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t. The weighted energy theory for the Navier-Stokes equations in 3D 
ylindri-
al domains is developed. Based on this theory, the existen
e of a weak solution belongingto the uniformly lo
al phase spa
e (without any spatial de
aying assumptions), its dis-sipativity and existen
e of the so-
alled traje
tory attra
tor are veri�ed. In parti
ular,this phase spa
e 
ontains the 3D Poiseuille 
ows.
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al in time existen
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es therein. These results are strongly based2000 Mathemati
s Subje
t Classi�
ation. 35Q30, 37L30, 76D03, 76D05.Key words and phrases. 3D Navier-Stokes problem, unbounded domains, spatially non-de
ayingsolutions, Poiseuille 
ow, traje
tory attra
tors.This work is partially supported by the CRDF grant RUM1-2654-MO-05. The author is also gratefulto A.Mielke and E.Titi for stimulating dis
ussions. 1



2 S. ZELIKon the so-
alled energy estimate. In order to obtain this energy estimate, one multipliesequation (1.1) by u, integrate over 
 and uses the fa
t that the nonlinear term disappears:(1.2) ((u;rx); u) := Zx2
(u(x);rx)u(x):u(x) dx � 0;for every divergent-free ve
tor �eld with Diri
hlet boundary 
onditions.The situation be
omes mu
h more diÆ
ult when the domain 
 is unbounded. Moreover,although there exists a highly developed theory of dissipative PDEs in unbounded domains(mainly based on the so-
alled weighted energy estimates, see [7℄-[12℄, [20℄-[21℄, [32℄-[35℄and referen
es therein), during the long time, it was not 
lear how to apply it to the
on
rete Navier-Stokes problem in unbounded domains, due to several prin
ipal obsta
les.Indeed, in 
ontrast to bounded domains, in the unbounded ones, the spa
e of squareintegrable (divergent-free) ve
tor �elds is not a 
onvenient phase spa
e, sin
e the assump-tion u 2 L2(
) imposes too restri
tive de
ay 
onditions on u(x) as x!1. So, under this
hoi
e of the phase spa
e, many 
lassi
al hydrodynami
al obje
ts, like Poiseuille 
ows,Couette-Taylor 
ows, Kolmogorov 
ows et
. are automati
ally out of the 
onsideration.Thus, following the general theory mentioned above, it is reasonable to repla
e the as-sumption u 2 L2(
) by more relevant one: u 2 L2b(
) where the uniformly lo
al Sobolevspa
es W l;pb (
) are de�ned via the following standard expression:W l;pb (
) := fu 2 D0(
); kukW l;pb (
) := supx02
 kukW l;p(
\B1x0 ) <1g:Here B1x0 denotes the ball of radius one of Rn 
entered at x0 2 Rn and W l;p means the
lassi
al Sobolev spa
e, see Se
tion 1 for details. But here arises the main diÆ
ulty: howto obtain a priori estimates for the solution u(t) in the uniformly lo
al spa
es?Indeed, sin
e u(t) is not square integrable any more, we 
annot multiply (1.1) simplyby u and use identity (1.2) (the integrals do not have sense). So, following the generalstrategy, we need to multiply it by �u where � = �(x) is an appropriate weight fun
tion.But in that 
ase the nonlinear term does not vanish and produ
e the additional 
ubi
term like �0u3. We note that this 
ubi
 term is not sign-de�ned and the rest terms in theenergy equality are at most quadrati
 with respe
t to u, so it was not 
lear how to 
ontrolthis 
ubi
 term in order to produ
e reasonable a priori estimate.Another obsta
le is related with the fa
t that �u is not divergent free, so the pressure pdoes not disappear in the weighted energy equality and one should be also able to 
ontrolthe term (�0p; u). Of 
ourse, this problem is 
losely related with �nding the reasonableextension of the Helmholtz proje
tor (to divergent free ve
tor �elds) to uniformly lo
alspa
es.The above mentioned diÆ
ulties stimulated the developing of the alternative methodsto handle the Navier-Stokes equations in unbounded domains. In parti
ular, in the 2D
ase, very helpful is the so-
alled vorti
ity equation(1.3) �t! ��x! + (u;rx)! = �x2g1 � �x1g2where ! := �x2u1 � �x1u2. Indeed, if 
 does not 
ontain boundary, e.g. 
 = R2 or
 = S1�R where S1 is a 
ir
le (like in the Kolmogorov problem), the maximum prin
ipleapplied to (1.3) allows to obtain global a priori estimate for the vorti
ity ! whi
h, togetherwith the a

urate analysis of the expli
it formulas for the Helmholtz proje
tors, allow to



3obtain the global in time a priori estimates for the solution u(t) and, thus, to prove theglobal solvability of the Navier-Stokes equation in the uniformly lo
al phase spa
es, see[2℄ and [14℄. Unfortunately, a priori estimate for vorti
ity obtained from the maximumprin
iple grows linearly in time, so all of the further estimates will also growing in time(to the best of our knowledge, for the 
ase 
 = R2 , it gives double exponential (� eCeCt)growth rate and polynomial (� t3) growth rate for 
 = S1 � R). The other essentialdrawba
k is that this method seems to be non-appli
able to the problems with boundary,e.g. in the 
ase where 
 is a 
ylindri
al domain and does not work in 3D 
ase.Another attra
tive possibility to avoid dire
t weighted energy estimates is to use thebifur
ation analysis. Indeed, in the situation where the basi
 steady state of the Navier-Stokes problem is slightly above the instability threshold, the solutions remaining 
lose tothat steady state 
an be des
ribed in terms of the so-
alledmodulation equations whi
h areessentially simpler than the initial Navier-Stokes problem (usually it is Ginzburg-Landauor Swift-Hohenberg equations), see [1℄, [15℄-[17℄, [19℄ and referen
es therein. Sin
e thewell-posedness and dissipativity of these modulation equations is well-understood, thestandard perturbation methods allow sometimes to obtain global in time estimates forsolutions of the initial Navier-Stokes problem starting from the small neighborhood of thebasi
 steady state. In parti
ular, the global existen
e and dissipativity of su
h solutionsfor the 3D Couette-Taylor 
ow is obtained in [23℄ and "almost global solvability" (on theexponentially long with respe
t to perturbation parameter time interval) for the 
ase ofPoiseuille 
ow 
an be found in [24℄.It is worth to emphasize that, in the 
ase where the domain 
 � Rn , n = 2; 3 possessesthe Friedri
h's inequality(1.4) kuk2L2(
) � �1krxuk2L2(
); u 2 W 1;20 (
)with positive �1 and under the restri
tive assumption that u is square integrable, all ofthe above mentioned obsta
les disappear and Navier-Stokes problem (1.1) possesses astandard (unweighted) energy theory similar to the 
ase of bounded domains, see [5℄, [28℄.We also mention the survey paper [3℄ on existen
e of spatially de
aying solutions of theNavier-Stokes problem in various domains (not ne
essarily satisfying (0.4)), see also [13℄and [30℄.However, the above mentioned obsta
les for applying the general weighted energy theoryto Navier-Stokes equations in unbounded domains have been re
ently over
ome in [37℄ forthe 
ase of 2D 
ylindri
al domains. This allowed to verify the global existen
e, uniquenessand dissipativity of the 2D Navier-Stokes equations in the 
lasses of spatially non-de
ayingsolutions. Moreover, this result embeds the 2D Navier-Stokes problem in a strip into ageneral s
heme of investigating dissipative PDEs in unbounded domains mentioned above,in
luding the study of the dimension and Kolmogorov's entropy of attra
tors, topologi
alentropies, spatial and temporal 
haos, et
., see [36℄.The main aim of this paper is to extend (of 
ourse, up to uniqueness and furtherregularity) this result to the 
ase of 3D 
ylindri
al domains. Although the general strategyof the paper is similar to [37℄, there are several essential di�eren
es and 
ompli
ations in
omparison to the 2D 
ase. Namely, in the 3D 
ase we do not have a s
alar streamfun
tion and, 
onsequently, we 
annot redu
e the study of the Helmholtz proje
tor and



4 S. ZELIKStokes operator in weighted spa
es to simple model problems for the Lapla
e and bi-Lapla
e equations and should use the theory of general ellipti
 problems.Next, due to the la
k of uniqueness for the 3D Navier-Stokes equations, we 
annotdire
tly apply the methods of [37℄ to them, but should �rst 
onsider the regularizingLeray approximations to the Navier-Stokes equations, prove the existen
e of spatiallynon-de
aying solutions for that equations and, after that, obtain the required solution bypassing to the limit.Finally, again due to the la
k of uniqueness, we 
annot 
onstru
t a usual global attra
torfor the problem 
onsidered and should use the so-
alled traje
tory approa
h, see [8, 25,31, 9℄ and referen
es therein.The paper is organized as follows. We re
all in Se
tions 2 and 3 some basi
 fa
ts onthe theory of weighted spa
es and the regularity of ellipti
 boundary value problems inthese spa
es whi
h will be systemati
ally used throughout of the paper.Se
tion 4 is devoted to study the Helmholtz proje
tor � and stationary Stokes equationsin weighted and uniformly lo
al Sobolev spa
es. The results of this se
tion are somehow
lose to [4℄ and [5℄ (and are, fa
tually, inspired by these papers).In Se
tion 5, we study the auxiliary linear non-divergent free problem(1.5) ��tv = �xv +rxq; �v��t=T = 0; div v = �0u; v���
 = 0where �(x) is the appropriate weight fun
tion and u(t) is a solution of the Navier-Stokesproblem. This auxiliary problem is ne
essary in order to over
ome the obsta
le relatedwith the appearan
e of the term 
ontaining pressure in the weighted energy equality.Roughly speaking, we will multiply equation (1.1) by the fun
tion �u(t) � v(t) where vsolves (1.5). Then, sin
e div(�u�v) = 0 the pressure term disappears (and the derivativeof our weights will be small, so the 
orre
tor v will be also small and do not produ
e anyessential diÆ
ulties in its estimating, see Se
tions 5 and 6 for the details).We note that it is not 
lear how to over
ome this obsta
le in more simple way. In-deed, the "most natural" multipli
ation by �(�u) does not work sin
e �(�u) has nonzerotra
e at the boundary whi
h leads to additional un
ontrollable boundary terms underthe integration by parts in (�xu;�(�u)). Another possibility is to 
onstru
t a new "pro-je
tor" Q to divergent free ve
tor �elds whi
h preserves the boundary 
onditions andmultiply the equation by Q(�u). This, however, leads to essential diÆ
ulties with theterm (�tu;Q(�u)) whi
h should be a 
omplete time derivative from something. We alsonote that the multipli
ation of the equation by the 
ombination of ��tu and ���xu (asin [4℄ and [5℄) is useless for us, sin
e it works only if the unweighted L2-norm of �xu is apriori known.In Se
tion 6, we verify the basi
 (uniform with respe
t to �! 0) a priori estimate andprove the global existen
e of solutions of the following Leray-Navier-Stokes problem:(1.6) 8>>><>>>:�tu+ (�w;rx)u+ 
�x1u = �xu�rxp+ g;w � ��xw = u;div u = 0; Su1 = 
;u���
 = w���
 = 0; u��t=0 = u0



5where � is a Helmholtz proje
tor to the divergent-free ve
tor �elds, � > 0 is a smallparameter, S is the averaging operator with respe
t to the 
ross se
tion x0 := (x2; x3):Sv := 1j!j Zx02
 v(x0) dx0and 
 is a given 
onstant.The additional proje
tor � is ne
essary sin
e, in 
ontrast to the spatially periodi

ase, w is no more divergent free and we will not have zero integral analogous to (1.2)without this proje
tor. The term 
�x1u appears in order to have the 
lassi
al Navier-Stokes problem as � = 0 (sin
e, due to our 
hoi
e of proje
tor �, the mean 
ux of �wequals zero and, 
onsequently, �u = u� (
; 0; 0).In order to obtain the required estimate, we use, following [37℄, the spe
ial weights(1.7) �";x0(x) := (1 + "2jx� x0j2)1=2with very small " whi
h fa
tually depends on the solution u 
onsidered. Then, the 
arefulanalysis of the obtained weighted energy inequality allows us to obtain the globally intime bounded a priori estimate of the L2b-norm of u(t). Based on this a priori estimate,we then establish the existen
e of su
h solution. In a fa
t, we �rst 
onsider the 
ase ofzero 
ux 
 = 0 (see Theorem 6.5) and, after that redu
e the general 
ase to that parti
ularone using the tri
k with the auxiliary "energy stable" equilibrium (see Theorem 6.6).The uniqueness of su
h solutions is veri�ed in Se
tion 7 (see Theorem 7.1). Moreover, wealso verify here the uniform with respe
t to �! 0 dissipative estimate for that solutionsand verify the existen
e of global attra
tors A� for the approximating problems (1.6).Finally, in Se
tion 8, we obtain the existen
e of a dissipative weak solution for the
lassi
al Navier-Stokes problem by passing to the limit �! 0. Moreover, the appropriatetraje
tory attra
tor Atr for the Navier-stokes problem is also 
onstru
ted here. Finally,using the proper s
aling , we obtain the following estimate for the size of attra
tor inL2b -norm in terms of the kinemati
 vis
osity �:(1.8) kAtrkL1(R+;L2b(
)) � C��3(j
j3� + kgk2L2b(
) + �4)where the 
onstant C is independent of �, 
 and g. We re
all that in bounded domains(in square integrable 
ase), the best known estimate is the following one:(1.9) kAtrkL1(R+;L2(
)) � C��1kgkL2(
):We see that, although estimate (1.8) is "worse" than (1.9), but it remains polynomial as� ! 0 (with a reasonable degree 3). Thus, our method is not "extremely rough" and 
anbe used in order to obtain reasonable quantitative bounds for the solutions.2. Fun
tional spa
esIn this se
tion, we brie
y re
all the de�nitions and basi
 properties of weight fun
tionsand weighted fun
tional spa
es whi
h will be systemati
ally used throughout of the paper(see also [11℄, [33℄ for more details). We start with the 
lass of admissible weight fun
tions.De�nition 2.1. A fun
tion � 2 Clo
(Rn) is a weight fun
tion of exponential growth rate� > 0 if the following inequalities hold:(2.1) �(x+ y) � C��(x)e�jyj; �(x) > 0;



6 S. ZELIKfor all x; y 2 Rn .The following proposition 
olle
ts the evident properties of that weights.Proposition 2.2. 1. Let � be a weight fun
tion with exponential growth rate �. Then, forevery " > �, � is a weight fun
tion of exponential growth rate " (with the same 
onstantC�).2. Let � and  be weight fun
tions of exponential growth rate �. Then the fun
tions	1 = �(x) (x) and 	2 = �(x)= (x) are weight fun
tions of exponential growth rate 2�with the 
onstant C	i � C�C .3. Let � be a weight fun
tion of exponential growth rate � and let  2 Clo
(Rn) satis�es(2.2) C1�(x) �  (x) � C2�(x); x 2 Rn :Then  is also a weight fun
tion of exponential growth rate � and C � C�11 C2C�.4. Let " > 0 and �(x) be a weight fun
tion of exponential growth rate �. Then thefun
tion �"(x) := �("x) is of exponential growth rate "� and with C�" = C�.All of the assertions of the proposition are simple 
orollaries of estimate (2.1).The natural example of su
h weights is the following one:(2.3) ��;x0(x) := e��jx�x0j; x0 2 Rn ; � 2 R:Obviously, they are of exponential growth rate j�j and the 
onstant C��;x0 = 1 (indepen-dent of x0 2 Rn). However, these weights are non-smooth at x = x0. In order to over
omethis drawba
k, it is natural to use the following equivalent weights:(2.4) '�;x0(x) := e��p1+jx�x0j2; x0 2 Rn :Indeed, sin
e jxj � px2 + 1 � jxj+ 1, then these weights satisfy(2.5) e�j�j��;x0(x) � '�;x0(x) � ej�j��;x0(x); x 2 Rnand, 
onsequently, '�;x0 are also weight fun
tions of exponential growth rate � (withC'�;x0 = e2j�j). Moreover, in 
ontrast to (2.3) these weights are smooth and satisfy, for� � 1 the additional obvious inequality(2.6) jDkx'�;x0(x)j � Ckj�j'�;x0(x); x 2 Rnwhere k 2 N , Dkx denotes a 
olle
tion of all x-derivatives of order k and the 
onstant Ck isindependent of x and �. This inequality is 
ru
ial for obtaining the regularity estimatesin weighted spa
es (see [11℄{[12℄, [32℄{[35℄ and Se
tion 3 below).Another important 
lass of weight fun
tions is the so-
alled polynomial ones:(2.7) �mx0(x) := (1 + jx� x0j2)�m=2; m 2 R:It is not diÆ
ult to verify that these weights are of exponential growth rate � for every� > 0 with the 
onstant C�m;x0 depending on � and m, but independent of x0 2 
.We now introdu
e a 
lass of weighted Sobolev spa
es in a regular unbounded domain
 asso
iated with weights introdu
ed above. Sin
e we fa
tually need below only the 
asewhere 
 := R � ! is a 
ylinder whi
h obviously have regular boundary, in order to avoidthe te
hni
alities, we do not formulate pre
ise assumptions on the boundary �
 (whi
h
an be found e.g. in [11℄ or [12℄).



7De�nition 2.3. Let 
 be a regular domain and let � be a weight fun
tion of exponentialgrowth rate. Then, for every 1 � p � 1, we set(2.8) Lp�(
) := fu 2 Lplo
(
); kukpLp� := Z
 �(x)pju(x)jp dx <1gand(2.9) Lpb;�(
) := fu 2 Lplo
(
); kukLpb;� := supx02
(�(x0)kukLp(
\B1x0 )) <1g:Here and below Brx0 denotes an r-ball of Rn 
entered at x0 and we write Lpb instead ofLpb;1.Moreover, for every l 2 N , we de�ne the weighted Sobolev spa
es W l;p� (
) and W l;pb;�(
)as spa
es of distributions whose derivatives up to order l belong to Lp�(
) and Lpb;�(
)respe
tively.Furthermore, the weighted Sobolev spa
es W l;p� (�
) andW l;pb;�(�
) on the boundary �

an be de�ned analogously only the integral over 
 (resp. supremum in (2.9)) in (2.8)should be naturally repla
ed by the integral (resp. supremum) over the boundary �
, see[11℄, [12℄.Remark 2.4. In the sequel, we will also use the fun
tions u(t) with values in the weightedSobolev spa
es de�ned above. In slight abuse the notations, we denote by Lpb(R;W l;pb ) thespa
e, generated by the following norm:(2.10) kukLpb (R;W l;pb ) := supx02
 supT2R kukLp([T;T+1℄;W l;p(
\B1x0 )):The following proposition 
olle
ts some useful fa
ts on the spa
es introdu
ed before.Proposition 2.5. Let 
 be a regular domain and � be a weight of exponential growth rate�. Then,1) For every r > 0 and every u 2 Lp�(
), 1 � p <1,(2.11) C�1r kukLp�(
) � �Zx02
 �p(x0)kukpLp(
\Brx0 ) dx0�1=p � CrkukLp�(
)where the 
onstant Cr depends on r, � and on the 
onstant C� from (2.1), but is indepen-dent of � and of the 
on
rete 
hoi
e of the weight �.2) For every � > �, every q 2 [1;1℄ and every u 2 L1�(
), we have(2.12) �Zx02
 �(x0)q �Zx2
 e��jx�x0jju(x)j dx�q dx0�1=q � C�kukL1�(
)where the 
onstant C� depends on �, � and on the 
onstant C�, but is independent of uand of the 
on
rete 
hoi
e of � and q.3) For every � > � and every u 2 Lpb;�(
), we have(2.13) C�1� kukpLpb;�(
) � supx02
f�(x0)p Zx2
 e��pjx�x0jju(x)jp dxg � C�kukpLpb;�(
)where the 
onstant C� depends on �, � and on the 
onstant C�, but is independent of uand of the 
on
rete 
hoi
e of �.



8 S. ZELIKThe proof of that estimates is given in [11℄ (see also [12℄, [30℄).Remark 2.6. As we will see below, estimate (2.11) allows to redu
e the proofs of embed-ding and interpolation theorems for weighted Sobolev spa
es to the 
lassi
al unweighted
ase in a bounded domain. Estimates (2.12) and (2.13) allow, in turns, to obtain the ellip-ti
 regularity in weighted spa
es with arbitrary weights of exponential growth rate if theanalogous result for the spe
ial weights e��jx�x0j (or whi
h is the same, for the equivalentsmooth weights (2.4)) is known, see Se
tion 3. Moreover, these estimates allow to 
on-trol the dependen
e of the 
onstants in embedding, interpolation and regularity theoremson the 
on
rete 
hoi
e of the weights whi
h is 
ru
ial for our study of the non-de
ayingsolutions of NS equations.We need now to introdu
e also the weighted Sobolev spa
es with fra
tional derivatives.To this end, we �rst re
all that in the unweighted 
ase the spa
e W l+s;p(
) for s 2 (0; 1)and l 2 Z+ is usually de�ned via(2.14) kukpW l+s;p(
) := kukpW l;p(
) + Zx2
 Zy2
 jDlxu(x)�Dlxu(y)jpjx� yjn+sp dx dyand, for negative l, the spa
e W l;p(
) is de�ned as a 
onjugate spa
e to W�l;q0 (
) where1=p+ 1=q = 1, see [18℄, [29℄. Then, estimate (2.11) justi�es the following de�nition.De�nition 2.7. Let 
 be a regular domain and � be a weight fun
tion of exponentialgrowth rate. For every 1 < p � 1 and every l 2 R, we de�ne the spa
e W l;p� (
) as asubspa
e of distributions for whi
h the following norm is �nite:(2.15) kukpW l;p� (
) := Zx02
 �(x0)pkukpW l;p(
\Brx0 ) dx0where r is some positive number (it is not diÆ
ult to verify that, this spa
e is independentof r). Analogously the norm in W l;pb;� is de�ned via(2.16) kukpW l;pb;�(
) := supx02
f�(x0)pkukpW l;p(
\Brx0 )g;for simpli
ity, we �x below r = 1 in de�nitions (2.15) and (2.16) of the weighted norms.Indeed, a

ording to (2.11), we see that, for l 2 Z+ the spa
es thus de�ned 
oin
idewith the spa
es from De�nition 2.1. Moreover, it is not diÆ
ult to verify, using the expli
itformula (2.14) that in the unweighted 
ase � = 1, the norm (2.15) is equivalent to (2.14).The following proposition des
ribes the weighted negative Sobolev spa
es in terms of
onjugate spa
es.Proposition 2.8. Let 
 be a regular domain and let � be a weight fun
tion of exponentialgrowth rate �. Then, for every l > 0, and every 1 < p; q <1 with 1=p+ 1=q = 1,(2.17) W�l;p� (
) = [W l;q0;��1(
)℄�where W l;q0;�(
) denotes the 
losure of C10 (
) in the W l;q� -norm and � means the 
onjugatespa
e (with respe
t to the standard inner produ
t in L2(
)). Moreover,(2.18) C1kukW�l;p� (
) � kuk[W l;q0;��1(
)℄� � C2kukW�l;p� (
)



9where the 
onstants C1 and C2 depend on �, l, p and C�, but are independent of the
on
rete 
hoi
e of u and C�.Proof. In order to avoid the te
hni
alities, we give below the proof of (2.18) only for the
ase of a 
ylindri
al domain 
 := R � ! where ! is a smooth bounded domain of Rn�1(only that 
ase will be used in the sequel) although the slightly modi�ed proof works fora general regular domain. In that parti
ular 
ase, we 
an restri
t ourselves to 
onsideronly one dimensional weights � 2 Clo
(R). Indeed, sin
e ! is bounded, (2.1) implies that(2.19) C1�(s; �0) � �(s; �) � C2�(s; �0); s 2 R; � 2 !where �0 2 ! is some �xed point and, 
onsequently, the weight �(s; �) is equivalent to��0(s) := �(s; �0). Moreover, it is more 
onvenient to use, instead of balls Brx0 the �nite
ylinders 
s := (s; s+ 1)� !, i.e. to de�ne the norm in W l;p� (
) via(2.20) kukpW l;p� (
) = Zs2R �(s)pkukpW l;p(
s) ds(sin
e the norms (2.15) are equivalent for di�erent r and ! is bounded then (2.15) and(2.20) are also equivalent).We �rst verify the right inequality of (2.18). To this end, we introdu
e a partition ofunity f ygy2R 2 C10 (R) su
h that(2.21) 8><>:1: supp y � (y; y + 1);2: Ry2R  y(s) dy � 1;3: jDks y(s)j � Ck;where the 
onstant Ck is independent of s 2 R (obviously su
h partition of unity existsand 
an be 
hosen in a smooth way with respe
t to y 2 R).Let now u 2 [W l;q0;��1(
)℄� be a fun
tional over W l;q0;��1(
) and let v be an arbitrary testfun
tion from that spa
e. Then, using (2.21) and H�older inequality, we have(2.22) j hu; vi j � Zy2R j hu;  yvi j dy � Zy2R kukW�l;p(
y)k yvkW l;q(
y) dy �� C Zy2R �(y)kukW�l;p(
y) � �(y)�1kvkW l;q(
y) dy � CkukW�l;p� (
)kvkW l;q��1(
)whi
h, together with the de�nition of the norm in a 
onjugate spa
e gives the right-handside of inequality (2.18).Let us now verify the left-hand side of that inequality. Indeed, let u 2 W�l;p� (
). We�x a family of fun
tions vy 2 W l;q0 (
y), su
h that(2.23) hu; vyi = kukW�l;p(
y)kvykW l;q(
y)and normalize these fun
tions as follows:(2.24) kvykW l;q(
y) = �(y)pkukp�1W�l;p(
y):Sin
e the spa
es W l;q(
y) are uniformly 
onvex, these family are uniquely de�ned and,moreover, 
ontinuous with respe
t to y 2 R.



10 S. ZELIKLet us de�ne also the fun
tion v(x) as follows(2.25) v(x) := Zy2R vy(x) dy:We 
laim that v 2 W l;q0;��1(
). Indeed, sin
e vy 2 W l;q0 (
y), it 
an be naturally 
ontinuedby zero to the fun
tion vy 2 W l;q0 (
) with supp vy � 
y. Thus, the integral (2.25) is wellposed and de�nes a fun
tion v 2 W l;qlo
(
) vanishing at the boundary �
. So, we onlyneed to estimate the W l;q��1(
)-norm of it.Using now that kvykW l;q(
s) = 0 if js� yj � 1, we have(2.26) kvkW l;q(
s) � Zjs�yj�1 kvykW l;q(
y) dy = Zjs�yj�1 �(y)pkukp�1W�l;p(
y) dy �� C�(s)p Zjs�yj�1 kukp�1W�l;p(
y) dy � C1�(s)p Zy2R e��js�yjkukp�1W�l;p(
y) dywhere the 
onstant � > 2p�=q 
an be arbitrary (here we have impli
itly used (2.1) in orderto estimate �(y) via �(s)). Taking the q-th power from the both sides of that relation,applying the H�older inequality and using that q(p� 1) = p, we arrive at�(s)�qkvkqW l;q(
s) � C�(s)p Zy2R e�qjs�yj=2kukpW�l;p(
y) dy:Integrating this relation over s 2 R and using (2.12), we �nally infer(2.27) kvkqW l;q��1(
) � C2kukpW�l;p� (
):We are now ready to �nish the proof of the proposition. Indeed, due to (2.23){(2.25), wehave hu; vi = Zy2
 kukW�l;p(
y)kvykW l;q(
y) dy = kukpW�l;p� (
)and, 
onsequently, due to (2.27),(2.28) kuk[W l;q0;��1(
)℄� � hu; vikvkW l;q��1(
) � Ckukp(1�1=q)W�l;p� (
):Sin
e p(1�1=q) = 1, then (2.28) implies the left-hand side of inequality (2.18). Proposition2.8 is proved. �Remark 2.9. Proposition 2.8 shows, in parti
ular, that in the 
ase � = 1, the spa
esW l;p(
) introdu
ed in De�nition 2.7, 
oin
ide with the standard Sobolev spa
es for anyl 2 R. Moreover, arguing analogously to the proof of Proposition 2.8, one 
an verify theinterpolation representation of the weighted spa
es W l+�;p� (
) with fra
tional derivatives(l 2 Z, � 2 (0; 1))(2.29) W l+�;p� (
) = �W l;p� (
);W l+1;p� (
)��;pin a 
omplete analogy with the unweighted 
ase, see e.g. [29℄.



11For the 
onvenien
e of the reader, we show below how to obtain the weighted analoguesof interpolation and embedding inequalities.Proposition 2.10. Let 
 be a regular domain, �1 and �2 be two weight fun
tions ofexponential growth rate �, 0 � l1; l2 <1, 1 < p1; p2 <1. Let also � 2 [0; 1℄ be arbitraryand l := �l1 + (1� �)l2; 1p := �p1 + 1� �p2 ; � := ��1 � �1��2Then, W l;p� (
) � W l1;p1�1 (
) \W l2;p2�2 (
) and the following estimate holds:kukW l;p� � Ckuk�W l1;p1�1 � kuk1��W l2;p2�2where the 
onstant C depends on li, pi, �, C�i and on some regularity 
onstant of thedomain 
, but is independent of the 
on
rete 
hoi
e of the weights �i and of the form ofthe domain 
. Moreover, the analogous estimate holds for the spa
es W l;pb;� as well.Proof. As in the proof of Proposition 2.8, we restri
t ourselves to 
onsider only the 
aseof a 
ylindri
al domain 
 := R � !, one dimensional weights and the equivalent norms(2.20). Moreover, we will 
onsider below only the 
ase of spa
es W l;p� (the spa
es W l;pb;�
an be 
onsidered analogously).Indeed, a

ording to the standard unweighted interpolation inequality for domains 
s,we have kukpW l;p(
s) � 
1kukp�W l1;p1 (
s)kukp(1��)W l2;p2 (
s)where the 
onstant C1 is independent of s, see [29℄. Multiplying this inequality by theweight �p(s), integrating over s 2 R and using (2.11), we getkukpW l;p� (
) � C2 Zs2R ��1kukW l1;p1(
s)�p� ��2kukW l2;p2(
s)�p(1��) ds:Applying the H�older inequality with exponents p1p� and p2p(1��) to the right-hand side ofthis inequality and using estimate (2.11) on
e more, we dedu
e the required weightedinterpolation inequality and �nish the proof of the proposition. �The next proposition gives the weighted analogue of embedding and tra
e inequalities.Proposition 2.11. Let 
 be a regular domain and � be a weight fun
tion of exponentialgrowth rate �. Then1) For every 1 < p1 � p2 <1 and every 0 � l2 � l1 satisfying(2.30) 1p2 � l2n � 1p1 � l1n ;there is a 
ontinuous embedding W l1;p1� (
) � W l2;p2(
) and the norm of the embeddingoperator depends on li, pi, � and C�, but is independent of the 
on
rete form of the weightfun
tion �. If the inequality (2.30) is stri
t, then we 
an take also p2 =1.2) For every m 2 Z+, 1 < p <1 and l > m+ 1=p the tra
e operator �m�
(2.31) �m
u := (u���
; �nu���
; � � � ; �mn u���
)(where �nu denotes the normal derivative of the fun
tion u at the boundary �
) mapsW l;p� (
) to 
mk=0W l�k�1=p;p� (�
) and there exists the asso
iated extension operator [�m�
℄�1



12 S. ZELIK(right inverse to �m�
) and the norms of that operators depend on l, m, p, � and C�, butare independent of the 
on
rete 
hoi
e of the weight �.Furthermore, the above results hold also for the family of spa
es W l;pb;�(
).Proof. As before, we restri
t ourselves to 
onsider only the 
ase of a 
ylindri
al domain
 := R � !, one dimensional weights and the equivalent norms (2.20). Moreover, we will
onsider below only the 
ase of spa
es W l;p� (the spa
es W l;pb;� 
an be 
onsidered analo-gously).Indeed, let u 2 W l1;p1� (
). Then, a

ording to the 
lassi
al Sobolev embedding theorem(see [29℄), we have(2.32) kukW l2;p2 (
s) � CkukW l1;p1(
s)where the 
onstant C is independent of s. Taking the power p2 from the both sides ofthat inequality, we transform it to the following form (for simpli
ity, we 
onsider only the
ase p2 <1)kukp2W l2;p2(
s) � Cp2kukp2W l1;p1 (
s) � C1�Zs2R e��p1js�yjkukp1W l1;p1 (
y) dy�p2=p1where � > � is arbitrary and the 
onstant C1 is independent of u. Multiplying thisrelation by �(s)p2 integrating by s 2 R and using inequality (2.12), we inferkukp2W l2;p2� (
) � C2kukp2W l1;p1� (
)whi
h proves the �rst part of the proposition.Let us verify the se
ond assertion of the proposition. Indeed, the existen
e and bounded-ness of the tra
e operator �m�
 
an be veri�ed based on the analogous property for domains
s exa
tly as before (so we rest it to the reader). Thus, we only need to 
onstru
t theextension operator [�m�
℄�1. Indeed, let U := fukgmk=0 2 
mk=0W l�k�1=p;p� (�
) be arbitrary.Using now the partition of unity (2.21), we 
onstru
t the family Us :=  sU = f sukgmk=0.Then, sin
e all of that fun
tions vanish at the origins of the 
ylinder 
s, there exists anextension operator [�m�
s ℄�1 for bounded domain 
s whi
h maps Us to W l;p(
s) and itsnorm is independent of U and s, see [29℄. The required extension operator [�m�
℄�1 
anbe now 
onstru
ted as follows:(2.33) [�m�
℄�1U := Zs2R[�m�
s℄�1Us ds:Indeed, the fa
t that this operator is well de�ned and the required uniform (with respe
tto �) estimate for its norm as the map from 
mk=0W l�k�1=p;p� (�
) to W l;p� (
) 
an beveri�ed exa
tly as estimate (2.27) for the fun
tion (2.25) from the proof of Proposition2.8. Proposition 2.11 is proved. �Our next task is formulate some tra
e theorems for 
lasses of less smooth fun
tionswhi
h are 
losely related with the theory of NS equations. To this end, we need thefollowing de�nition.



13De�nition 2.12. Let 
 be a regular domain of Rn , � be a weight fun
tion of exponentialgrowth rate � and 1 < p < 1. Let us de�ne the spa
e Ep�(
) of ve
tor-valued fun
tionsu := (u1; � � � ; un) 2 [D0(
)℄n by the following norm:(2.34) kukpEp�(
) := kukp[Lp�(
)℄n + k div ukpLp�(
):The spa
es Epb;�(
) are de�ned analogously. Moreover, for every suÆ
iently smoothve
tor-valued fun
tion u := (u1; � � � ; un), we denote by lnu := (~u; ~n)���
 the normal 
om-ponent of that fun
tion at the boundary.Proposition 2.13. Let 
 be a regular domain and � be a weight fun
tion of exponentialgrowth rate �. Then the operator ln : Ep�(
)! W�1=p;p� (�
) is well-de�ned and(2.35) klnukW�1=p;p� (�
) � CkukEp�(
)where the 
onstant C depends on � and C�, but is independent of the 
on
rete 
hoi
e ofthe weight fun
tion �. Moreover, the analogous result holds also for the spa
es Epb;�(
).Proof. As before, we verify estimate (2.35) only for the 
ylindri
al domains. Indeed, letu and vs be smooth fun
tions in 
s. Then, due to Green's formula(2.36) (lnu; v)�
s := (div u; v)
s + (u;rxv)
s:As usual, we see that the right-hand side of (2.36) is well-de�ned for all u 2 Ep(
s) andv 2 W 1;q(
s) where 1=p + 1=q = 1. Moreover, due to the 
lassi
al tra
e theorems, thereexists an extension operator [�s℄�1 : W 1�1=q;q(�
s)! W 1;q(
s) whose norm is, obviouslyindependent of s. Thus, (2.36) shows that the fun
tional lnu is well-de�ned and satis�es(2.37) klnukW�1=p;p(�
s) = klnuk[W 1�1=q;q(�
s)℄� � CkukEp(
s):Multiplying this relation by �(s)p and integrating over s 2 R, we dedu
e (2.35) and �nishthe proof of the proposition. Here we have impli
itly used thatklnukW�1=p;p((s;s+1)��!) � klnukW�1=p;p(�
s):The estimate for Epb;�(
) 
an be obtained analogously using the supremum instead ofintegral over s 2 R. �As we have already mentioned, estimates of Proposition 2.5 allow to redu
e the proofsof ellipti
 regularity in arbitrary weighted spa
es to the parti
ular 
ase of spe
ial weights(2.4). The following evident proposition will be useful in order to redu
e the 
ase of thatspe
ial weights to the 
lassi
al unweighted 
ase � = 1.Proposition 2.14. Let 
 be a regular domain and let T�;x0 be a multipli
ation operatorby the weight '�;x0(x) (i.e. (T�;x0u)(x) := '�;x0(x)u(x)). Then, for every l 2 R and1 � p � 1, this operator realizes an isomorphism between the spa
es W l;p'�;x0 (
) andW l;p(
). Moreover,(2.38) C�1kukW l;p'�;x0 (
) � kT�;x0ukW l;p(
) � CkukW l;p'�;x0 (
)where the 
onstant C depends on l, p and �, but is independent of u and x0 2 Rn .



14 S. ZELIKIndeed, this estimate is an immediate 
orollary of inequalities (2.6) and De�nition 2.7of the 
orresponding weighted spa
es.We 
on
lude by formulating some useful results on the weighted and lo
al topologieson bounded sets of W l;pb (
).Proposition 2.15. Let 
 be a bounded domain l 2 R and p 2 [1;1℄ and let B be abounded subset of W l;pb (
). Then, for every weight fun
tion � of exponential growth rate� satisfying(2.39) k�kLp(Rn) <1;the set B belongs to W l;p� (
) and the topology, generated on B by this embedding is inde-pendent of the weight � and 
oin
ides with the lo
al topology on B generated by embeddingto W l;plo
(
).Proof. Indeed, due to (2.39), we havekukpW l;p� (
) = Zx02
 �p(x0)kukpW l;p(
\B1x0 ) dx0 � k�kpLp(Rn)kukpW l;pb (
)whi
h shows that W l;pb (
) � W l;p� (
). Let us now the sequen
e un ! u in W l;plo
(
). Thismeans that, for every x0 2 
 and every R 2 R+ ,(2.40) limn!1kun � ukW l;p(
\BRx0 ) = 0:Let also un; u 2 B and � be an integrable (in the sense of (2.39)) weight. Then, sin
e theset B is assumed to be bounded in W l;pb (
),(2.41) limR!1 kunkW l;p� (
nBR0 ) = 0uniformly with respe
t to n 2 N . Assertions (2.40) and (2.41) imply in a standard waythat un ! u in W l;p� (
). Sin
e the embedding W l;p� (
) � W l;plo
(
) is obvious, thenProposition 2.15 is proved. �3. Ellipti
 regularity in weighted spa
esIn this Se
tion, we re
all some standard ellipti
 regularity results in weighted Sobolevspa
es whi
h are ne
essary to deals with the Navier-Stokes equations in unbounded do-mains. For simpli
ity, we restri
t ourselves to 
onsider only the 
ase of a 3D 
ylinder
 := R � !, ! is a bounded smooth domain of R2 (x := (x1; x2; x3) 2 
, x1 2 R,x0 := (x2; x3) 2 !) although some of the results of this se
tion remain true for generalregular domains, see [11℄-[12℄, [32℄-[35℄ for details. We start with the weighted regularityestimate for the Lapla
ian with Diri
hlet boundary 
onditions.Proposition 3.1. Let us 
onsider the following Diri
hlet problem in a 
ylinder 
:(3.1) �xu = h; u���
 = 0:Then, for every 1 < p < 1 and l = �1; 0; 1, there exists positive �0 = �0(p) su
h that,for every weight fun
tion � with suÆ
iently small exponential growth rate � (� � �0)



15and every h 2 W l;p� (
), equation (2.1) possesses a unique solution u 2 W l+2;p� (
) and thefollowing estimate holds:(3.2) kukW l+2;p� (
) � CkhkW l;p� (
)where the 
onstant C depends on C�, but is independent of the 
on
rete 
hoi
e of theweight �. Moreover, the analogous estimate holds also for the spa
es W l;pb;�(
).Proof. We restri
t ourselves to verify a priori estimate (3.2) only (the existen
e and unique-ness of a solution 
an be then veri�ed in a standard way, see e.g. [11℄, [12℄).As we have already mentioned, due to estimates (2.12) and (2.13), it is suÆ
ient toverify estimate (3.2) only for the spe
ial 
lass of weights '�0;x0(x) introdu
ed in (2.4).Indeed, if we have estimate (3.2) for su
h weights with the 
onstant C independent of x0,then we obviously have the following estimate:(3.3) kukpW l+2;p(
s) � C�0kukpW l+2;p'�0;s (
) � C1khkpW l;p'�0;s(
) �� C2 Zy2R e�p�0js�yjkhkpW l;p(
y) dywhere the 
onstant C2 is also independent of s 2 R. Multiplying now estimate (3.3) by�(s)p (where � is a weight fun
tion with exponential growth rate � < �0), integratingover s 2 R and using estimate (2.12), we infer the required estimate (2.2). Analogously,estimate (3.2) for the spa
es W l;pb;� 
an be obtained by multipli
ation (3.3) by �(s)p, takingthe supremum over s 2 R and using estimate (2.13).Thus, it only remains to verify (3.2) for the spe
ial weights '�0;s with a suÆ
iently smallpositive �0 and every s 2 R. In turns, due to Proposition 2.14 and estimates (2.6), the
ase of spe
ial weights '�0;s 
an be easily redu
ed to the unweighted 
ase � � 1. Indeed,the fun
tion u 2 W l+2;p'�0 (
) solves (3.3) if and only if the fun
tion v := '�0;su 2 W l+2;p(
)solves the following perturbed version of problem (3.2):(3.4) �xv = '�0;sh� '�0;s'00��0;sv � 2�0��0;s��0;s�x1v := T�0 ;sh+ h�0(v); v���
 = 0:We re
all that, due to (2.6),(3.5) kh�0(v)kW l;p(
) � C�0kvkW l+2;p(
)where the 
onstant C is independent of s and �0. Thus, if estimate (3.2) for � � 1 isknown, then applying it to equation (3.4) and using (3.5), we inferkT�0 ;sukW l+2;p(
) � C(kT�0 ;shkW l;p(
) + �0kvkW l+2;p(
))with the 
onstant C independent of �0 and s. Fixing now �0 to be small enough thatC�0 < 1=2, we dedu
e from the last estimate that(3.6) kvkW l+2;p(
) � 2CkT��0 ;shkW l;p(
)whi
h together with Proposition 2.14 imply estimate (3.2) for spe
ial weights '�0;s.Thus, we have redu
ed the verifying of the regularity estimate (3.2) in weighted spa
esto the unweighted 
ase � � 1. It only remains to note that (3.2) with � � 1 is a
lassi
al Lp-regularity estimate for the solutions of the Lapla
e operator, see e.g. [18℄,[29℄. Proposition 3.1 is proved. �



16 S. ZELIKRemark 3.2. Surely, regularity estimate (3.2) holds not only for l = �1; 0; 1, but wewill need it in the sequel only for that values of l. We also note that estimate (3.2) holdsfor the unweighted spa
e sin
e the spe
trum of the Lapla
ian in a 
ylinder with Diri
hletboundary 
onditions is stri
tly negative.Next proposition whi
h gives some uniform estimate for the singular perturbed Lapla
eequation, will be useful for approximating the 3D Navier-Stokes problem.Proposition 3.3. Let � > 0 be small, � be a weight fun
tion with exponential growthrate � and let u solve the equation:(3.7) u� ��xu = h; u���
 = 0for some h 2 Lp�(
). Then, the following estimate holds:(3.8) �kukW 2;p� (
) + kukLp�(
) � CkhkLp�(
)where the 
onstant C depends only on � and C� and is independent of � and the 
on
reteform of the weight �. Moreover, the analogous result holds also for the spa
es W l;pb;�.Proof. Indeed, after the s
aling �x := ��1=2x, equation (3.7) reads�u���x�u = �h; �u��� �
 = 0; �
 := ��1=2
and the weight � should be now repla
ed by ��(�s) := �(�1=2�x). It is 
lear that the regularity
onstant of the domain �
 is at least not worse than for 
 (if � is small enough) and theweight �� will be of exponential growth rate �1=2� � � with C�� = C�. By this reason,estimate (3.2) of Proposition 3.1 will hold for the s
aled equation uniformly with respe
tto �, i.e., k�ukW 2;p�� (�
) � Ck�hkLp��(
);see eg,[12, 30℄ for details. Returning ba
k to variable x, we obtain the desired estimate(3.8) and �nish the proof of the proposition. �Remark 3.4. The analogue of Proposition 3.3 for more regular external for
es h 2W l;p� (
) with l > 0 is not true, sin
e boundary layer terms may appear. Indeed, in thesimplest 1D 
ase: y(x)� �2y00(x) = 1; x 2 [0; 1℄; y(0) = y(1) = 0;the external for
e belongs to C1 and the asso
iated solutiony(x) = 1� sinh(��1x)sinh(��1) � sinh��1(1� x)sinh(��1)is a typi
al boundary layer solution whi
h does not uniformly bounded in any C� with� > 0 as �! 0.We are now going to 
onsider the Neumann-type boundary value problems for theLapla
ian in a 
ylinder 
. The main diÆ
ulty here is the fa
t that, in 
ontrast to theDiri
hlet problems 
onsidered above, the Neumann problem for the Lapla
ian has anessential spe
trum at � = 0, whi
h makes the situation mu
h more deli
ate. We howeverstart with the regularized Neumann-type problem where the spe
trum remains stri
tlynegative.



17Proposition 3.5. Let 
 be a 
ylinder and let us 
onsider the following boundary valueproblem in 
:(3.9) �xu� u = 0; �nu���
 = h0;Then, for every 1 < p < 1 and l = 0; 1; 2, there exists �0 = �0(p) su
h that, forevery weight fun
tion of suÆ
iently small exponential growth rate � (� � �0) and everyh0 2 W l�1=p;p� (�
) problem (3.9) has a unique solution u 2 W l+1;p� (
) and the followingestimate holds:(3.10) kukW l+1;p� (
) � Ckh0kW l�1=p;p� (�
)where the 
onstant C depends on C�, but is independent of the 
on
rete 
hoi
e of weightfun
tion �. Moreover, the analogous result holds for the spa
es W l;pb;� as well.Proof. Indeed, in the 
ase l = 1; 2 estimate (3.10) 
an be veri�ed exa
tly as in Propositions3.1 and 3.3 (by redu
ing to the homogeneous and unweighted 
ase), so we rest it to thereader. In the 
ase l = 0 the situation is slightly more deli
ate sin
e we do not formulatethe extension theorem for the spa
e W�1=p;p� (�
) in Proposition 2.11 and, 
onsequently,we need to work with the non-homogeneous boundary value problem. Nevertheless, theredu
tion to the unweighted 
ase based on introdu
ing the fun
tion v := '�0;su works inthis 
ase as well. Indeed, this fun
tion obviously satis�es(3.11) �xv � v = h�0(v); �nv���
 := T��0 ;sh0and(3.12) kh�0(v)kLp(
) � C�0kvkW 1;p(
)Thus, we 
an split the solution v of (3.11) as follows: v = v1 + v2 where v1 solves thehomogeneous problem(3.13) �xv1 � v1 = h�0(v); �nv1���
 = 0and the remainder v2 solves the analogue of (3.9) with h0 repla
ed by T��0 ;sh0. We seealso that the right-hand side of (3.11) belongs to Lp(
) and, 
onsequently, due to the
lassi
al Lp-regularity, we have(3.14) kv1kW 2;p(
) � Ckh�0(v)kLp(
) � C1�0kvkW 1;p(
):If we assume now that estimate (3.10) for the unweighted 
ase � = 1 and l = 0 is known,then, due to (3.14), we inferkvkW 1;p(
) � kv1kW 1;p(
) + kv2kW 1;p(
) � CkT�0 ;sh0kW�1=p:p(�
) + C�0kvkW 1;p(
)whi
h implies the estimate(3.15) kvkW 1;p(
) � 2CkT�0 ;sh0kW�1=p;p(�
)if �0 is small. Thus, the 
ase of general weight naturally redu
es to the 
ase of � � 1for l = 0 as well. It remains to re
all that, for � � 1, estimate (3.10) is a 
lassi
alLp-regularity result for the Lapla
ian, see [29℄. Proposition 3.5 is proved. �



18 S. ZELIKIn order to treat the 
ase of Neumann problem without the regularizing term �u,we need to introdu
e the following averaging operator with respe
t to the variable x0((x1; x0) 2 R � ! := 
):(3.16) (Su)(x1) := 1j!j Zs2! u(x1; s) ds:The next proposition gives the solvability of the Neumann problem for some natural 
losedsubspa
e of the the spa
e of external for
es h.Proposition 3.6. Let 
 be a 
ylinder and let us 
onsider the following boundary valueproblem in 
:(3.17) �xu = h; �nu���
 = 0:Then, for every 1 < p < 1 and l = 0; 1; 2, there exists �0 = �0(p) su
h that, for everyweight fun
tion of a suÆ
iently small exponential growth rate � (� � �0) and everyh 2 W l;p� (
) satisfying Sh� 0;problem (3.17) has a unique solution u 2 W l+2;p� (
), Su � 0 and the following estimateholds:(3.18) kukW l+2;p� (
) � CkhkW l;p� (
)where the 
onstant C depends on C�, but is independent of the 
on
rete 
hoi
e of weightfun
tion �. Moreover, the analogous result holds for the spa
es W l;pb;� as well.Proof. We �rst note that the operator S 
ommutes with the multipli
ation operator T�0and with the x1-derivatives �x1 . Thus, arguing exa
tly as before, we 
an redu
e the proofof (3.18) to the unweighted 
ase � � 1. So, we will prove below (3.18) for the 
ase � � 1only.To this end, we �rst 
onsider the 
ase p = 2. In that 
ase we 
an multiply equation(3.17) by u and obtain, after the integration by parts that(3.19) krxuk2L2(
) � khkL2(
)kukL2(
)Sin
e we have assumed additionally that Su� 0 then, we have the Friedri
h's inequality(3.20) kukW 1;2(
) � CkrxukL2(
)whi
h together with (3.19) implies that(3.21) kukW 1;2(
) � CkhkL2(
):In order to prove estimate (3.18) for p = 2 and � � 1, we now use the following standardinterior regularity estimate:(3.22) kuk2W l+2;2(
s) � C(kuk2W 1;2(
s�1[
s[
s+1) + khk2W l;2(
s)) �� C1 Zy2
 e��js�yj(kuk2W 1;2(
y) + khk2W l;2(
y)) dy:Integrating this estimate over s 2 R and using (2.12) and (3.21), we infer the unweightedestimate (3.18) for p = 2. Thus, due to the tri
k with the multipli
ation operator T�0 ;s,estimate (3.18) is veri�ed for p = 2 and all weights with suÆ
iently small exponential



19growth rate. Moreover, we have also the analogue of estimate (3.18) with p = 2 for thespa
es W l;pb;�(
).Let us now 
onsider the 
ase p 6= 2. We �rst 
onsider the 
ase p > 2 and will proveestimate (3.18) for the spa
es W l;pb (
). Indeed, sin
e W l;pb (
) � W l;2b (
), then we alreadyhave the estimate(3.23) kukW 1;2b (
) � CkhkL2b(
) � C1khkLpb (
):Using now the interior regularity estimatekukW l+2;p(
s) � C(kukW 1;2(
s�1[
s[
s+1) + khkW l;p(
s)) �� C1 supy2Rfe��js�yj(kukW 1;2(
y) + khkW l;p(
y))g;taking a supremum over s 2 R from the both parts of that inequality and using (2.3) and(3.23), we �nally infer(3.24) kukW l+2;pb (
) � CkhkW l;pb (
):Let now 1 < p < 2. Then, we split the solution u of (3.17) as follows: u = u1 + u2 whereu1 solves problem(3.25) �xu1 � u1 = h; �nu1���
 = 0and the remainder u2 solves(3.26) �xu2 = �u1; �nu2���
 = 0:We �rst note that, due to the Lp-regularity (see Proposition 3.5), for equation (3.25), wehave(3.27) ku1kW l+2;pb (
) � CkhkW l;pb (
):Moreover, applying the operator S to both sides of equation (3.25) and using that Sh� 0,we have(3.28) (Su1)00 � Su1 � 0 and, 
onsequently, Su1 � 0:Furthermore, due to the embedding theorem (see Proposition 2.11), we have(3.29) ku1kW l;2(
) � Cku1kW l+2;pb (
);for every 1 < p < 2. Thus, we 
an apply estimate (3.23) for equation (3.26) whi
h togetherwith (3.27) gives estimate (3.24) for 1 < p < 2 as well.Thus, estimate (3.24) is veri�ed for all 1 < p < 1. Then, due to the above des
ribedtri
k with the multipli
ation operator T�0 ;s, we dedu
e estimate (3.18) for the spa
esW l+2;pb;� (
) for all weight fun
tions of suÆ
iently small exponential growth rate.So, it only remains to obtain it for the spa
es W l;p� (
). To this end, we note that (3.18)for the spa
es W l;pb;'�0;s(
) implies, in parti
ular, that(3.30) kukpW l+2;p(
s) � C supy2Rfe��0pjs�yjkhkpW l;p(
y)g � C1 Zy2
 e��0pjs�yjkhkpW l;p(
) dy:



20 S. ZELIKMultiplying (3.30) by �(s)p, integrating over s 2 R and using (2.12), we dedu
e �nallyestimate (3.18) and �nish the proof of Proposition 3.6. �Remark 3.7. As we see from the proof of Proposition 3.6, the weighted regularity esti-mates 
an be dedu
ed not only from the unweighted estimates in W l;p(
), but also fromtheir analogs in the spa
es W l;pb (
). The last s
ale of spa
es is sometimes (e.g., in theproof of Proposition 3.6) more 
onvenient, sin
e, in 
ontrast to spa
es Lp(
), the spa
esLpb(
) have usual (for bounded domains) embedding properties (Lp1b (
) � Lp2b (
), forp1 � p2).We now note that assumption Sh � 0 in Proposition 3.6 is essential for the weightedestimate (3.18). Indeed, in general 
ase Sh 6= 0, for the quantity Su = (Su)(x1) we havethe following equation:(3.31) (Su)(x1)00 = (Sh)(x1); x1 2 Rwhose solution Su, obviously, does not possess any weighted regularity estimates forgeneral h. Fortunately, for problems arising in the weighted regularity theory for theHelmholtz operator, the fun
tion Sh has a spe
ial stru
ture whi
h allows to take oneprimitive of it remaining in weighted Sobolev 
lasses. To be more pre
ise, the followingproposition holds.Proposition 3.8. Let 
 be a 
ylinder and let us 
onsider the following Neumann boundaryvalue problem in 
:(3.32) �xu = 0; �nu���
 = lngwhere g 2 [Lp(
)℄2 is a divergent free ve
tor �eld(3.33) div g � 0:Then, for every 1 < p < 1 and l = 0; 1; 2, there exists �0 = �0(p) su
h that, forevery weight fun
tion of a suÆ
iently small exponential growth rate � (� � �0) andevery g 2 W l;p� (
) satisfying (3.33), problem (3.32) has a unique solution (up to adding a
onstant) satisfying rxu 2 W l;p� (
), and(3.34) (Su)(x1)0 = (Sg1)(x1); x1 2 Rand the following estimate holds:(3.35) krxukW l;p� (
) � CkgkW l;p� (
)where the 
onstant C depends on C�, but is independent of the 
on
rete 
hoi
e of weightfun
tion �. Moreover, the analogous result holds for the spa
es W l;pb;� as well.Proof. For simpli
ity, we dedu
e below only a priori estimate (3.35). The existen
e anduniqueness of a solution 
an be veri�ed in a standard way (see also [4℄).We �rst de�ne an auxiliary fun
tion v as a solution of the following problem:(3.36) �xv � v = 0; �nv���
 = lng:Then, due to Propositions 3.5 and 2.13, we have(3.37) kvkW l+1;p� (
) � CklngkW l�1=p;p� (�
) � C2kgkW l;p� (
):



21Moreover, applying the x0-averaging operator S to equation (3.36), we have(3.38) (Sv)(x1)00 � (Sv)(x1) = � 1j!j Zs2�!(~n; ng(x1; s)) ds; x1 2 R:Furthermore, sin
e the ve
tor �eld g is divergen
e free, we have1j!j Zs2�!(~n; g(x1; s)) ds = (S[�x2g2 + �x3g3℄)(x1) = �(Sg1)(x1)0and, 
onsequently,(3.39) (Sv)(x1)00 � (Sv)(x1) = (Sg1)(x1)0:Let us 
onsider now the remainder w := u � v whi
h obviously satis�es the followingequation:(3.40) �xw = �v; �nw���
 = 0:Then, a

ording to Proposition 3.6, the fun
tion �w := w � Sw satis�es the followingestimate:(3.41) k �wkW l+1;p� (
) � Ck�vkW l;p� (
) � C1kgkW l;p� (
):So, it only remains to 
onsider the equation for Sw, i.e.(Sw)(x1)00 = �(Sv)(x1)whi
h together with (3.39) gives(3.42) (Su)(x1)00 = (Sg1)(x1)0:This relation shows that we 
an indeed to take one primitive and satisfy 
ondition (3.34).It only remains to note that the fun
tion (Su)(x1) is independent of x0 and, 
onsequently,(3.43) rxu = rx�u+ ((Su)0; 0; 0):Thus, estimates (3.37), (3.41) together with the obvious fa
t that(3.44) kSgkW l;p� (R) � CkgkW l;p� (
)implies (3.35) and �nishes the proof of Proposition 3.8. �4. The Helmholtz proje
tor and stationary Stokes problemIn this Se
tion, we dis
uss the weighted analogue of the 
lassi
al Helmholtz de
ompo-sition of the spa
e [L2(
)℄2 to divergent free and gradient ve
tor �elds whi
h is ne
essaryfor ex
luding the pressure from Navier- Stokes equations. To this end, we �rst need tode�ne the 
orresponding spa
es of divergent free ve
tor �elds.De�nition 4.1. Let 
 be a 
ylinder. Then, for every l � 0, 1 < p < 1 and everyweight fun
tion � of exponential growth rate, we de�ne the following spa
e of divergentfree ve
tor �elds:(4.1) Hl;p� (
) := fv 2 [W l;p� (
)℄3; div v � 0; lnv���
 = 0; Sv1 � 0gwhi
h is 
onsidered as a 
losed subspa
e of W l;p� (
) and endowed by the norm indu
edby this embedding. Here the normal 
omponent lnv of the tra
e on the boundary is well-de�ned due to Proposition 2.13 and the x0-averaging operator S is de�ned by (3.16). The



22 S. ZELIKspa
es Hl;pb;�(
) 
an be de�ned analogously. Moreover, for simpli
ity, we will write belowHp�(
) and Hpb;�(
) instead of H0;p� (
) and H0;pb;�(
) respe
tively.We also de�ne the spa
e Vp�(
) as follows:Vp�(
) := fv 2 H1;p� (
); v���
 = 0gand the analogous spa
e Vpb;�(
).The following natural proposition 
lari�es the additional 
onditions lnv���
 = 0 andSv1 � 0 in formula (4.1).Proposition 4.2. Let 
 be a 
ylinder and � be a weight fun
tion of exponential growthrate � and 1 < p <1. Then the spa
e Hp(
) 
oin
ides with the 
losure of all divergentfree ve
tor �elds v 2 [D(
)℄3 in the topology of [Lp�(
)℄3:(4.2) Hp�(
) = �v 2 [D(
)℄3; div v = 0�[Lp�(
)℄2where [�℄V denotes the 
losure in the topology of the spa
e V .Proof. Indeed, let v be a divergent free ve
tor �eld from [D(
)℄3. Then, obviously,lnv���
 = 0. Moreover, integrating the relation �x1v1 = ��x2v2 � �x3v3, we infer thatSv1 � 
onst = 0 (sin
e v1 has a �nite support). Sin
e all these properties preserve underthe 
losure (see Proposition 2.13), then the right-hand side of (4.2) is a subset of the leftone.Thus, it only remains to approximate every fun
tion from u 2 Hp�(
) by divergent freeve
tor �elds belonging to [D(
)℄3. Moreover, sin
e for the 
ase of bounded domains theassertion is well-known (see eg, [27℄), it is suÆ
ient to approximate u by the fun
tionsun 2 Hp�(
) with bounded support. In order to do so, we introdu
e a family of 
ut-o� fun
tions �n su
h that �n(s) 2 [0; 1℄, �n(s) = 1, for s 2 [�n; n℄, �n(s) = 0, fors =2 [�n� 1; n+ 1℄ and �0n(s) is uniformly bounded with respe
t to s and n.Let us now 
onsider the ve
tor-�eld ~un(x) := �n(x1)u(x). Then, obviously, ~un ! u in[Lp�(
)℄3, the support of ~un is bounded and is 
ontained in the sub-domain 
[�n�1;n+1℄ :=[�n�1; n+1℄�! and has zero tra
e of the normal 
omponent on the boundary and zeromean 
ux. The only problem is that ve
tor �eld is not divergent free:div ~un = �0nu1 := hn(x) = hn(x)�
�n�1(x) + hn(x)�
n(x) := hn+(x) + hn�(x)(here we have impli
itly used that supp �0n � [�n � 1;�n℄ [ [n; n + 1℄). Moreover, sin
eu1 has a zero mean, we 
on
lude thatZ
�n�1 hn�(x) dx = Z
n hn+(x) dx = 0:Thus, there exist ve
tor �elds un� 2 [W 1;20 (
�n�1)℄3 and un+ 2 [W 1;20 (
)℄3 su
h that(4.3) div un� = hn�; kun�kW 1;p(
�n�1) � Cku1kLp(
�n�1); kun+kW 1;p(
n) � Cku1kLp(
n)where the 
onstant C is independent of n, see [27℄. Extending now ve
tor �elds un� byzero outside of 
�n�1 [ 
n, we obtain the ve
tor �elds un� de�ned already in the whole
ylinder 
 and satisfying (4.3) (here we have used zero boundary 
onditions). Finally,



23estimates (4.3) show that un� 2 Lp�(
) (and even W 1;p� (
)) and tend to zero as n!1 inthat spa
es. De�ning �nally(4.4) un := ~un � un+ � un�;we obtain the desired 
onverging sequen
e of divergent free ve
tor �elds with �nite sup-ports an �nish the proof of the proposition. �Remark 4.3. Arguing analogously, one 
an also verify the des
ription for Vp�(
):(4.5) Vp�(
) = �v 2 [D(
)℄3; div v = 0�[W 1;p� (
)℄2As usual, we de�ne the operator � : [L2(
)℄3 ! H2(
) as an orthoproje
tor to thedivergent free ve
tor �elds. Then, as known (see e.g. [27℄ or [28℄), every ve
tor �eldu 2 [L2(
)℄3 
an be split in a unique way in a sum of a divergent free ve
tor �eldv 2 H2(
) and a potential one rxp 2 [L2(
)℄3 for the appropriate p 2 H1lo
(
):(4.6) u = v +rxp; div v = 0; v := �u:The next theorem shows that the analogous splitting holds in weighted spa
es as well.Theorem 4.4. Let 
 be a 
ylinder and let � be the orthoproje
tor de�ned above. Then,for every 1 < p < 1 and l = 0; 1; 2, there exists a suÆ
iently small positive �0 su
hthat, for every weight fun
tion with exponential growth rate � � �0, this proje
tor 
an beuniquely extended by 
ontinuity to a bounded operator from [W l;p� (
)℄3 to Hl;p� (
) and thefollowing estimate holds:(4.7) k�ukHl;p� (
) � Ckuk[W l;p� (
)℄3where the 
onstant C depends only on p, l and C�, but is independent of the 
on
rete
hoi
e of the weight �. Thus, for every u 2 [W l;p� (
)℄3 there exists a unique de
ompositionin the form of (4.6) with v 2 Hl;p� (
) and p 2 W l+1;plo
 (
). In this formula v = �u.Moreover, the analogous result holds also for the spa
es W l;pb;�.Proof. Let u 2 [W l;p� (
)℄3 and let us 
onstru
t the pressure p in de
omposition (4.6).Indeed, taking formally a divergen
e from the both parts of (4.6), we get(4.8) �xp = div uand using that lnv���
 = 0, we infer the boundary 
ondition for p:(4.9) �np���
 = lnu���
:We however note that the right-hand side of (4.9) is ill-posed for general u 2 [Lp(
)℄3.In order to over
ome this diÆ
ulty (following [4℄), we introdu
e an auxiliary fun
tion p1whi
h solves(4.10) �xp1 = div u; p1���
 = 0and then, the remainder �p := p� p1 solves(4.11) �x�p = 0; �n�p���
 = ln(u�rxp)���
:We now note that div(u�rxp1) = 0 and, 
onsequently, due to Proposition 2.13, the tra
eln(u�rxp1) on the boundary is well-de�ned and we 
an apply Proposition 3.8 whi
h gives



24 S. ZELIKa unique solvability (up to a 
onstant) of (4.11) and estimate (3.35) for the gradient of �p.It remains to note that, 
ondition (3.34) now reads�x1S�p= Su1� �x1Sp1 and, thus S�x1p = Su1whi
h shows that p is indeed 
orre
tly de�ned (Sv1 = Su1 � S�x1p = 0, div v = 0 andlnv = 0). From estimate (3.35) (for rx�p) and estimate (3.2) for rxp1, we immediatelydedu
e the analog of estimate (4.7) for rxp. Sin
e �u := v = u � rxp this gives alsoestimate (4.7) for �. Theorem 4.4 is proved. �Corollary 4.5. Let the assumptions of Theorem 4.4 hold and let v 2 Hp�(
). Then, forevery potential ve
tor �eld w = rxp su
h that w 2 [Lq��1(
)℄3, we have(4.12) (v; w)[L2(
)℄3 = 0:Indeed, a

ording to Proposition 4.2, the fun
tion v 
an be approximated (in the metri
of Lp�(
)) by a sequen
e of smooth divergent free ve
tor �elds with a 
ompa
t support.Sin
e for su
h ve
tor �elds (4.12) is obvious, then passing to the limit, we obtain (4.12)for all v 2 Hp�(
).The next proposition gives the estimate for the weighted norms of the 
ommutator of� and the multipli
ation operator T�;x0 introdu
ed in Proposition 2.14.Proposition 4.6. Let 
 be a 
ylinder, 1 < p <1, l = 0; 1; 2 and T�;x0 is a multipli
ationby the spe
ial weight '�;x0(x1). Then, there exists �0 = �0(p) > 0 su
h that, for everyweight fun
tion of exponential growth rate " � �0, every � � �0 and every x0 2 R, wehave(4.13) k(T�;x0 Æ �� � Æ T�;x0 )ukW l+1;p�('�;x0)�1 (
) � C�kukW l;p� (
)where the 
onstant C depends on C�, but is independent of �, u, x0 and on the 
on
rete
hoi
e of the weight �. Moreover, the analogous result holds for the spa
es W l;pb;�(
) aswell.Proof. Indeed, let u 2 W l;p� (
) be arbitrary and let(4.14) u = v +rxp; 'u = v' +rxp'be de
ompositions (4.6) for fun
tions u and 'u respe
tively (whi
h exist due to Theorem4.4) and ' := '�;x0. Then,�xp' = div('u); �xp = div u; �np = lnu; �np' = 'lnu:Let now P' := p' � 'p. Then, this fun
tion solves:(4.15) �xP' = '0u1 � 2'0�x1p� '00p; �nP' = 0:However, from Proposition 3.6, we obtain the weighted estimate of �P' := P' � SP'only. Moreover, from Theorem 4.4, we are able to extra
t the weighted estimate only for�p := p� Sp. To over
ome this diÆ
ulty, we re
all that, for proving (4.13), we only needthat(4.16) kv' � 'vkW l+1;p�'�1(
) = krxp' � 'rxpkW l+1;p�'�1 (
) � C�kukW l;p� (
)



25We 
laim that, for estimating this quantity, it is suÆ
ient to have the proper estimatesfor �P' and �p only. Indeed,rxp' � 'rxp = ��x1 �P' + '0�p� �x1SP'� '0Srx0 �P�p � :Furthermore, sin
e the mean 
ux of v and v' equal zero, we infer from (4.14) that(4.17) �x1Sp' = 'Su1; �x1Sp= Su1and, 
onsequently,�x1SP'� '0Sp= �x1(Sp'� 'Sp)+ '0Sp= �x1Sp'� '�x1Sp= 'Su1� 'Su1 = 0:Thus, we really need only the estimates for �P' and �p in order to �nish the proof of theproposition.We also re
all that, exa
tly as in the proof of Theorem 4.4, we have the followingestimate(4.18) k�pkW l+1;p� (
) � CkukW l;p� (
)whi
h, together with estimate (2.6) for '0 give the required estimate for '0�p. So, we onlyneed to estimate rx �P'. To this end, applying the operator (Id�S) to equation (4.15),we get(4.19) �x �P' = Hu(x) := '0�u1 � 2'0�x1 �p� '00�p; �n �P' = 0:Using now estimate (4.18) together with inequality (2.6) for weights ', we 
on
lude thatkHukW l;p'�1�(
) � C�kukW l;p� (
)where C is independent of �. Applying now the result of Proposition 3.6 to equation(4.19) (S �P' = 0!), we �nally arrive atk �P'kW l+2;p'�1�(
) � C�kukW l;p� (
)whi
h �nishes the proof of Proposition 4.6 for the spa
es W l;p� . The 
ase of spa
es W l;pb;� is
ompletely analogous and Proposition 4.6 is proved. �We start now to study the Stokes operator A := ��x in weighted spa
es. To this end,we need to de�ne the spa
es of distributions asso
iated with divergent free ve
tor �elds.the 
orresponding fun
tional spa
es.De�nition 4.7. Let 
 be a 
ylinder and let Ddiv(
) be the spa
e of all smooth divergentfree ve
tor �elds in 
 with 
ompa
t support. As usual, we denote by D0div(
) the spa
eof all linear 
ontinuous fun
tionals on Ddiv(
). We denote also by H�1;p(
s) � D0div(
s)the 
onjugate spa
e to Vq(
s) with the standard norm.Finally, for every weight fun
tion � of exponential growth rate �, we de�ne the spa
esH�1� (
) and H�1b;�(
) as subspa
es of D0div(
) with the following �nite norms:kukpH�1;p� (
) := Zs2
 �(s)pkukpH�1;p(
s) ds <1;kukH�1;pb;� (
) := sups2Rf�(s)kukH�1;p(
s)g <1:



26 S. ZELIKArguing exa
tly as in Proposition 2.8, one 
an show that(4.20) H�1;p� (
) = [Vq��1(
)℄�:We however note that the spa
es H�1;p� (
) are not the subspa
es of usual distributionsD0(
) and, in a fa
t, larger than the 
orresponding spa
es [W�1;p� (
)℄2 of distributions.Nevertheless, there is a natural map of [W�1;p� (
)℄2 to H�1;p� (
) (whi
h is usually 
onsid-ered as an extension of the proje
tor � to the negative Sobolev spa
es and is also denotedby �)(4.21) h�u; vidiv := hu; vi ; div v = 0where in the left-hand side we have the pairing in D0div(
)�Ddiv(
) and in the right-handside the standard pairing in distributional sense is written.Thus, the Stokes operator A = ��x 
an be naturally extended to the operator fromVp�(
) to H�1;p� (
) (and, analogously, in the spa
es Vpb;�(
)).We are going to study the linear Stokes equation in a 
ylinder 
:(4.22) �xu+rxp = g; u���
 = 0; div u = 0:Or, in the equivalent operator form: Au = �g. We start with re
alling the standardregularity result for the unweighted 
aseProposition 4.8. For any g 2 W l;p(
), l � �1 is integer and 1 < p <1, there exists aunique solution (u; p) (up to adding a 
onstant to p; in the sense of distributions), su
hthat u 2 Vp(
) \Hl+2;p(
), �p := p� Sp 2 W l+1;p(
), su
h that(4.23) kukW l+2;p(
) + krxpkW l;p(
) + k�pkW l+1;p(
) � CkgkW l;p(
)where the 
onstant C is independent on u.Indeed, at least for bounded domains, this assertion is well-known (see, eg, [27℄, Propo-sition I.2.3) even in the 
ase of non-homogeneous Stokes problem. For the Hilbert 
asep = 2, l = �1, the result follows immediately from the energy estimate and for other lthand pth, it 
an be easily veri�ed by redu
ing the problem to the 
ase of bounded domainsvia the standard lo
alization te
hnique, see also [3℄ and referen
es therein.We, however, note that, in 
ontrast to the 
ase of bounded domains, we are now ableto 
ontrol the Lp-norms pressure fun
tion �p := p � Sp and �x1Sp and the mean pressureSp may even grow as jx1j ! 1.Our aim now is to obtain the weighted analogue of Proposition 4.8. To this end, it ismore 
onvenient to 
onsider more general non-homogeneous analog of that equation:(4.24) (�xu+rxp = g; Su1 � 0; u���
 = 0;div u = h;for some fun
tion h satisfying(4.25) Sh� 0:Theorem 4.9. For every integer l � �1 and every 1 < p < 1, there exists �0 =�0(p; !) > 0 su
h that for every weight fun
tion � of exponential growth rate � � �0,every g 2 W l;p� (
) and every h 2 W l+1;p� (
) satisfying zero 
ux 
ondition (4.25), problem



27(4.24) possesses a unique solution (u; p) su
h that u 2 W l+2;p� (
), �p 2 W l+1;p� (
) and thefollowing estimate holds:(4.26) kukW l+2;p� (
) + krxpkW l;p� (
) + k�pkW l+1;p� (
) � C(kgkW l;p� (
) + khkW l+1;p� (
))where the 
onstant C depends on C�, but is independent of the 
on
rete form of � and gand h. Moreover, the analogous result holds also for the spa
es W l;pb;�.Proof. Let us �rst 
onsider the unweighted non-homogeneous 
ase � = 1 and h 6= 0. Inthe 
ase l = �1, it 
an be easily redu
ed to the homogeneous 
ase h = 0 by substru
tinga fun
tion ~u 2 W 1;p0 (
) satisfying div ~u = h. In order to 
onstru
t this fun
tion, it issuÆ
ient to solve the problemdiv us = h; u���
s = 0; x 2 
s:Sin
e Sh� 0, the mean value of h in 
s is also equal zero and, 
onsequently, this problemhas indeed a solution us whi
h satis�eskuskW 1;p(
s) � CkhkLp(
s)with C independent of s. The required fun
tion ~u 
an be then de�ned as follows:~u(x) := ~un(x); x 2 
n:Thus, the assertion of the theorem is veri�ed in the 
ase l = �1 and � = 1. Usingthat estimate and the lo
alization te
hnique, one 
an verify the estimate for every integerl � �1.Let us now 
onsider the weighted 
ase � 6= 0. As usual, it is suÆ
ient to verify estimate(4.26) for the spe
ial exponential weights '�;x0(x1) only (a general result will follow thenfrom representations (2.11) and (2.13)). We also restri
t ourselves by verifying only apriori estimate (4.26) (the existen
e of a solution will follow then in a standard way eg,by approximation g and h by fun
tions with �nite support and passing to the limit).Let (u; p) be a desired solution of problem (4.24) and let ' := '�;x0(x1) for some x0 2 R.We set u' := 'u; p' := 'p� '0 Z x10 (Sp)(y) dy:In this new variables problem (4.24) reads(4.27) (�xu' +rxp' = g' := 'g + 2'0�x1u1 + '00u1 + '0�p~e1;div u' = h' := 'h + '0u1where ~e1 := (1; 0; 0). We see that again Sh' � 0 (sin
e Su1 � 0). Moreover, usinginequalities (2.6) and obvious fa
t that �p' = '�p, we establish that(4.28) kg'kW l;p(
) + kh'kW l+1;p(
) �� C �kgkW l;p' (
) + khkW l+1;p' (
)� + C� �ku'kW l+2;p(
) + k�p'kW l+1;p(
)�where the 
onstant C is independent of � (here we have impli
itly used also Proposition2.14). Applying now already proved non-weighted estimate (4.26) to equation (4.27), we



28 S. ZELIKwill haveku'kW l+2;p(
) + krxp'kW l;p(
) + k�p'kW l+1;p(
) � C(kg'kW l;p(
) + kh'kW l+1;p(
)):Combining now this estimate with (4.28) and �xing � = �0 being small enough, we arriveat ku'kW l+2;p(
) + krxp'kW l;p� (
) + k�p'kW l+1;p(
) � C(kgkW l;p' (
) + khkW l+1;p' (
))whi
h together with Proposition 2.14 gives (4.26) and �nishes the proof of the theorem.�We 
on
lude the se
tion by formulating several useful 
orollaries of the proved theorem.Corollary 4.10. Let 
 be a 
ylinder and let A := ��x. Then, for every 1 < p < 1and l = 0;�1 there exists positive �0 = �0(p) su
h that, for every weight fun
tion of asuÆ
iently small exponential growth rate (� � �0) operator A realizes an isomorphismbetween spa
es Vp�(
) \ Hl+2;p� (
) and Hl;p� (
) and the following estimate holds:(4.29) C�1kukHl+2;p� (
) � k��xukHl;p� (
) � CkukHl+2;p� (
)where the 
onstant C depends on C�, but is independent of the 
on
rete 
hoi
e of theweight fun
tion �. Moreover, the analogous result holds for the spa
es Hl;pb;�(
) as well.Proof. Indeed, estimates in the right-hand side of (4.29) follow from Theorem 4.4 (in the
ase l = 0) and from the de�nition of � for negative Sobolev spa
es (if l = �1). Theleft-hand side of (4.29) follows immediately from Theorem 4.9 with h � 0 by applyingthe proje
tor � to both sides of equation (4.22) (in the 
ase l = �1 one needs to use alsothe obvious fa
t that, for every g 2 H�1;p� (
) there exists an extension ~g 2 W�1;2� (
) su
hthat �~g = g). �Corollary 4.11. Let the assumptions of Corollary 4.10 hold and let p = 2. Then, forevery weight fun
tion with a suÆ
iently small growth rate �, we have(4.30) C�1(��xu; ��xu) � (���xu; ���xu) � C(��xu; ��xu)where (�; �) denotes the standard inner produ
t in [L2(
)℄3 and the 
onstant C is indepen-dent of the 
on
rete 
hoi
e of the weight � and u 2 V2�(
) \H2;2� (
).Indeed, estimate (4.30) is an immediate 
orollary of (4.29) with p = 2 and the followingellipti
 regularity estimate for the Lapla
ian in 
 with Diri
hlet boundary 
onditions:(4.31) C�1kukW 2;2� (
) � k�xukL2�(
) � CkukW 2;2� (
);see Proposition 3.1.5. An auxiliary non-stationary Stokes problemIn this se
tion, we study the following non-stationary linear Stokes problem in a 
ylin-dri
al domain 
:(5.1) 8><>:�tw = �xw �rxq;divw = h(t); Sw1 � 0;w���
 = 0; �w��t=0 = 0;



29where h(t) = h(t; x) is a given fun
tion satisfying(5.2) Sh(t)(x1) � 0; t 2 [0; T ℄; x1 2 R:This auxiliary problem will be essentially used in the next se
tion in order to obtain theweighted energy estimates for weak solutions of the nonlinear Navier-Stokes system.The following theorem gives a priori estimates and the solvability result for problem(5.1).Theorem 5.1. There exists a positive �0 su
h that, for every weight fun
tion � of suÆ-
iently small exponential growth rate � (� � �0) and every(5.3) h 2 L2([0; T ℄;W 1;2� (
)) \ C([0; T ℄; L2�(
))for whi
h (5.2) is satis�ed problem (5.1) possesses a unique solution w from the 
lass(5.4) w 2 L2([0; T ℄;W 2;2� (
)) \ C([0; T ℄;W 1;2� (
));�t�w 2 L2([0; T ℄; L2�(
)); q 2 D0([0; T ℄� 
)and satisfying the following estimates:
(5.5) Z T0 e��jt�sj(k�t�w(s)k2L2�(
) + kw(s)k2W 2;2� (
)) ds �� C Z T0 e��jt�sjkh(s)k2W 1;2� (
) ds;kw(t)k2W 1;2� (
) � C �kh(t)k2L2�(
) + Z T0 e��jt�sjkh(s)k2W 1;2� (
) ds�where � is a suÆ
iently small positive 
onstant depending only on �0 and the 
onstant Cdepends on C�, but is independent of the 
on
rete 
hoi
e of the weight �.Proof. In order to solve (5.1), we are going to redu
e it to the divergent free 
ase. To thisend, for every t 2 [0; T ℄, we introdu
e v(t) = Kh(t) as a solution of the following stationaryStokes problem:(5.6) �xv �rxr = 0; div v = h(t); v���
 = 0:Indeed, due to Theorem 4.9, there exists positive �0 su
h that, for every weight fun
tionof suÆ
iently small exponential growth rate � (� � �0) and every h 2 W l;2� (
), l = 0; 1satisfying (5.2), equation (5.6) possesses a unique solution v 2 W l+1;2� (
), Sv1 � 0, so theoperator Kh(t) is well-de�ned. Moreover, the following estimate holds:(5.7) kvkW l+1;2� (
) � CkhkW l;2� (
)where the 
onstant C depends on C�, but is independent of the 
on
rete 
hoi
e of theweight �.Let us introdu
e now a new dependent variable �w(t) := w(t) � v(t). This fun
tionobviously satis�es the following equation:(5.8) �t( �w + v) = �x �w �rx�q; div �w = 0; �w���
 = 0; �w��t=0 = ��v��t=0:



30 S. ZELIKApplying the proje
tor � to both parts of (5.8), we infer(5.9) �t( �w +�v) = ��x �w; div �w = 0; �w���
 = 0; �w��t=0 = ��v��t=0:In order to obtain a priori estimate for solutions of (5.9), we multiply it by the expression'2�;x0(x1)(�2x2 + �2x3)( �w +�v) + �x1 ['2�;x0(x1)�x1( �w +�v)℄where x0 2 R is arbitrary, � > 0 is small enough and the weight ' is de�ned by (2.4).Then, we get(5.10) 1=2�t('2�;x0; jrx( �w +�v)j2) + ('2�;x0��x �w;�x �w) == �('02�;x0��x �w; �x1 �w)� ('2�;x0��x �w;�x�v)� ('02�;x0��x �w; �x1�v):We estimate the se
ond term in the left-hand side of (5.10) using estimates (4.13), (4.7)and (4.30) in the following way:(5.11) ('2�;x0��x �w;�x �w) = ('2�;x0 ; j��x �wj2)�� (��x �w; ('2�;x0 Æ �� � Æ '2�;x0)�x �w) � C('2�;x0; j�x �wj2)�� C1('�2�;x0 ; j('2�;x0 Æ �� � Æ '2�;x0)�x �wj2) � (C2 � C3�)k�x �wk2L2'�;x0 (
)where the 
onstants Ci are independent of � and x0. Fixing now � to be small enough,estimating the right-hand side of (5.10) by H�older inequality and using (4.7) and (4.29),we have(5.12) �t(krx( �w +�v)k2L2'�;x0 (
))++ �(k�x �wk2L2'�;x0 (
) + krx( �w +�v)k2L2'�;x0 (
)) � Ckvk2W 2;2'�:x0 (
)where the positive 
onstants � and C are independent of x0 2 R (here we have alsoimpli
itly used that krx( �w +�v)kL2'�;x0 (
) � C(krx �wkL2'�;x0 (
) + kvkW 2;2'�;x0 (
)))Applying the Gronwall inequality to (5.12) and using estimate (5.7) with l = 1 (forevery �xed t), we arrive at(5.13) krx( �w(t) + �v(t))k2L2'�;x0 (
) + Z t0 e��(t�s)k �w(s)k2W 2;2'�;x0 (
) ds �� C Z t0 e��(t�s)kh(s)k2W 1;2'�;x0 (
) ds(here we have used also that �w(0) + �v(0) = �u(0) = 0). Moreover, sin
e the 
onstantC in (5.13) is independent of x0 2 R, then, multiplying (5.13) by �2(x0), integrating overx0 2 R and using (2.12), we obtain (exa
tly as in Se
tion 3) the analogue of estimate(5.13) not only for the spe
ial weights '�;x0, but also for arbitrary weight � of exponentialgrowth rate " < �.In order to dedu
e a priori estimate (5.5) from (5.13), it only remains to re
all thatw = �w + v and (due to (5.7) with l = 0)kw(t)kW 1;2� (
) � C(krx( �w(t) + �v(t))kL2�(
) + kh(t)kL2�(
)):



31Indeed, this estimate together with (5.13) gives the required estimate for the W 1;2� -normof w(t), estimate for the W 2;2� -norm of w is also an immediate 
orollary of (5.13) and (5.7)with l = 1. Finally, the required estimate for �t�w = �t( �w + �v) 
an be now obtainedfrom equation (5.9). Thus, a priori estimate (5.5) is proved.We also note that,(5.14) (Id��)�tw(t) = �t(Id� �)Kh(t) = (Id� �)K�th(t);and we see that, in 
ontrast to the divergen
e free 
omponent of �tw its potential 
ompo-nent does not belong to L2�(
) for general external for
es h, but if, in addition, we have�th 2 L2�(
), then (5.14) show that �tu will be also in L2�(
) and equation (5.1) 
an benaturally understood as an equality in L2([0; T ℄; L2�(
)).The above observation gives a natural way to 
onstru
t the required solution w(t) of(5.1) based on the obtained a priori estimate. Indeed, let us approximate the externalfor
e h 2 C([0; T ℄; L2�(
)) \ L2([0; T ℄;W 1;2� (
)) by a sequen
e of smooth (with respe
t tot and x) fun
tions hn having the 
ompa
t support in x1 and satisfying (5.2). Having su
hhn, we 
onstru
t the asso
iated fun
tions vn 2 C1([0; T ℄;W 2;2(
)) by Theorem 4.9. Then,the asso
iated equation (5.8) for �wn will be the standard non-stationary Stokes equationwith the external for
es �tv(t) belonging to the unweighted spa
e C([0; T ℄;W 2;2(
)).It is well-known that, for su
h external for
es the non-stationary Stokes equation pos-sesses a unique solution �wn 2 W 1;2([0; T ℄; L2(
)) \ L2([0; T ℄;W 2;2(
)), see e.g. [4℄ or [5℄.Thus, the approximating sequen
e of solutions wn is 
onstru
ted. We also note that, sin
ewn(t) belongs to L2(
) and divergent free, one has(5.15) S�wn1 � 0 and, 
onsequently Swn1 � 0:Moreover, sin
e hn have 
ompa
t support in x1, then a priori estimate (5.5) holds for wnuniformly with respe
t to n!1. Passing now to the limit n!1 and using (5.15) we
onstru
t the required solution w(t). Theorem 5.1 is proved. �Remark 5.2. Condition Sw1 � 0 is essential for the uniqueness part of Theorem 5.1. Aswe will see below, for every fun
tion 
(t) 2 Cb(R), equation (5.1) possesses a solution wsatisfying Sw1(t) � 
(t).We 
on
lude this se
tion by preparing some te
hni
al tools for obtaining the energyestimates for the nonlinear Navier-Stokes equation in a 
ylindri
al domain. To this end,we need to introdu
e some more fun
tional spa
es.De�nition 5.3. Let 
 be a 
ylinder and let W b([0; T ℄ � 
) 
onsists of ve
tor �eldsu 2 L2b([0; T ℄;V2b (
)) (see Remark 2.4) su
h that the t-derivative �tu belongs to D0div(
)a.e. and satis�es(5.16) �tu 2 L2b([0; T ℄;H�1;2b (
)):Let us 
onsider also an arbitrary weight fun
tion � of a suÆ
iently small exponentialgrowth rate � and a smooth nonnegative fun
tion � satisfying the following assumptions:(5.17) j�0(s)j+ �(s) � C�(s); s 2 R; Zs2R �2(s) ds <1:



32 S. ZELIKIn order to obtain the weighted energy estimates for the solution u 2 W b([0; T ℄ � 
)of the Navier-Stokes equation in L2�(
) (whi
h 
ontains L2b(
) due to the integrabilityassumption on �), it would be natural to multiply it by the fun
tion �2u and integrateover 
, but, unfortunately, this fun
tion is no more divergent free and, 
onsequently, thisway does not allow to ex
lude the pressure. Instead of that, we will multiply, following[37℄) it by the fun
tion �2u� v where v(t) := (P�u)(t) is the appropriate 
orre
tor whi
hmakes this multiplier divergent free. To this end, the fun
tion v(t) should satisfy(5.18) div v(t) � hu(t) := 2��0u1(t)(here we have used that div u = 0). Due to the integrability assumption on �, thefun
tion h 2 L2([0; T ℄;W 1;2��1(
)) and, moreover, sin
e Su1 � 0, we have Sh� 0 and (5.2)is satis�ed.Furthermore, it is 
onvenient for us to �x the 
orre
tor v(t) := (P�u)(t) as a solutionof the following auxiliary non-stationary Stokes problem in 
:(5.19) ��tv = �xv �rxq; div v(t) = hu(t); v���
 = 0; �v��t=T = 0:This equation, obviously, 
an be redu
ed to (5.1) by the time 
hange t ! T � t. Thus,Theorem 5.1 and estimate (5.5) holds for this equation as well. The following theoremjusti�es our 
hoi
e of the 
orre
tor P� and gives the main te
hni
al tool for the weightedenergy estimates of the Navier-Stokes equations.Theorem 5.4. Let 
 be a 
ylinder and let � be a smooth nonnegative fun
tion, satisfying(5.17) for some square integrable weight � of suÆ
iently small exponential growth rate �.Then,(5.20) W b([0; T ℄� 
) � C([0; T ℄; L2�(
)):Let also P� be de�ned as the solving operator for problem (5.19). Then, the followingequality holds:(5.21) ddt�1=2(�2u(t); u(t))� (u(t); (P�u)(t))�+ (rxu(t);rx(�2u(t))) == (�tu(t)� ��xu(t); �2u� (P�u)(t))whi
h means that the fun
tion 1=2(�2u; u)� (u;P�u) is absolutely 
ontinuous as a s
alarfun
tion on [0; T ℄ and (5.21) holds almost everywhere.Proof. We give below only the formal derivation of (5.21) whi
h 
an be justi�ed in astandard way (see [37℄; the detailed proof of embedding (5.20) also 
an be found there).Indeed, sin
e �t�v +��xv � 0 and div u = div(�2u� v) = 0, integrating by parts, wehave(5.22) (�tu� ��xu; �2u� v) = (�tu��xu; �2u� v) == �t[1=2(�2u; u)� (u; v)℄ + (rxu;rx(�2u)) + (u; �tv +�xv) == �t[1=2(�2u; u)� (u; v)℄ + (rxu;rx(�2u)):Theorem 5.4 is proved. �



336. Leray approximations to Navier-Stokes equationsThe aim of that se
tion is to verify the existen
e of spatially non-de
aying solutions forthe following Leray-Navier-Stokes equation in a 
ylindri
al unbounded domain 
:(6.1) 8><>:�tu+ (�w;rx)u+ Su1�x1u = �xu�rxp+ g;w � ��xw = u; w���
 = u���
 = 0; div u = 0;u��t=0 = u0where � > 0 is a small regularizing parameter whi
h is now �xed. In order to obtain theunique solvability, we endow the problem by the additional mean 
ux assumption(6.2) Su1(t) � 
where 
 is a given 
onstant whi
h plays the role of a "boundary" 
ondition at x1 = �1.The additional term Su1�x1u = 
�x1u is related with the fa
t that, in the 
ase � = 0,on the one hand, we should have the 
lassi
al Navier-Stokes problem and, on the otherhand, w(t) = u(t) and �w(t) = u(t)� (
; 0; 0).For simpli
ity we start our 
onsideration with the 
ase of zero 
ux(6.3) Su1(t) � 0and the 
ase of general 
ux 
 will be 
onsidered at the end of this se
tion. We assumealso that(6.4) g 2 L2b(R+ ; L2b(
)); u0 2 H2b(
)and the solution u belongs to(6.5) u 2 W b([0; T ℄� 
)(see De�nition 5.3) and satis�es equation (6.1) in the sense of distributions D0div(
) overthe divergent free ve
tor �elds.Remark 6.1. Due to Theorem 5.4, u 2 L1([0; T ℄;H2b(
)) \ C([0; T ℄;H2�(
)) for everysquare integrable weight fun
tion of exponential growth rate, so the initial 
onditionu��t=0 = u0 is well-de�ned. Moreover, sin
e u 2 L1([0; T ℄; L2b(
))\L2b([0; T ℄;V2b (
)) then,due to Proposition 3.3 and Theorem 4.4 together with the embedding W 2;2 � L1, we
on
lude that we have(6.6) �w 2 L1([0; T ℄� 
)Then, the inertial term (�w;rxu) satis�es(6.7) (�w;rx)u 2 L2b([0; T ℄� 
) � L2b([0; T ℄;H�1;2b (
)):Thus,(6.8) �[(�w;rx)u℄ 2 L2b([0; T ℄;H�1;2b (
))(where � is the proje
tor on the divergent free ve
tor �elds introdu
ed in Se
tion 4).Applying this proje
tor to equation (6.1), we obtain(6.9) �tu = ��xu� �[(�w;rx)u℄ + �g



34 S. ZELIKwhi
h shows that, indeed, the derivative �tu should belong to the spa
e(6.10) �tu 2 L2b([0; T ℄;H�1;2b (
))(see Corollary 4.10 for the term ��xu). This shows that the de�nition of a solution u inthe form (5.5) is not 
ontradi
tory and equation (6.1) 
an be understood as equality (6.9)in the spa
e (6.10). We also note that zero 
ux assumption (6.3) is now in
orporated intothe de�nition of the spa
e W b([0; T ℄� 
).We now introdu
e a spe
ial family of polynomial weight fun
tions �"(s) = �";x0(s) bythe following expression:(6.11) �";x0(s) := �1 + "2js� x0j2��1=2 ; " > 0; s; x0 2 R:Obviously these fun
tions are weight fun
tions of exponential growth rate �, for every� > 0 with the 
onstant C�" depending on �, but is independent of x0 2 
 and " 2 [0; 1℄.This means that all of the weighted estimates formulated in previous se
tions will hold forweights (6.11) with the 
onstants independent of "! 0 whi
h is 
ru
ial for our method.Moreover, these weights satisfy also the following improved version of (5.17):(6.12) j�0";x0(s)j � "[�";x0(s)℄2; k�"kL2(Rn) <1:Thus, Theorem 5.4 holds for these weights as well.The next proposition gives basi
 uniform with respe
t to � a priori estimate for thesolutions of (6.1).Proposition 6.2. Let the above assumptions hold and let u 2 W b([0; T ℄�
) be a solutionof the Leray-Navier-Stokes problem (6.1). Then, the following estimate holds:(6.13) sups2[0;T ℄fe��jt�sjku(s)k2L2�"(
)g+ (C1 � C2"kukL1([0;T ℄;L2�"(
)))�� Z T0 e��jt�sjku(s)k2W 1;2�" (
) ds �� C3e��tku(0)k2L2�"(
) + C3 Z T0 e��jt�sjkg(s)k2L2�"(
) dswhere the positive 
onstants � and Ci, i = 1; 2; 3 are independent of small � > 0, u, u0,g, "! 0, T and x0 (we re
all that we write for brevity �" instead of �";x0).Proof. Indeed, let u be a solution of (6.9) belonging to the above 
lass. Then, due toTheorem 5.4, we have the following identity:(6.14) ddt [1=2(�2"u(t); u(t))� (u(t); v(t))℄ + (rxu(t);rx(�2"u(t))) == �(�2"u(t)� v(t); (�w(t);rx)u(t)� g(t)))



35where v := P�"u solves the auxiliary problem (5.19). Using (6.12) and the inequalitykukL2�"(
) � CkrxukL2�"(
), we transform (6.14) as follows:(6.15) ddtRu(t) + �Ru(t) + 1=2ku(t)k2W 1;2�" (
) � j(�2"u(t); (�w(t);rxu(t))j++ j(v(t); (�w(t);rx)u(t))j+ Ckg(t)k2L2�"(
) + Ckvk2L2[�"℄�1(
) := Hu(t)where Ru(t) := 1=2ku(t)k2L2�"(
) � (u(t); v(t)). Applying now the Gronwall inequality to(6.15), we infer(6.16) Ru(t) + Z t0 e��(t�s)ku(s)k2W 1;2�" (
) ds � Ce��tRu(0) + C Z t0 e��(t�s)Hu(s) ds:We now need to estimate the auxiliary fun
tion v(t). To this end, we note that, due to(6.11), the fun
tion hu(t) := 2�"�0"u(t) satis�es(6.17) khu(t)kW l;2[�"℄�2(
) � C"ku(t)kW l;2�" (
)where the 
onstant C is independent of "! 0. Applying now Theorem 5.1 to the auxiliaryequation (5.19), we dedu
e the following estimate:(6.18) kv(t)k2W 1;2[�"℄�2(
) � C"2ku(t)k2L2�"(
) + C"2 Z T0 e��jt�sjku(s)k2W 1;2�" (
) ds;Z T0 e��jt�sjkv(s)k2W 2;2[�"℄�2 (
) ds � C"2 Z T0 e��jt�sjku(s)k2W 1;2�" (
) dswhere � > 0 is small enough and the 
onstant C are independent of � and " ! 0.Inserting these estimates into (6.16) after simple transformations, we get(6.19) ku(t)k2L2�"(
) + Z t0 e��(t�s)ku(s)k2W 1;2�" (
) ds � Ce��tku0k2L2�" (
)++ C"2 Z T0 e��jt�sjku(s)k2W 1;2�" (
) ds+ Z T0 e��jt�sjHu(s) ds:This estimate, in turns implies in a standard way that, for suÆ
iently small " > 0,(6.20) sups2[0;T ℄fe��jt�sjku(t)k2L2�"(
)g+ C 0 Z T0 e��jt�sjku(s)k2W 1;2�" (
) ds �� Ce��tku0k2L2�" (
) + C Z T0 e��jt�sjkg(s)k2L2�"(
) ds++ C Z T0 e��jt�sjj(�2"u(s); (u(s);rx)u(s))j ds++ C Z T0 e��jt�sjj(v(s); (u(s);rx)u(s))j ds := Iu0 + Ig + I1 + I2:Indeed, in order to obtain the estimate for the �rst term in the left-hand side of (6.20), itis suÆ
ient to multiply (6.19) by e�
jt1�tj, where 
 < �, take the supremum over t 2 [0; T ℄and use Proposition 2.5. Analogously, in order to obtain the estimate for the se
ond



36 S. ZELIKterm, we only need to integrate over t 2 [0; T ℄ instead of taking the supremum (rigorouslyspeaking, we obtain (6.20) for some new exponent 
 whi
h is less than � (say, 
 = �=2),but, in order to simplify the notations, we denote this new exponent by � as well).Thus, in order to �nish the proof of Proposition 6.2, we only need to estimate theintegrals I1 and I2 in the right-hand side of (6.20) uniformly with respe
t to � ! 0. Tothis end, we will use the uniform (with respe
t to �) estimate(6.21) k�w(t)kL2�"(
) � Cku(t)kL2�"(
)whi
h is an immediate 
orollary of Proposition 3.3 and Theorem 4.4.Indeed, for the term I1, integrating by parts in (�2"u; (�w;rx)u) and using that div u =0, (6.21) and inequality (6.12), we have(6.22) j(�2"u; (�w;rx)u)j = j(�"�0"(�w)1; juj2)j � C"([�"℄3j�wj; juj2) �� C1"k�wkL2�"(
)kuk2L4�"(
) � C2"kukL2�"(
)kuk2W 1;2�" (
)where the 
onstant C2 is independent of " and � (here we have impli
itly used also theembedding W 1;2�" (
) � L4�"(
) where the embedding 
onstant is independent of ", seeProposition 2.11).Inserting this estimate into the expression for I1, we arrive at(6.23) I1 � C3"kukL1([0;T ℄;L2�"(
)) Z T0 e��jt�sjku(s)k2W 1;2�" (
) ds:Let us now estimate the integral I2. To this end we will use the following embeddingestimate of Proposition 2.11: kvkL1[�"℄�2 (
) � CkvkW 2;2[�"℄�2(
)where again the 
onstant C is independent of ". Thus, we 
an estimate the term I2 asfollows:(6.24) I2 � C Z T0 e��jt�sjk�w(s)kL2�"(
)krxu(s)kL2�"(
)kv(s)kW 2;2[�"℄�2(
) ds �� Ck�w(s)kL1([0;T ℄;L2�"(
)) Z T0 e��jt�sj("ku(t)k2W 1;2�" (
) + "�1kv(s)k2W 2;2[�"℄�2(
)) ds:Using now (6.18) and (6.21), we �nally arrive at(6.25) I2 � C3"kukL1([0;T ℄;L2�"(
)) Z T0 e��jt�sjku(s)k2W 1;2�" (
) ds:Inserting estimates (6.23) and (6.25) into the right-hand side of (6.20), we obtain (6.13)and �nish the proof of Proposition 6.2. �In order to dedu
e the existen
e of a solution u 2 W b([0; T ℄�
) of problem (6.1) froma priori estimate (6.13), we need the following simple proposition.Proposition 6.3. Let w 2 L2b(
) and let the weight �" = �";x0 be the weight fun
tionde�ned by (6.11). Then, the following estimate holds:(6.26) kwkL2�"(
) � C"�1=2kwkL2b(
)



37where the 
onstant C is independent of "! 0 and x0 2 R.Proof. Indeed, a

ording to (2.11), we havekwk2L2�"(
) � C Zs2R �"(s)2kwk2L2(
s) ds � Ckwk2L2b(
) Zs2R(1 + "2js� x0j2)�1 ds == Ckwk2L2b(
)"�1 Zs2R(1 + jsj2)�1 ds = C1"�1kwk2L2b(
)and Proposition 6.3 is proved. �Proposition 6.3 allows to simplify basi
 a priori estimate (6.13) as follows.Corollary 6.4. Let the assumptions of Proposition 6.2 hold and let u 2 W b([0; T ℄ � 
)be a solution of (6.1). Then, the following estimate holds:(6.27) kuk2L1([0;T ℄;L2�"(
)) + (C1 � C2"kukL1([0;T ℄;L2�"(
)))kuk2L2b([0;T ℄;W 1;2�" (
)) �� C3"�1(ku(0)k2L2b(
) + kgk2L2b([0;T ℄;L2b(
)))where the positive 
onstants � and Ci, i = 1; 2; 3 are independent of u, u0, g, " ! 0, Tand x0 (we re
all that we write for brevity �" instead of �";x0).Indeed, in order to dedu
e (6.27) from (6.13), it is suÆ
ient to use (6.26), take thesupremum over t 2 [0; T ℄ and use (2.13).We are now ready to prove the existen
e of a bounded solution of the Leray-Navier-Stokes problem (6.1).Theorem 6.5. Let the above assumptions hold. Then, problem (6.1) possesses at leastone solution u 2 W b([0; T ℄� 
) whi
h satis�es the following estimate:(6.28) kukL1([0;T ℄;L2b(
))\L2b ([0;T ℄;W 1;2b (
)) � C(1 + ku0k2L2b(
) + kgk2L2b([0;T ℄�
))where the 
onstant C is independent of small � > 0 T , g and u0.Proof. The idea of the proof is based on the following observation: let(6.29) Ku0;g := (1 + ku0k2L2b(
) + kgk2L2b([0;T ℄�
))1=2:Then, a priori estimate (6.27) gives the following 
onditional result: let the solution u apriori satisfy(6.30) kukL1([0;T ℄;L2�"(
)) � C12C2":Then, we ne
essarily have(6.31) kukL1([0;T ℄;L2�"(
) + C1=2kukL2b([0;T ℄;W 1;2b (
)) � C1=23 "�1=2Ku0;g:Let us now �x "� 1 in su
h way that(6.32) C1=23 "�1=2Kg;u0 < C12C2"or whi
h is the same(6.33) " � [Ku0;g℄�2:



38 S. ZELIKIn this 
ase estimates (6.30) and (6.31) allow to dedu
e estimate of the form (6.28) us-ing the standard 
ontinuation by parameter arguments. Indeed, let us, s 2 [0; 1℄ be a
ontinuous 
urve of solutions of (6.1) su
h that(6.34) Kus0;gs � Ku10;g1and estimate (6.31) is satis�ed for s = 0. Then, it is satis�ed for s = 1 as well, sin
e,due to (6.32), we 
annot a
hieve the bound (6.30) before 
rossing the bound (6.31) and,
onsequently, the 
ontinuity arguments show that (6.31) holds for every s 2 [0; 1℄.Let us now pro
eed in more rigorous way. To this end, we �rst prove estimate (6.28)for the square integrable 
ase:(6.35) u0 2 H2(
); g 2 L2([0; T ℄; L2(
)):In this 
ase, the Leray-Navier-Stokes problem has a unique square integrable solution u:(6.36) u 2 C([0; T ℄; L2(
)) \ L2([0; T ℄;W 1;2(
)):whi
h 
an be obtained exa
tly as in the 
ase of bounded domains. Moreover, this solutiondepends 
ontinuously (in the metri
 of (6.36)) on the initial data u0 and external for
es g(this 
an be veri�ed in a standard way, sin
e the above �-regularization makes the inertialterm subordinated to the linear part of the equation, see e.g. [4℄, [5℄, [28℄).Thus, the solutions us, s 2 [0; 1℄ asso
iated with the initial data us0 := su0, gs := sggenerate a 
ontinuous 
urve in the spa
e (6.36) and, evidently, (6.31) is satis�ed for u0 � 0.Therefore, due to the above 
ontinuity arguments, we have estimate (6.31) for s = 1 aswell. Taking into a

ount (6.33), we 
an rewrite it in the following way:(6.37) kukL1([0;T ℄;L2�";x0 (
))\L2b ([0;T ℄;W 1;2�";x0 (
)) � C[Ku0;g℄2where the 
onstant C is independent of x0 2 R. Using now the obvious estimatekvkW l;2b (
) � C supx02R kvkW l;2�";x0 (
); l = 0; 1where C is independent of "� 1, we dedu
e the required estimate (6.28).Thus, the assertion of the theorem is veri�ed in the square integrable 
ase (6.35). Letus now 
onsider the general 
ase of u0 and g satisfying only assumption (6.4). To thisend, we approximate the data u0 and g by a sequen
e of square integrable ones un0 andgn satisfying (6.35). Moreover, we assume that(6.38) kun0kH2b(
) + kgnkL2b([0;T ℄�
) � Cwhere C is independent of n and that(6.39) un0 ! u0 in L2lo
(
); gn ! g in L2lo
([0; T ℄� 
):Then, due to already proved part of estimate (6.28), the asso
iated solution un of theNavier-Stokes equation (belonging to the 
lass (6.36)) satis�es(6.40) kunkL1([0;T ℄;L2b(
)) + kunkL2b([0;T ℄;W 1;2b (
)) � C1where C1 is also independent of n. Moreover, from equation (6.9), we infer also that(6.41) k�tunkL2b([0;T ℄;H�1;2b (
)) � C:



39Thus, passing to the subsequen
e if ne
essary, we 
an assume without loss of generalitythat the sequen
e un 
onverge weakly to some u 2 W b([0; T ℄� 
) in the lo
al topology,i.e., for every square integrable weight � satisfying (5.17), we have(6.42) un ! u weakly in W �([0; T ℄� 
):Moreover, due to the embedding W �([0; T ℄ � 
) � C([0; T ℄; L2�(
)) (see Theorem 5.4),the limit fun
tion u satis�es the initial 
ondition u(0) = u0.Thus, we only need to verify that the 
onstru
ted fun
tion u satisfy equation (6.1) (orwhi
h is the same, equation (6.9)) in the sense of distributions, i.e., we need to verifythat, for every U 2 C10 ((0; T )� 
) with divU = 0, we have(6.43) �hu; �tUi = hu;�xUi � h(�w;rx)u; Ui+ hg; Ui :(the passing to the limit in the linear equation wn���xwn = un is obvious) Indeed, sin
eun solves the Leray-Navier-Stokes equations, we have(6.44) �hun; �tUi = hun;�xUi � h(�wn;rx)un; Ui+ hgn; Ui :Moreover, passing to the limit n!1 in all linear terms of (6.44) is evident and we onlyneed to pass to the limit in the inertial term (�wn;rx)un. To this end, it is suÆ
ient toverify that(6.45) un ! u strongly in the spa
e L2lo
([0; T ℄� 
);Indeed, sin
e rxun ! rxu weakly in L2lo
([0; T ℄ � 
). Moreover, due to Proposition3.1, Theorem 4.4 and 
onvergen
e (6.45), we have the analogous strong 
onvergen
e of�wN to �w. This, in turns, implies the weak 
onvergen
e (�wn;rx)un ! (�w;rx)u inL1lo
([0; T ℄� 
).In order to prove (6.45), we note that, due to (6.42), for every integrable weight � wehave(6.46) �tun ! �tu weakly in L2([0; T ℄;H�1;2�2 (
)):Furthermore, due to (6.42), we have also(6.47) un ! u weakly in L2([0; T ℄;V2�(
)):Sin
e, we have the standard embeddingsV2�(
) �� H2�2(
) � H�1;2�2 (
)and the �rst embedding is 
ompa
t, then, due to the 
ompa
tness theorem (see e.g. [27℄),we have the strong 
onvergen
e un ! u in L2([0; T ℄;H2�2(
)). Thus, the 
onvergen
e(6.45) is proved and Theorem 6.5 is also proved. �We now return to the general 
ase of nonzero 
ux 
 6= 0 in (6.2). Then the Leray-Navier-Stokes equation (6.1) with g = 0 possesses the 
lassi
al Poiseuille solution(6.48) ~v
(x) := 
( j!jkv
kL1(!) v
(x0); 0; 0)where the s
alar fun
tion v
 = v
(x0) solves the Lapla
e equation in !:(6.49) �x0vp = 1; vp���! = 0:



40 S. ZELIKIndeed, the asso
iated ve
tor �eld ~w
, obviously, has the following form:~w
(x) = (w
(x0); 0; 0)where w
(x0) solves(6.50) w
 � ��x0w
 = v
; w
���! = 0:In parti
ular, the ve
tor �eld ~w
 is divergent free and, 
onsequently,(6.51) �~w
 = ~w
 � (Sw
; 0; 0) = ( �w
; 0; 0):Using (6.51), one 
an immediately verify that ~v
 solves the Leray-Navier-Stokes problem(6.1), (6.2) with g � 0.Therefore, the di�eren
e u� ~v
 has zero 
ux and, 
onsequently, it is natural to de�nea weak solution of (6.1) as a fun
tion u 2 ~v
 + W b([0; T ℄� 
) whi
h satis�es (6.1) in thesense of distributions over the divergent free ve
tor �elds. Moreover, the assumption onu0 should be also naturally repla
ed byu0 2 ~v
 +H2b(
):The next theorem is an analogue of Theorem 6.5 for the 
ase of nonzero 
ux.Theorem 6.6. Let the above assumptions hold. Then, for every 
 2 R, u0 2 ~v
 +H2b(
)and g 2 L2b([0; T ℄�
), the Navier-Stokes problem (6.1), (6.2) possesses at least one weaksolution u 2 v
 + W b([0; T ℄� 
) whi
h satis�es the following estimate:(6.52) kukL1([0;T ℄;L2b(
))\L2b ([0;T ℄;W 1;2b (
)) � C(1 + j
j3 + ku0k2L2b(
) + kgk2L2b([0;T ℄�
))where the 
onstant C is independent of �, T , u0, g and 
.Proof. We want to redu
e the general 
ase to the parti
ular 
ase of zero 
ux 
onsideredabove. The most natural way to do so is to make the variable 
hange �u := u� ~v
 wherethe ~v
 is the Poiseuille 
ow, but this s
heme does not work, sin
e the Poiseuille 
ow 
anbe unstable. Instead of this, we 
onstru
t below some spe
ial solution of the stationaryNavier-Stokes problem (6.1), (6.2) of the form V
(x) := (V
(x0); 0; 0), V
���! = 0 (with theappropriate nonzero external for
e g
) and introdu
e a new unknown �u := u� V
. Then,this fun
tion belongs to W b([0; T ℄� 
) and solves(6.53) 8>>><>>>:�t�u+ (� �w;rx)�u = �x�u+ LV
�u�rxp+ g � g
;�w � ��x �w = �u; �w���! = 0;div �u = 0; �u���
 = 0; S�u1 � 0;�u��t=0 = �u0 := u0 � V
:whi
h di�ers from (6.1) by the presen
e of the additional linear operator LV
(6.54) LV
z := (�W
;rx)z + (�w;rx)V
 � 
�x1z; w � ��xw = zThe next Lemma spe
i�es the 
hoi
e of the spe
ial fun
tion V
.Lemma 6.7. Let 
 2 R be arbitrary. Then, there exist a ve
tor �eld V
(x) = (V
(x0); 0; 0),V
���! = 0 su
h that(6.55) (LV
z; z) � 1=2kzk2W 1;2(
); 8w 2 W 1;20 (
)



41and(6.56) kV
kC(!) � �j
j; krx0V 0
kL2(!) � �(j
j3=2 + j
j);where the 
onstant � is independent of 
 and � and g
 = ��x0V
.Proof. Let Æ > 0 be small and !Æ := fx0 2 !; dist(x0; �!) < Æg. Then, as known !Æ willbe smooth sub-domain of ! if Æ is small enough.We seek for the the required fun
tion V
(x0) 2 W 1;20 (!) in the following form:(6.57) V
(z) = (�; z 2 !n!Æ;�Æ�1 dist(z; �!); z 2 !Æwhere Æ � 1 is small positive 
onstant and � is some parameter. Obviously, in order tosatisfy the 
ux 
ondition, we need(6.58) j!j
 = Z! V
(z) dz = �(j!j � j!Æj+ Æ2=2j�!j):We will �x below Æ � j
j�1. Then, formula (6.58) shows that � = 
+ o(
�1).So, we now need to �x Æ in su
h way that (6.55) would be satis�ed. Indeed, letw 2 [W 1;20 (
)℄2. Then, dire
t 
al
ulation gives(6.59) (LV
z; z) = ((�w)2�x2V
 + (�)3�x3V
; z1) = �Æ�1(�w:~n; z1)L2(R�!Æ)where ~n(x0) := rx0 dist(x0; �!). Sin
e ~n���! 
oin
ides with normal ve
tor to �!, we havethat the fun
tion Z := �w:~n has zero tra
e at �!:Z���! = 0(here we have impli
itly used that lnu = 0 for every u 2 H2(
)). Thus, (6.59) 
an berewritten in the form:(6.60) j(LV
z; z)j � �Æ�1 ZR Z!Æ jZ(x1; x0)j2 + jz(x1; x0)j2 dx0 dx1:Using now the standard estimateZ!Æ ju(x0)j2 dx0 � CÆ2 Z!Æ jrx0u(x)j2 dx0whi
h holds for every u 2 W 1;2(!Æ) su
h that u���! = 0, we transform (6.60) as follows:(6.61) j(LV
w;w)j � C�Æ(kZk2W 1;2(
) + kzk2W 1;20 (
))where C is independent of � and Æ.Furthermore, a

ording to Theorem 4.4, we havekZkW 1;2(
) � CkwkW 1;2(
):We now re
all that w solves the Lapla
e equation(6.62) w � ��xw = z; z���
 = 0:Therefore, multiplying (6.62) by �xw and using that u���
 = 0, we inferkwkW 1;2(
) � CkzkW 1;2(
):



42 S. ZELIKwhere the 
onstant C is independent of �. Thus, �nally,j(LV
z; z)j � C 0�Ækzk2W 1;20 (
)with C 0 independent of �, � and Æ. So, it only remains to �x Æ in su
h way that C 0�Æ � 1=2.Sin
e � should be 
lose to 
, this gives the estimate for the desired Æ:(6.63) Æ � Cj
j�1for some 
onstant C independent of 
 and �. It is also not diÆ
ult to verify that thefun
tion V
 thus de�ned satis�es also inequalities (6.56). Lemma 6.7 is proved. �We are now ready to �nish the proof of Theorem 6.6. This proof repeats with minor
hanging the proof of Theorem 6.5 for the 
ase of zero 
ux. The only di�eren
e is thatwe now have the additional linear term LV
 �u in equation (6.53) whi
h is not essential dueto estimate (6.55).Indeed, proving the analogue of basi
 a priori estimate (6.13), we will only have theadditional terms(6.64) (LV
�u; �2" �u)� (LV
 �u; v)� (rx0V
;rx0(�2" �u� v))in the right-hand side of (6.15). In order to estimate the �rst term in (6.64), we will usethe following 
ommutation relation:(6.65) j(�"LV
 �u� LV
(�"�u); �"�u)j � �j
j"k�uk2W 1;2�" (
)for some � independent of �, " and 
. Indeed, let us start from the most 
ompli
atedse
ond term in the expression (6.54) for LV
 . Indeed, let w� solve the equationw� � ��xw� = �"�u; w����
 = 0:Then, the di�eren
e �"w � w� solves(6.66) (�"w � w�)� ��x(�" � w") = H" := �2��0"�x1w � ��00"wUsing now estimate (6.12) for derivatives of �" and Proposition 3.3 for estimating w, weinfer kH"kW 1;2(
) � �"k�uk2L2(
)where � is independent of � and ". Moreover, sin
e Hu���
 = 0, multiplying equation(6.66) by �x(�" � w�), we 
an writek�"w � w�kW 1;2(
) � CkH"kW 1;2(
) � �1"k�ukL2�"(
):Furthermore, using this estimate together with Theorem 4.4 and the analog of Proposition4.6 for weights �", we will have(6.67) k�"�w � �w�kW 1;2(
) � �2"k�ukL2�"(
):Thus, for the 
ommutator of the se
ond term in the expression (6.54), we getj((�"�w � �w�;rxV
; �"�u)j � 2kV
kL1kk�"�w � �w�kW 1;2(
)k�ukW 1;2�" (
) � �j
j"k�uk2W 1;2�" (
)



43where we have integrated by parts in order to avoid the terms rxV
 and use estimate(6.56). Thus, estimate (6.66) is veri�ed for the se
ond term in expression (6.54). The onefor the third term is obvious and, for the �rst term, it is suÆ
ient to note thatk�W
kL1(!) � �j
j(due to (6.56) and the maximum prin
iple applied to the equation forW
. Thus, estimate(6.66) is proved.Using estimate (6.66) and Lemma 6.7, we estimate the �rst additional term in (6.64)as follows:(6.68) j(LV
 �u; �2" �u)j � j(LV
(�"�u); �"�u)j+ �j
j"k�uk2W 1;2�" (
) �� 1=2krx(�"�u)k2L2(
) + �j
j"kuk2W 1;2�" (
)where the 
onstant � is independent of �u, 
, " and �.The se
ond additional term of (6.64) 
an be then estimated in the following way:(6.69) jLV
 �u; v)j � j((�w;rx)V
; v)j+ j((�W
;rx)�u; v)j+ j
(�x1u; v)j �� 2kV
kL1k�wkW 1;2�" (
)kvkW 1;2[�"℄�1(
)++ k�W
kL1k�ukW 1;2�" (
)kvkW 1;2[�"℄�1(
) + j
jk�ukW 1;2�" (
)kvkW 1;2[�"℄�1(
) �� �(j
j+ 1)("k�uk2W 1;2�" (
) + "�1kvk2W 1;2[�"℄�1(
):where the 
onstant � is independent of ", 
, �, u and v.Finally, the third additional term of (6.64) 
an be estimates using (6.56) and H�olderinequality:(6.70) j(rx0V
;rx0(�2" �u� v))j � C�krx0V
k2L2�" (
) + �(k�uk2W 1;2�" (
) + kvk2W 1;2[�"℄�1(
)) �� ��(
3 + 1)"�1 + �(k�uk2W 1;2�" (
) + kvk2W 1;2[�"℄�1 (
))where � > 0 is arbitrary and the 
onstant �� depends on Æ, but is independent of 
, ", �,u and v.Estimates (6.68){(6.70) show that, under the additional assumption(6.71) j
j" � �where � > 0 is a suÆ
iently small number independent of 
, � and " (we re
all that, dueto (6.18), v � "[�"℄2�u), we 
an repeat word by word the proof of (6.13) and obtain thefollowing analogue of (6.27):(6.72) k�uk2L1([0;T ℄;L2�"(
)) + (C1 � C2"k�ukL1([0;T ℄;L2�"(
)))k�uk2L2b([0;T ℄;W 1;2�" (
)) �� C3"�1(1 + j
j3 + k�u(0)k2L2b(
) + kgk2L2b([0;T ℄;L2b(
)))where the positive 
onstants and Ci, i = 1; 2; 3 are independent of u, u0, g, � "! 0, T , 
and x0.



44 S. ZELIKFurthermore, arguing exa
tly as in the proof of estimate (6.28), we dedu
e a prioriestimate (6.52) (see (6.29){(6.33)). The existen
e of a solution 
an be than veri�ed exa
tlyas in the 
ase of zero 
ux 
. Theorem 6.6 is proved. �Remark 6.8. Arguing analogously, it is not diÆ
ult to verify the existen
e of a solutionof more general Leray-Navier-Stokes problem with the non-autonomous 
ux(6.73) Su1(t) � 
(t)where 
 2 C1([0; T ℄) is an arbitrary given fun
tion. Moreover, the assumption on theexternal for
e g is also 
an be relaxed till(6.74) g 2 L2b([0; T ℄;H�1;2b (
)):Furthermore, the weighted theory developed in this se
tion allows to 
onsider not onlybounded with respe
t to x1 ! 1 solutions, but also slowly growing solutions of the NSequation (growing not faster than jx1j1=2�Æ, Æ > 0 is arbitrary). We however will not usethese fa
ts in the sequel and, by this reason, do not give their rigorous proofs here.7. Leray-Navier-Stokes equations: uniqueness and dissipativityIn this se
tion, we prove the uniqueness of the spatially non-de
aying solution of theLeray approximations and verify the dissipativity of that system in H2b(
). We startwith the uniqueness whi
h is now almost obvious (due to the regularization of the inertialterm).Theorem 7.1. Let the assumptions of Theorem 6.6 hold. Then, there exists positive �su
h that, for every two solutions u1; u2 2 ~v
 + W b([0; T ℄�
) of problem (6.1) and everyweight fun
tion � of suÆ
iently small exponential growth rate " (" � �), the followingestimate holds:(7.1) ku1(t)� u2(t)kL2�(
) � CeKtku1(0)� u2(0)kL2�(
);where the 
onstants K and C depend on the L2b-norms of u1(0) and u2(0), g, � > 0 and
onstant C�, but are independent of the 
on
rete 
hoi
e of u1, u2 and �.In parti
ular, the energy solution of the Leray-Navier-Stokes is unique. Moreover, theanalogous estimate holds for the spa
es L2b;� as well.Proof. The proof of the theorem is based on the following solvability result for the linearStokes problem:(7.2) �tv ��xv +rxq = h(t); v���
 = 0; div v = 0; Sv1 = 0; v��t=0 = v0:Lemma 7.2. Let 
 be a 
ylindri
al domain. Then, there exist �0 > 0 su
h that, forevery weight fun
tion � of exponential growth rate � � �0, every v0 2 H2�(
) and everyh 2 L2lo
(R+ ;H�1;2� (
)), equation (7.2) possesses a unique weighted energy solution v andthe following estimate holds:(7.3) kv(T )k2L2�(
) + Z T0 e��(T�s)kv(s)k2W 1;2� (
) ds �� Ce��Tkv(0)k2L2�(
) + C Z T0 e��(T�s)kh(s)k2H�1;2� (
) ds



45where the positive 
onstants C and � depend on 
 and C�, but are independent of v and h.Indeed, a priori estimate (7.3) 
an be veri�ed based on the energy identity of Theorem5.4 analogously to the derivation of (6.19) (so, we rest it to the reader). The existen
e ofa solution 
an be obtained then exa
tly as in Theorem 6.5. Thus, Lemma 7.2 is proved.We are now ready to �nish the proof of the theorem. Indeed, let u1 and u2 be twosolutions of equation (6.1) belonging to ~v
+W b(R�
). Then, the di�eren
e v := u1�u2belongs to W b(R � 
) and solves the following equation (7.2) with(7.4) h(t) := �(�w1;rx)v � (�w;rx)u2 � 
�x1vwith wi � ��xwi = ui; i = 1; 2; w := w1 � w2:Let us now estimate fun
tion h in the norm of W�1;2'" (
) with '" = '";x0. Indeed, inte-grating by parts and using H�older inequality and embedding W 1;2 � L6, we infer:j((�w1; Nx)v; '2"W )j � jrx�w1kW 1;3b (
)kvkL2'" (
)kWkW 1;2'" (
)++ k�w1kL1(
)kvkL2'" (
)kZkW 1;2'" (
)whi
h holds for every Z 2 W 1;2(
) and, 
onsequently,k(�w1;rx)vkW�1;2'" (
) � (k�w1kW 1;3b (
) + k�w1kL1(
))kvkL2'" (
)Moreover, sin
e u1 is bounded in L1(R; L2b (
)) (we re
all that u1 2 ~v
 + W (R+), seeTheorem 5.4) then w1 is bounded in L1(R+ ;W 2;2b (
)) and, 
onsequently, due to Theorem4.4, one has(7.5) k�w1kW 1;3b (
) + k�wkL1(
) � Cku1kL2b(
) � C1where C1 now depends on �. Thus,(7.6) k(�w1;rx)vkW�1;2'" (
) � C1kvkL2'"(
):The se
ond term in (7.4) 
an be estimated analogously, the only di�eren
e that one shoulduse the weighted analogue of (7.5) and the unweighted one for u2. This gives us estimate(7.6) for the se
ond term. Finally, the analogous estimate for the third term is immediateand we arrive at kh(t)kW�1;2'" (
) � CkvkL2'"(
):Using now this estimate together with (7.3), we will havekv(T )k2L2'"(
) � Ckv(0)k2L2'"(
) + C Z T0 e��(T�s)kv(s)k2L2'"(
) dsand the Gronwall inequality applied to this estimate �nishes the proof of the theorem. �We now re
all the uniformly-lo
al analogue of smoothing property for the solutions ofLeray-Navier-Stokes equations.



46 S. ZELIKTheorem 7.3. Let the assumptions of Theorem 6.6 be satis�ed and let u 2 v
+W b([0; T ℄�
) be a weak solution of (6.1) 
onstru
ted in this theorem. Then,(7.7) t1=2u(t) 2 L1([0; T ℄;W 1;2b (
)) \ L2b([0; T ℄;W 2;2b (
))and the following estimate holds:(7.8) tkv(t)k2W 1;2b (
) � Q(ku0kL2b(
) + kgkL2b([0;T ℄�
)); t 2 [0; 1℄where the monotoni
 fun
tion Q depends on �, but is independent of u.The proof of this theorem is more or less standard and is based on multipli
ation ofequation (6.1) by the expression(7.9) t� ��x1('2"�x1u) + '2"�2x2u+ '2"�2x3u� ;see the proof of Theorem 5.1. So, we rest the rigorous proof of this result to the reader.Our next aim is to verify that the Leray-Navier-Stokes problem (6.1) generates a dissipa-tive dynami
al system in the 
orresponding phase spa
e and obtain a dissipative estimatefor the solutions of that problem whi
h will be uniform with respe
t to � ! 0. Thisdissipative estimate will be used in the next se
tion in order to verify the dissipativity ofthe 
lassi
al Navier-Stokes problem with � = 0.For simpli
ity, we restri
t ourselves to 
onsider the autonomous 
ase only:(7.10) g(t) � g 2 [L2b(
)℄2:Then, due to Theorems 6.6 and 7.1, the Leray-Navier-Stokes problem (6.1) generates (forall � > 0) semi-groups S�(t) = S
;�(t) in the phase spa
es(7.11) �b := �b(
) = ~v
 +H2b(
)via the standard expression(7.12) S�(t)u0 := u(t); S�(t1 + t2) = S�(t1) Æ S�(t2); t1; t2 � 0:The following theorem, whi
h gives a dissipative estimate for the solutions of the Leray-Navier-Stokes problem, 
an be 
onsidered as the main result of the se
tion.Theorem 7.4. Let the assumptions of Theorem 6.6 holds and, in addition, (7.10) besatis�ed. Then, there exist positive 
onstants � and K and a monotoni
 fun
tion Q su
hthat, for every weak energy solution u(t) of the Leray-Navier-Stokes problem (6.1){(6.2),the following uniform estimate holds:(7.13) ku(t)kL2b(
) � Q(ku(0)kL2b(
) + kgkL2b(
))e��t +K(1 + j
j3 + kgk2L2b(
))(we emphasize that the 
onstant K in (7.13) is independent of �, t, ku(0)kL2b(
) and the
ux 
 = Su1(0)).Proof. In order to verify (7.13), it is suÆ
ient to prove that the ball(7.14) B := fu0 2 [L2b(
)℄3; ku0kL2b(
) � K(1 + j
j3 + kgk2L2b(
))gis an absorbing set for Leray-Navier-Stokes problem (6.1), i.e., that, for every boundedsubset B � � there exists time T = T (kBk�; kgkL2b(
)) su
h that(7.15) S(t)B � B; 8t � T:



47Moreover, for simpli
ity, we restri
t ourselves to 
onsider only the 
ase of zero 
ux 
 = 0.The general 
ase 
an be redu
ed to this parti
ular one exa
tly as in Theorem 6.6.The proof of embedding (7.15) requires a little more detailed analysis of basi
 a prioriestimate (6.13) whi
h we rewrite in following more 
onvenient way:(7.16) ku(t)k2L2�"(
) + (C1 � C2"kukL1([0;T ℄;L2�"(
)))�� Z T0 e��jt�sjku(s)k2W 1;2�" (
) ds �� C23 (e��tku(0)kL2�"(
) + kgkL2�"(
))2where the positive 
onstants � and Ci, i = 1; 2; 3 are independent of �, u, u0, g, "! 0, Tand x0 (in order to dedu
e (7.16) from (6.13), it is suÆ
ient to take s = t in the left-handside of it).Lemma 7.5. Let the assumptions of Theorem 6.5 holds and let, in addition, the initialdata u(0) for problem (6.1) satisfy(7.17) C1 � 2C2C3"(ku(0)kL2�";x0 (
) + kgkL2�";x0 (
)) � 0where all of the 
onstants are the same as in (7.16). Then the asso
iated energy solutionsu(t) of the Leray-Navier-Stokes problem (with zero 
ux 
 = 0) satis�es(7.18) ku(t)kL2�";x0 (
) � C3(ku(0)kL2�";x0 (
)e��t + kgkL2�";x0 (
));for all t � 0.Proof. Indeed, estimate (7.16) implies (7.18) under the additional assumption that(7.19) C1 � C2"kukL1(R+;L2�";x0 (
)) � 0:On the other hand, (7.18) gives(7.20) kukL1(R+;L2�";x0 (
)) � C3(ku(0)kL2�";x0 (
) + kgkL2�";x0 (
)):whi
h formally implies (7.19). Thus, using the 
ontinuity arguments (analogously to theproof of Theorem 6.5), we 
an verify that (7.18) really holds if the initial data satis�es(7.17) and Lemma 7.5 is proved. �We now note that, although (7.18) looks like a dissipative estimate (in the phase spa
eL2�";x0 (
)), it is not suÆ
ient to �nish immediately the proof of the theorem, sin
e theexponent " > 0 in it depends on ku(0)kL2b(
) (through assumption (7.17)), namely,(7.21) " � "0 := C(ku(0)kL2b(
) + kgkL2b(
) + 1)�2for some positive C, see the proof of Theorem 6.5.Thus, we need to be able to in
rease the exponent " as t!1 whi
h is guaranteed bythe following lemma.Lemma 7.6. Let the above assumptions hold. Then, for every bounded subset B � �,there exists time T = T (kBk; kgk) su
h that, for every x0 2 R, we have(7.22) C1 � 2C2C3"(ku(T )kL2�";x0 (
) + kgkL2�";x0 (
)) � 0



48 S. ZELIKwith " � �" := L(1 + kgkL2b(
))�2 (where the 
onstant L is independent of �, u0 and g), ifthe initial data u(0) 2 B.Proof. We will prove the lemma by the iteration pro
edure. Indeed, let T0 = 0 and " = "0is given by (7.21). Then, estimate (7.22) is satis�ed with " = "0 and T = T0. Let usassume that (7.22) is already proved for some Tk > 0 and "k := 2k"0 < �". Then, we onlyneed to prove that there exists Tk+1 > Tk su
h that (7.22) is satis�ed with " = "k+1 := 2"kand T = Tk+1. To this end, we note that�2";x0(x) := (1 + 4"2jx� x0j2)�1=2 � 2(1 + "2jx� x0j2)1=2 = 2�";x0(x)and, 
onsequently,(7.23) kvkL2�2";x0 (
) � 2kvkL2�";x0 (
):Let us now �x Tk+1 > Tk in su
h way that(7.24) ku(Tk+1)kL2�"k;x0 (
) � 2C3kgkL2�"k;x0 (
);for all u(t) su
h that u(0) 2 B (it is possible to do due to our assumptions on "k and"dissipative" estimate (7.18)). Estimates (7.23) and (7.24) together with (6.26) give"k+1(ku(Tk+1)kL2�"k+1;x0 (
) + kgkL2�"k+1;x0 (
)) �� 4"k(ku(Tk+1)kL2�"k;x0 (
) + kgkL2�"k;x0 (
)) � 4(2C3 + 1)"kkgkL2�"k;x0 (
) �� 4(2C3 + 1)C"1=2k kgkL2b(
) �� 4(2C3 + 1)CL1=2kgkL2b(
)(1 + kgkL2b(
))�1 � 4C(2C3 + 1)L1=2:Thus, if the 
onstant L is small enough to satisfyC1 � 8C2CC3(2C3 + 1)L1=2 � 0;then estimate (7.22) is satis�ed with T = Tk+1 and " = "k+1 = 2"k. Thus, the iteration�nishes the proof of the lemma. �It is not diÆ
ult now to �nish the proof of the theorem. Indeed, due to Lemma 7.6 andestimate (7.18), there exists T = T (kBk; kgk) su
h that(7.25) ku(t)kL2�";x0 (
) � 2C3kgkL2�";x0 (
); t � Tholds with " � �" := L(1 + kgkL2b(
))�2 and uniformly with respe
t to x0 2 R. Taking nowsupremum over x0 2 R from the both sides of inequality (7.25) and using again (6.26),we arrive at(7.26) ku(t)kL2b(
) � 2C3CL�1=2kgkL2b(
)(1 + kgkL2b(
)); t � Twhi
h shows that the ball (7.14) is really the absorbing set if K � 2C3CL�1=2. Theorem7.4 is proved. �



49Remark 7.7. It is worth to note that the intermediate estimate (7.25) gives slightly moreinformation on the solutions than the �nal one (7.26). Indeed, assume that 
 = 0 andg is square integrable g 2 [L2(
)℄3. Then, instead of (6.26), we will have kgkL2�";x0 (
) �CkgkL2(
) with the 
onstant C independent of ". Thus, instead of (7.26), we will havebetter estimate ku(t)kL2b(
) � 2C3CkgkL2(
); t � Tfor the radius of the absorbing set (whi
h grows now linearly with respe
t to g in 
ontrastto the quadrati
 growth rate in general 
ase).We are now in a position to prove the existen
e of a global attra
tor for semi-groups(7.12) asso
iated with the Leray-Navier-Stokes equation. We however note that, in 
on-trast to the dissipative systems in bounded domains, in unbounded ones the global attra
-tor is usually not 
ompa
t in the initial phase spa
e (�b in our 
ase). That is the reasonwhy one need to use the following weaker de�nition of a global attra
tor (following [6℄,[11℄, [20℄).De�nition 7.8. A set A = A� � �b is a lo
ally 
ompa
t (global) attra
tor for thesemi-group S�(t) : �b ! �b if the following assumptions are satis�ed:1) The set A is bounded in �b and 
ompa
t in �lo
 := ~v
+H2lo
(
) (i.e., the restri
tionA��
1 of the attra
tor A to any bounded sub-domain 
1 of 
 is 
ompa
t in L2(
1).2) The set A is stri
tly invariant: S�(t)A = A.3) The set A is a attra
ting set for the semi-group S�(t), i.e., for every neighborhoodO(A) (in the lo
al topology of the spa
e �lo
) and every bounded (in �b) subset B, thereexists time T = T (O; B) su
h that(7.27) S�(t)B � O(A);for all t � T .Corollary 7.9. Under the assumptions of Theorem 7.4, semi-group (7.12) asso
iated withthe Leray-Navier-Stokes problem (6.1){(6.2) possesses lo
ally 
ompa
t attra
tor A� = A
�whi
h is bounded in ~v
 + V2b (
). Moreover, the following uniform estimate holds:(7.28) kA�kL2b(
) � K(1 + j
j3 + kgk2L2b(
))where the 
onstant K is independent of �, 
 and g.Proof. As usual, in order to verify the attra
tor's existen
e, we need to 
he
k the standard
onditions, namely, the existen
e of a 
ompa
t absorbing set and the 
ontinuity, see eg, [6℄.Indeed, due to Theorem 7.4, semi-group (7.11) possesses an absorbing set B � � whi
his, however, not 
ompa
t in the spa
e �lo
. But, due Theorem 7.3, the set S�(1)B isbounded in ~v
 +V2b (
) and, 
onsequently, is 
ompa
t in �lo
. Thus, a 
ompa
t absorbingset B1 := S�(1)B for semi-group (7.11) is 
onstru
ted. Moreover, due to Theorem 7.1,the operators S�(t) : B1 ! � are 
ontinuous (in the topology of �lo
) for every �xedt > 0. Thus, due to the standard attra
tor existen
e theorem, semi-group S�(t) possessesa global attra
tor A� � B1\B. Estimate (7.28) is now an immediate 
orollary of Theorem7.4. Corollary 7.9 is proved. �



50 S. ZELIK8. The 
lassi
al Navier-Stokes problemIn this 
on
luding se
tion, we 
onstru
t (by passing to the limit � ! 0) a dissipativeweak solution of the 
lassi
al 3D Navier-Stokes equation in a 
ylindri
al domain 
:(8.1) �tu+ (u;rx)u = �xu�rxp+ g; div u = 0; Su1 = 
; u��t=0 = u0:The following theorem 
an be 
onsidered as the main result of the paper.Theorem 8.1. For every 
 2 R, g 2 L2b(
) and every u0 2 ~v
 +H2b(
), there exists atleast one weak solution u = u(t)(8.2) u 2 	b := L1(R+ ;H2b(
)) \ L2b(R+ ;V2b (
))satisfying the Navier-Stokes equation (8.1) in the sense of distributions over the divergen
efree ve
tor �elds whi
h satis�es the following dissipative estimate:(8.3) ku(t)kL2b(
) + kukL2b([t;t+1℄;W 1;2b (
)) � Q(ku0kL2b(
))e��t +K(1 + j
j3 + kgk2L2b(
))where the monotone fun
tion Q and positive 
onstants � and K are independent of 
, gand u0.Proof. Let u�(t), � > 0, � ! 0, be the unique solutions of the Leray approximations(6.1) to the Navier-Stokes equations (with �xed 
, g and u0) 
onstru
ted above. Then,a

ording to Theorems 6.6 and 8.1, these fun
tions satisfy estimate (8.3) uniformly withrespe
t to � ! 0. In parti
ular, u� are uniformly bounded in 	b. Thus, we 
an extra
ta subsequen
e un := u�n whi
h 
onverges to some fun
tion u 2 	b in the following sense:(8.4) un ! u weakly star in L1lo
(R+ ; L2lo
(
)) and weakly in L2lo
(R+ ;W 1;2lo
 (
));see eg, [22℄. Moreover, passing to the weak limit in estimates (8.3) for un, we see that thelimit fun
tion u also satis�es this estimate. So, we only need to verify that u solves thelimit Navier-Stokes equation. As usual, to this end, we need strong 
onvergen
e un ! u inthe appropriate spa
e and this, in turns requires to 
ontrol �tu in some negative Sobolevspa
e. Let us obtain su
h 
ontrol.For simpli
ity, we will 
onsider below the 
ase 
 = 0 (the general 
ase 
an be easilyredu
ed to this parti
ular one by the variable 
hange �u := u�~v
, see the proof of Theorem6.6). Applying the proje
tor � to equation (6.1), we will have(8.5) �tun = ��xun � �(�wn;rx)un +�gwhere wn solves(8.6) wn � �n�xwn = un; wn���
 = 0:We see that the �rst term in the right-hand side of (8.5) belongs to L2b(R+ ;H�1;2b (
)) andis uniformly bounded in it sin
e un are bounded in 	b. In order to estimate the se
ondterm, we note that, due to the standard interpolation theorem, we have the followingembedding: 	b � L10=3b (R+ � 
);see eg, [29℄. Consequently, un is uniformly bounded in L10=3b (R+ �
) and Proposition 3.3then gives that wn are uniformly bounded in L10=3b .



51In turns, Theorem 4.4 now guarantees that �wn are uniformly bounded in L10=3b (R+ �
). Therefore, due to H�older inequality (�wn;rx)un is uniformly bounded in L5=4b (R+�
)(sin
e 45 = 310 + 12). Thus, applying Theorem 4.4 again, we infer that the se
ond term in(8.5) belongs to L5=4b (R+�
). Finally, sin
e L5=4 � W�1;2, we have obtained the followinginequality:(8.7) k�tunkL5=4b (R+;H�1;2b (
)) � Ckunk	b � C1where the 
onstants C and C1 is independent of n.Arguing now as in the proof of Theorem 6.6, we 
on
lude from this that(8.8) un ! u strongly in L2lo
(R+ � 
):We 
laim now that (8.8) implies the analogous strong 
onvergen
e(8.9) wn ! u strongly in L2lo
(R+ � 
):Indeed, let us split wn as follows: wn = w0n + w1n wherew0n � �n�xw0n = un � u; w1n � �n�xw1n = u:Then, due to (8.8) and Proposition 3.3, the fun
tions w0n 
onverge strongly to zero asn!1 in the spa
e L2lo
(R+ � 
). So, we only need to study fun
tions w1n. To this end,we note that, multiplying the equations for w1n by '2";x0�xw1n, using that u 2 L2b(W 1;2b (
)),u���
 = 0 and arguing in a standard way, one 
an easily 
he
k that�nk�xw1nk2L2b(R+�
) � CkukL2b(R+;W 1;2b (
)) � C1and, 
onsequently, �n�xw1n tends to zero in L2b(R+ � 
). Thus, w1n ! u strongly even inL2b(R+ � 
) and 
onvergen
e (8.9) is veri�ed.We are now ready to �nish the proof of the theorem. Indeed, a

ording to Theorem4.4 and 
onvergen
e (8.9), �wn ! �u = u strongly in L2lo
(R+ � 
). Sin
e rxun ! rxuweakly in L2lo
(R+ � 
), we 
on
lude from here that(�wn;rx)un ! (u;rx)u weakly in L1lo
(R+ � 
):As usual, the passing to the limit (in the sense of distributions) in linear terms of theequations for un is obvious and we have proved that u solves indeed the 
lassi
al Navier-Stokes problem (8.1). Theorem 8.1 is proved. �Remark 8.2. As usual, it is not diÆ
ult to verify that the spa
e�b := fu 2 	b; �tu 2 L5=4(R+ ;H�1;2b (
))is 
ompa
tly embedded, eg, in C([0; T ℄;H�1;2� (
)) for every T > 0 and every squareintegrable weight �. Thus, the solution u 
onstru
ted above satis�es indeed the initial
ondition u(0) = u0.Our next aim is to 
onstru
t an attra
tor for the 
lassi
al Navier-Stokes equation ina 
ylindri
al domain. However, in 
ontrast to the previous se
tion, the uniqueness of asolution u is still out of rea
h of the theory (even in the 
ase of bounded domains) and,
onsequently, the limit semi-group S0(t) 
an be de�ned only as as a semi-group of multi-valued maps. In order to over
ome this diÆ
ulty, we will use the so-
alled traje
toryapproa
h whi
h allows to restore the uniqueness by 
hanging the phase spa
e of the



52 S. ZELIKproblem and to 
onstru
t a global attra
tor for the so-
alled traje
tory dynami
al systemrelated with the problem 
onsidered, see [8, 25, 31, 9℄ for the details.We start with 
onstru
ting this traje
tory phase spa
e and traje
tory semi-group forthe Navier-Stokes problem (8.1).De�nition 8.3. Let Ktr = Ktr(
) be a set of all weak solutions u 2 	b of equation (8.1)(for all initial data u0 2 ~v
+H�1;2b (
)) whi
h satisfy, additionally, the following dissipativeestimate:(8.10) ku(t)kL2b(
) + kukL2b([t;t+1℄;W 1;2b (
) � Cue��t +K(j
j3 + 1 + kgk2L2b(
))where positive 
onstants K and � are the same as in Theorem 8.1 and Cu is an arbitrary
onstant depending on u. Then, due to this theorem, Ktr is not empty. Moreover, sin
eour equation is autonomous, and estimate (8.10) is translation invariant, the semi-groupof temporal translations will a
t on Ktr:(8.11) T (t) : Ktr ! Ktr; (T (t)u)(s) := u(t+ s); t; s � 0:We refer to the translation semi-group (T (t); Ktr) a
ting on the traje
tory phase spa
eKtr as a traje
tory dynami
al system asso
iated with equation (8.1).Finally, we endow the traje
tory phase spa
e Ktr by the topology, indu
ed by theembedding(8.12) Ktr � 	lo
 := [L1lo
(R+ ; L2lo
(
))℄w� \ [L2lo
(R+ ;W 1;2lo
 (
))℄wwhere symbols w� and w mean weak-star an weak topology respe
tively. We re
all thata sequen
e un 
onverges to u in �o
 if for every T > 0 and every N > 0, the restri
tionsof this sequen
e to the domain t 2 [0; T ℄, x 2 
�N;N := [�N;N ℄ � ! 
onverge weakly inthe spa
e L2([0; T ℄;W 1;2(
N )) and weakly-star in L1([0; T ℄; L2(
N )).Remark 8.4. We note that(i) If we assume that the uniqueness theorem holds, then the solution operator S : u0 !Ktr generates a one-to-one map between the usual phase spa
e �b = ~v
 + H2b(
) andtraje
tory phase spa
e Ktr. Moreover, the translation semi-group T (t) on Ktr will be
onjugated with the usual semi-group S0(t) (S0(t)u0 := u(t)) by this map:(8.13) T (t) = S Æ S0(t) Æ S�1; S�1u := u(0):Thus, in the 
ase of uniqueness, the traje
tory dynami
al system (T (t); Ktr) is formallyequivalent to the 
lassi
al one (S0(t);�b) and, without uniqueness, 
an be 
onsidered asa natural generalization of it whi
h allows to avoid the usage of rather unfriendly theoryof multi-valued maps.(ii) We have to in
lude some form of dissipative estimate into the de�nition of a solutionbelonging to Ktr sin
e it is still not known whether or not there exist other "pathologi
al"weak solutions u 2 	b whi
h do not satisfy energy inequalities and whi
h are, possibly,non-dissipative. By in
luding estimate (8.10) into the de�nition of a solution, we automat-i
ally ex
lude su
h solutions. We also emphasize that estimate (8.10) is slightly weakerthan estimate (8.3) obtained in the proof of Theorem (8.1), namely, we have an arbitrary
onstant Cu instead of Q(ku(0)kL2b(
)). This is related with the fa
t that estimate (8.3)is not translation-invariant (be
ause, we have proved it only on the time interval [0; t℄,



53but not for the interval [�; t + � ℄, the weak 
onvergen
e un(�) to u(�) obtained in theproof of Theorem 8.1 is not suÆ
ient to pass to the limit in Q(kun(�)kL2b(
))). By thisreason, we 
annot use the dissipative estimate with Cu = Q(ku(0)kL2b) for de�ning Ktr(otherwise, the translation semi-group may not a
t on it) and, following [9℄ use slightlydi�erent estimate (8.10) for whi
h this translation invarian
e is immediate.(iii) Rather unusual 
hoi
e of topology onKtr is motivated, on the one hand, by the ne
es-sity to have some kind of 
ompa
tness/asymptoti
 
ompa
tness for the attra
tor's theoryand, on the other hand, by the fa
t that no additional regularity and/or 
ompa
tnessis known for the 3D Navier-Stokes equations even in the 
ase of bounded domains. So,we may speak only about weak attra
tors (ie, attra
tors in a weak topology of the phasespa
e, where the proper bounded subsets are automati
ally pre
ompa
t). In 
ontrast tothat, the 
hoi
e of a lo
al topology on the traje
tory phase spa
e Ktr is unavoidable forthe traje
tory approa
h, sin
e even in the 
ase of uniqueness and 
ontinuous dependen
eon the initial data, the solution map S : �b ! Ktr will be a homeomorphism only undersu
h 
hoi
e of the topology on Ktr.Our next task is to de�ne properly the 
lass of bounded sets in the traje
tory phasespa
e Ktr (whi
h will be attra
ted by our traje
tory attra
tor as t !1). We �rst notethat the most natural way to do so is to use the topology of the Bana
h spa
e 	b forde�ning bounded sets. However, this 
hoi
e is in
ompatible with our dissipative estimate(8.10). Indeed, sin
e we do not have the relation Cu = Q(ku(0)kL2b(
)) the 
onstant Cu is,in general, may be not bounded on bounded subsets of 	b, so, for su
h 
hoi
e of boundedsets we are not able establish a dissipativity (=existen
e of a bounded absorbing set)whi
h is 
ru
ial for the attra
tors theory.This problem is over
ome by using the abstra
t 
lass of "bounded" sets (not relatedwith any Bana
h or metri
 spa
e), namely, a subset B � Ktr is "bounded" if the 
onstantCu in the estimate (8.10) is uniformly bounded on BCu � CB <1; for all u 2 Ktr:Then, on the one side, this 
lass of "bounded" sets obviously satis�es the property(8.14) if B "bounded" and B1 � B, then B1 is also "bounded"and, on the other hand, sin
e for "reasonable" solutions (eg, 
onstru
ted in Theorem 8.1),we expe
t that Cu = Q(ku(0)kL2b(
)), this de�nition is naturally related with boundedsubsets of the 
lassi
al phase spa
e �b.We are now ready to introdu
e a 
on
ept of a traje
tory attra
tor asso
iated with theNavier-Stokes equation.De�nition 8.5. A set Atr = Atr(
) � Ktr is a traje
tory attra
tor of the Navier-Stokessystem (8.1) (= a global attra
tor of the traje
tory dynami
al system (T (s); Ktr)) if thefollowing properties are satis�ed:(i) Atr is "bounded" and 
ompa
t in Ktr (in the topology of 	lo
);(ii) It is stri
tly invariant: T (t)A = A, t � 0;(iii) It attra
ts the images of all "bounded" subsets of Ktr in the topology of 	lo
, ie, forevery "bounded" subset B � Ktr and every neighborhood O(A) of A in the topology of
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, there exists T = T (B;A) su
h thatT (t)B � O(A); if t � T:And, to formulate the existen
e theorem for that attra
tor.Theorem 8.6. Let the above assumptions hold. Then, for every 
 2 R and every g 2L2b(
), the Navier-Stokes problem (8.1) possesses a traje
tory attra
tor Atr(
) in the senseof De�nition 8.5. Moreover, the following estimate holds:(8.15) kAtr(
)k	b � K(j
j3 + 1 + kgk2L2b(
))where the 
onstant K is the same as in (8.3).Proof. Indeed, a

ording to the attra
tor existen
e theorem for abstra
t 
lasses of "boun-ded" sets, see [26℄ (see also [9℄), we need to verify that1) There exists a "bounded", 
ompa
t and metrisable absorbing set B for the semi-groupT (t) a
ting on Ktr;2) T (t) is 
ontinuous on B for every �xed t.The se
ond 
ondition is obvious, sin
e T (t) is 
ontinuous on the whole Ktr as a trans-lation semi-group. Let us verify the �rst one.Indeed, a

ording to estimate (8.10), the set(8.16) B" = fu 2 Ktr; Cu � "gare "bounded" absorbing sets for every " > 0. Moreover, again due to estimate (8.3), thesets B" are bounded in 	b and, therefore, pre
ompa
t and metrisable in 	lo
, see [22℄. So,we only need to 
he
k that B" are 
losed in Ktr. The fa
t that the limit point u solvesagain the Navier-Stokes equation 
an be veri�ed exa
tly as in the proof of Theorem 8.1(using the additional 
ontrol of �tu provided by the equation and 
ompa
tness arguments,see (8.7)). Finally, passing to the limit in estimates (8.10), wee see that the limit pointu also should satisfy this estimate. Thus, u 2 Ktr, B" is 
losed and Theorem 8.6 isproved. �Remark 8.7. We note that:(i) Using the fa
t that the attra
tor Atr is fa
tually bounded in a stronger spa
e �b, seeRemark 8.2 and 
ompa
tness arguments, one 
an easily verify that the weak attra
tion in	lo
 implies the following strong lo
al attra
tion: for every "bounded" subset B � Ktr,every T > 0 and every N 2 R+ ,limt!1distC([0;T ℄;~v
+H�Æ;2(
�N;N ))\L2([0;T ℄;W 1�Æ;2(
�N;N )) �T (t)B��[0;T ℄�
�N;N ;Atr��[0;T ℄�
�N;N� = 0where Æ > 0 is arbitrary.(ii) One 
an de�ne also a "global" attra
tor Agl by proje
ting the traje
tory attra
torAtr to the 
lassi
al phase spa
e �b: Agl := Atr��t=0:Then, as not diÆ
ult to show that the global attra
tors A� of Leray approximations tendas �! 0 to the limit attra
tor Agl in the sense of upper semi-
ontinuity in [L2lo
(
)℄w. Al-ternatively, one 
an lift global attra
tors A�, � > 0 to the equivalent traje
tory attra
tors



55A�;tr by the solution map. Then, one will have the upper semi-
ontinuity of traje
toryattra
tors A�;tr as �! 0 in the topology of 	lo
.To 
on
lude, we restore the physi
al parameters in the Navier-Stokes system (6.1), i.e.
onsider the problem(8.17) �tu+ (u;rx)u = ��xu�rxp+ g; div u = 0in a 
ylindri
al domain 
 and study the dependen
e of the size of attra
tor on �.Corollary 8.8. The traje
tory attra
tor Atr = Atr(
; g; �) of problem (8.17) possesses thefollowing estimate:(8.18) kAtrkL1(R+;L2b(
)) � C��3(j
j3� + kgk2L2b(
) + �4)where the 
onstant C is independent of 
, g and �.Indeed, the s
aling t0 = �t, u0 = ��1u redu
es equation (8.18) to equation (6.1){(6.2)with 
0 = ��1
 and g0 = ��2g. Sin
e A0 = ��1A, then (7.28) implies (8.18).Referen
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