1; � 2 R:Note that we 
ould also seek all inequivalent dis
rete point symmetries of (3.2)by using the automorphisms of the one-dimensional Lie algebra spanned by (3.4).After a messy but straightforward 
al
ulation, it is possible to show that (3.2) hasno point symmetries other than those in the maximal group for (3.1).4. Dis
ussionThe method des
ribed in this paper is both systemati
 and exhaustive { a
omplete list of dis
rete symmetries 
an be obtained provided that the Lie algebraof Lie point symmetry generators is known (and is nontrivial). In parti
ular, itis not ne
essary to be able to obtain the general solution of the ODE. Thus wewere able to solve the problem posed by Ibragimov, without knowing the generalsolution of (3.2).Dis
rete point symmetries are used in several bran
hes of applied mathemati
s.Equivariant bifur
ation theory des
ribes the behaviour of nonlinear systems withsymmetries [6℄. To analyse the bifur
ations 
orre
tly, it is essential that all pointsymmetries are known. Nonlinear systems o

ur in many di�erent 
ontexts (see [1℄and [3℄ for some examples).Various numeri
al methods for boundary value problems 
an be made moreeÆ
ient by using dis
rete symmetries. For example, if the solution is known to beunique, it 
an be approximated by a spe
tral method, using trial fun
tions that areinvariant under the dis
rete symmetries. Sometimes it is possible to obtain exa
tsolutions that are invariant under a dis
rete symmetry group, as in Example 2.4.There are many other appli
ations of dis
rete symmetries, in
luding those thatare not point symmetries. For brevity, the reader is referred to [11℄ for details.
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