WEAK SPATTIALLY NONDECAYING SOLUTIONS OF 3D
NAVIER-STOKES EQUATIONS IN CYLINDRICAL DOMAINS

SERGEY ZELIK

ABSTRACT. The weighted energy theory for the Navier-Stokes equations in 3D cylindri-
cal domains is developed. Based on this theory, the existence of a weak solution belonging
to the uniformly local phase space (without any spatial decaying assumptions), its dis-
sipativity and existence of the so-called trajectory attractor are verified. In particular,
this phase space contains the 3D Poiseuille flows.
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1. INTRODUCTION

It is well-known that the Navier-Stokes system

(1.1) {@u + (u, Viy)u =vAu — Vep+ g,

divu =0, u‘m =0, u‘t:o = g

in a bounded 2D domain Q CC R? is well-posed and generates a dissipative semi-group
S(t) in the appropriate phase space (of square integrable divergent-free vector fields). It is
also known that in the case of bounded 3D domains, we have only the global existence of
weak solutions (without uniqueness) and local in time existence of strong solutions (with
uniqueness), see [6], [27], [28] and references therein. These results are strongly based
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2 S. ZELIK

on the so-called energy estimate. In order to obtain this energy estimate, one multiplies
equation (1.1) by u, integrate over 2 and uses the fact that the nonlinear term disappears:

(1.2) (4, V), u) = / (u(z), Va)u(w).u(z) de

zeQ

0,

for every divergent-free vector field with Dirichlet boundary conditions.

The situation becomes much more difficult when the domain € is unbounded. Moreover,
although there exists a highly developed theory of dissipative PDEs in unbounded domains
(mainly based on the so-called weighted energy estimates, see [7]-[12], [20]-[21], [32]-[35]
and references therein), during the long time, it was not clear how to apply it to the
concrete Navier-Stokes problem in unbounded domains, due to several principal obstacles.

Indeed, in contrast to bounded domains, in the unbounded ones, the space of square
integrable (divergent-free) vector fields is not a convenient phase space, since the assump-
tion u € L?(2) imposes too restrictive decay conditions on u(x) as * — oo. So, under this
choice of the phase space, many classical hydrodynamical objects, like Poiseuille flows,
Couette-Taylor flows, Kolmogorov flows etc. are automatically out of the consideration.
Thus, following the general theory mentioned above, it is reasonable to replace the as-
sumption v € L*(2) by more relevant one: u € LZ(Q) where the uniformly local Sobolev
spaces W}*(2) are defined via the following standard expression:

Wi#(2) = {u € D), ullygoa) = b [ullwesiorm,) < oo}
xo
Here B; denotes the ball of radius one of R centered at o € R” and W"? means the
classical Sobolev space, see Section 1 for details. But here arises the main difficulty: how
to obtain a priori estimates for the solution «(¢) in the uniformly local spaces?

Indeed, since u(t) is not square integrable any more, we cannot multiply (1.1) simply
by u and use identity (1.2) (the integrals do not have sense). So, following the general
strategy, we need to multiply it by ¢u where ¢ = ¢(x) is an appropriate weight function.
But in that case the nonlinear term does not vanish and produce the additional cubic
term like ¢'u3. We note that this cubic term s not sign-defined and the rest terms in the
energy equality are at most quadratic with respect to u, so it was not clear how to control
this cubic term in order to produce reasonable a priori estimate.

Another obstacle is related with the fact that ¢u is not divergent free, so the pressure p
does not disappear in the weighted energy equality and one should be also able to control
the term (¢'p,u). Of course, this problem is closely related with finding the reasonable
extension of the Helmholtz projector (to divergent free vector fields) to uniformly local
spaces.

The above mentioned difficulties stimulated the developing of the alternative methods
to handle the Navier-Stokes equations in unbounded domains. In particular, in the 2D
case, very helpful is the so-called vorticity equation

(1.3) 0w — Ayw + (u, Vy)w = 0591 — On, 92

where w = 0p,u; — Oy, us. Indeed, if Q does not contain boundary, e.g. Q = R? or
Q) = S x R where S! is a circle (like in the Kolmogorov problem), the maximum principle
applied to (1.3) allows to obtain global a priori estimate for the vorticity w which, together
with the accurate analysis of the explicit formulas for the Helmholtz projectors, allow to
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obtain the global in time a priori estimates for the solution u(t) and, thus, to prove the
global solvability of the Navier-Stokes equation in the uniformly local phase spaces, see
[2] and [14]. Unfortunately, a priori estimate for vorticity obtained from the maximum
principle grows linearly in time, so all of the further estimates will also growing in time
(to the best of our knowledge, for the case Q = R?, it gives double exponential (~ e“¢”)
growth rate and polynomial (~ #3) growth rate for Q = S' x R). The other essential
drawback is that this method seems to be non-applicable to the problems with boundary,
e.g. in the case where () is a cylindrical domain and does not work in 3D case.

Another attractive possibility to avoid direct weighted energy estimates is to use the
bifurcation analysis. Indeed, in the situation where the basic steady state of the Navier-
Stokes problem is slightly above the instability threshold, the solutions remaining close to
that steady state can be described in terms of the so-called modulation equations which are
essentially simpler than the initial Navier-Stokes problem (usually it is Ginzburg-Landau
or Swift-Hohenberg equations), see [1], [15]-[17], [19] and references therein. Since the
well-posedness and dissipativity of these modulation equations is well-understood, the
standard perturbation methods allow sometimes to obtain global in time estimates for
solutions of the initial Navier-Stokes problem starting from the small neighborhood of the
basic steady state. In particular, the global existence and dissipativity of such solutions
for the 3D Couette-Taylor flow is obtained in [23] and ”almost global solvability” (on the
exponentially long with respect to perturbation parameter time interval) for the case of
Poiseuille flow can be found in [24].

It is worth to emphasize that, in the case where the domain 2 C R”, n = 2, 3 possesses
the Friedrich’s inequality

(1.4) lullZe() < MlIVaulfa@), u € W™ (Q)

with positive Ay and under the restrictive assumption that w is square integrable, all of
the above mentioned obstacles disappear and Navier-Stokes problem (1.1) possesses a
standard (unweighted) energy theory similar to the case of bounded domains, see [5], [28].
We also mention the survey paper [3] on existence of spatially decaying solutions of the
Navier-Stokes problem in various domains (not necessarily satisfying (0.4)), see also [13]
and [30].

However, the above mentioned obstacles for applying the general weighted energy theory
to Navier-Stokes equations in unbounded domains have been recently overcome in [37] for
the case of 2D cylindrical domains. This allowed to verify the global existence, uniqueness
and dissipativity of the 2D Navier-Stokes equations in the classes of spatially non-decaying
solutions. Moreover, this result embeds the 2D Navier-Stokes problem in a strip into a
general scheme of investigating dissipative PDEs in unbounded domains mentioned above,
including the study of the dimension and Kolmogorov’s entropy of attractors, topological
entropies, spatial and temporal chaos, etc., see [36].

The main aim of this paper is to extend (of course, up to uniqueness and further
regularity) this result to the case of 3D cylindrical domains. Although the general strategy
of the paper is similar to [37], there are several essential differences and complications in
comparison to the 2D case. Namely, in the 3D case we do not have a scalar stream
function and, consequently, we cannot reduce the study of the Helmholtz projector and
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Stokes operator in weighted spaces to simple model problems for the Laplace and bi-
Laplace equations and should use the theory of general elliptic problems.

Next, due to the lack of uniqueness for the 3D Navier-Stokes equations, we cannot
directly apply the methods of [37] to them, but should first consider the regularizing
Leray approximations to the Navier-Stokes equations, prove the existence of spatially
non-decaying solutions for that equations and, after that, obtain the required solution by
passing to the limit.

Finally, again due to the lack of uniqueness, we cannot construct a usual global attractor
for the problem considered and should use the so-called trajectory approach, see [8, 25,
31, 9] and references therein.

The paper is organized as follows. We recall in Sections 2 and 3 some basic facts on
the theory of weighted spaces and the regularity of elliptic boundary value problems in
these spaces which will be systematically used throughout of the paper.

Section 4 is devoted to study the Helmholtz projector II and stationary Stokes equations
in weighted and uniformly local Sobolev spaces. The results of this section are somehow
close to [4] and [5] (and are, factually, inspired by these papers).

In Section 5, we study the auxiliary linear non-divergent free problem

(1.5) —0w = Agu+Voq, Ilv|_, =0, dive = ¢'u, 0

V]go =
where ¢(z) is the appropriate weight function and w(t) is a solution of the Navier-Stokes
problem. This auxiliary problem is necessary in order to overcome the obstacle related
with the appearance of the term containing pressure in the weighted energy equality.
Roughly speaking, we will multiply equation (1.1) by the function ¢u(t) — v(¢) where v
solves (1.5). Then, since div(¢u—v) = 0 the pressure term disappears (and the derivative
of our weights will be small, so the corrector v will be also small and do not produce any
essential difficulties in its estimating, see Sections 5 and 6 for the details).

We note that it is not clear how to overcome this obstacle in more simple way. In-
deed, the "most natural” multiplication by II(¢u) does not work since IT(¢u) has nonzero
trace at the boundary which leads to additional uncontrollable boundary terms under
the integration by parts in (A,u, I[T(¢u)). Another possibility is to construct a new ”pro-
jector” @ to divergent free vector fields which preserves the boundary conditions and
multiply the equation by @Q(¢u). This, however, leads to essential difficulties with the
term (Oyu, Q(¢u)) which should be a complete time derivative from something. We also
note that the multiplication of the equation by the combination of ¢pd;u and ¢IIA, u (as
in [4] and [5]) is useless for us, since it works only if the unweighted L?-norm of A u is a
priori known.

In Section 6, we verify the basic (uniform with respect to &z — 0) a priori estimate and
prove the global existence of solutions of the following Leray-Navier-Stokes problem:

Oru + (Tw, Vy)u + c0p,u = Agu — Vap + g,
(1.6) w— aA,w = u,

divu =0, Su;=rc,

w

=0, u‘t:o = ug

u‘aa = Wisa
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where II is a Helmholtz projector to the divergent-free vector fields, a > 0 is a small
parameter, S is the averaging operator with respect to the cross section 2’ := (x9, 23):

1
Sv:= —/ v(z') da’
|w| '€
and c is a given constant.

The additional projector IT is necessary since, in contrast to the spatially periodic
case, w is no more divergent free and we will not have zero integral analogous to (1.2)
without this projector. The term cd,,u appears in order to have the classical Navier-
Stokes problem as o = 0 (since, due to our choice of projector II, the mean flux of TTw
equals zero and, consequently, ITu = u — (¢, 0, 0).

In order to obtain the required estimate, we use, following [37], the special weights

(1.7) 0. 20(x) == (1 + elr — :1:0|2)1/2

with very small £ which factually depends on the solution u considered. Then, the careful
analysis of the obtained weighted energy inequality allows us to obtain the globally in
time bounded a priori estimate of the LZ-norm of u(#). Based on this a priori estimate,
we then establish the existence of such solution. In a fact, we first consider the case of
zero flux ¢ = 0 (see Theorem 6.5) and, after that reduce the general case to that particular
one using the trick with the auxiliary "energy stable” equilibrium (see Theorem 6.6).

The uniqueness of such solutions is verified in Section 7 (see Theorem 7.1). Moreover, we
also verify here the uniform with respect to a — 0 dissipative estimate for that solutions
and verify the existence of global attractors A, for the approximating problems (1.6).

Finally, in Section 8, we obtain the existence of a dissipative weak solution for the
classical Navier-Stokes problem by passing to the limit a — 0. Moreover, the appropriate
trajectory attractor Ay for the Navier-stokes problem is also constructed here. Finally,
using the proper scaling , we obtain the following estimate for the size of attractor in
L?-norm in terms of the kinematic viscosity v:

(1.8) A oo ey n20)) < Cv=>(1ePr + gl o) + )

where the constant C' is independent of v, ¢ and g. We recall that in bounded domains
(in square integrable case), the best known estimate is the following one:

(1.9) [ Al oo s 220y < OV Hlgllz20)-

We see that, although estimate (1.8) is "worse” than (1.9), but it remains polynomial as
v — 0 (with a reasonable degree 3). Thus, our method is not ”extremely rough” and can
be used in order to obtain reasonable quantitative bounds for the solutions.

2. FUNCTIONAL SPACES

In this section, we briefly recall the definitions and basic properties of weight functions
and weighted functional spaces which will be systematically used throughout of the paper
(see also [11], [33] for more details). We start with the class of admissible weight functions.

Definition 2.1. A function ¢ € Cj,.(R") is a weight function of exponential growth rate
i > 0 if the following inequalities hold:

(2.1) o(x +y) < Cop(x)e™, () >0,
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for all z,y € R"™.
The following proposition collects the evident properties of that weights.

Proposition 2.2. 1. Let ¢ be a weight function with exponential growth rate p. Then, for
every € > [, ¢ is a weight function of exponential growth rate & (with the same constant
Cy).

2. Let ¢ and v be weight functions of exponential growth rate p. Then the functions
U, = ¢(x)(x) and Uy = ¢(x)/1p(x) are weight functions of exponential growth rate 2u
with the constant Cy, < CyCy.

3. Let ¢ be a weight function of exponential growth rate p and let 1 € Cloe(R™) satisfies

(2.2) C1(z) < (x) < Cod(z), =€ R

Then 1 is also a weight function of exponential growth rate p and Cy < Cl_102C’¢.

4. Let £ > 0 and ¢(x) be a weight function of exponential growth rate u. Then the
function ¢.(x) := ¢(ex) is of exponential growth rate ep and with Cy,. = C.

All of the assertions of the proposition are simple corollaries of estimate (2.1).

The natural example of such weights is the following one:

(2.3) Guao () =€ M7l 20 e R" peR

Obviously, they are of exponential growth rate || and the constant Cy, , =1 (indepen-
dent of £y € R™). However, these weights are non-smooth at z = x. In order to overcome
this drawback, it is natural to use the following equivalent weights:

(2.4) Do () 1= e AV IHE=Dl” g R
Indeed, since |z]| < V2?2 4+ 1 < |z| + 1, then these weights satisfy
(2:5) € W B0 (0) < P (2) < Mgy 00(2), @ €RT

and, consequently, ¢, ., are also weight functions of exponential growth rate p (with
Cnmy = e?*l). Moreover, in contrast to (2.3) these weights are smooth and satisfy, for
it < 1 the additional obvious inequality

(2.6) | D30 ()] < Cilptlppa (@), o €R

where k& € N, DF denotes a collection of all z-derivatives of order k and the constant Cj, is
independent of x and p. This inequality is crucial for obtaining the regularity estimates
in weighted spaces (see [11]-[12], [32]-[35] and Section 3 below).

Another important class of weight functions is the so-called polynomial ones:

(2.7) O (2) == (1 + |2 — zo>) ™%, meR

It is not difficult to verify that these weights are of exponential growth rate p for every
> 0 with the constant Cj,, , depending on p and m, but independent of zy € .

We now introduce a class of weighted Sobolev spaces in a regular unbounded domain
Q) associated with weights introduced above. Since we factually need below only the case
where 2 := R X w is a cylinder which obviously have regular boundary, in order to avoid
the technicalities, we do not formulate precise assumptions on the boundary 9 (which
can be found e.g. in [11] or [12]).
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Definition 2.3. Let ) be a regular domain and let ¢ be a weight function of exponential
growth rate. Then, for every 1 < p < 0o, we set

(2.8) L) = {u € Ly (@), lully = [ oaPluo)l dz < o0}
and
(2.9) Ly (Q) :={u € Ly, (Q), |ullr, = 51161?2(¢(370)||U||LP(90B;0)) < 0o}

Here and below B] denotes an r-ball of R* centered at zy and we write Lj instead of
Ly,

Moreover, for every [ € N, we define the weighted Sobolev spaces Wdl;p () and Wéé’)(Q)
as spaces of distributions whose derivatives up to order I belong to L}(Q2) and Lj ,(9)
respectively.

Furthermore, the weighted Sobolev spaces Wé’p (092) and W,fg(aQ) on the boundary 0
can be defined analogously only the integral over Q (resp. supremum in (2.9)) in (2.8)
should be naturally replaced by the integral (resp. supremum) over the boundary 95, see
[11], [12].

Remark 2.4. In the sequel, we will also use the functions u(t) with values in the weighted
Sobolev spaces defined above. In slight abuse the notations, we denote by L (R, sz,p ) the
space, generated by the following norm:

(2.10) ||u||L1b,(R’Wbl,p) = ;}16% ;léi||U||LP([T,T+1],Wl,p(QﬂB;O)).

The following proposition collects some useful facts on the spaces introduced before.
Proposition 2.5. Let Q be a reqular domain and ¢ be a weight of exponential growth rate

. Then,
1) For every r > 0 and every u € LZ(Q), 1<p<oo,

1/p
(2.11) Cr_1||u||L§,(Q) < ( ¢p($0)||u||§p(mggo)d$0> < Crllullzz o

ToEN

where the constant C, depends on r, j and on the constant Cy from (2.1), but is indepen-
dent of ¢ and of the concrete choice of the weight ¢.
2) For every oo > p, every q € [1,00] and every u € Ly(Q2), we have

q 1/q
22 ([ ot ([ e uwlar) dn) < Gl
To€EN z€EN

where the constant C,, depends on «, v and on the constant Cy, but is independent of u
and of the concrete choice of ¢ and q.
3) For every v > v and every u € Ly ,(Q2), we have

213 O ully oy < sup (oG [ () e} < Gl

ToEN

where the constant C,, depends on «, v and on the constant Cy, but is independent of u
and of the concrete choice of ¢.
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The proof of that estimates is given in [11] (see also [12], [30]).

Remark 2.6. As we will see below, estimate (2.11) allows to reduce the proofs of embed-
ding and interpolation theorems for weighted Sobolev spaces to the classical unweighted
case in a bounded domain. Estimates (2.12) and (2.13) allow, in turns, to obtain the ellip-
tic regularity in weighted spaces with arbitrary weights of exponential growth rate if the
analogous result for the special weights e~*#=%0l (or which is the same, for the equivalent
smooth weights (2.4)) is known, see Section 3. Moreover, these estimates allow to con-
trol the dependence of the constants in embedding, interpolation and regularity theorems
on the concrete choice of the weights which is crucial for our study of the non-decaying
solutions of NS equations.

We need now to introduce also the weighted Sobolev spaces with fractional derivatives.
To this end, we first recall that in the unweighted case the space W'***(Q) for s € (0, 1)
and [ € Z, is usually defined via

Diu s (y)[”
2.14 Ullfyisoniy = Nl / / | dx dy
( ) || ||V[/l+ P(Q) || ||Wl veq Jyea |IL’ y|n+sp

and, for negative [, the space W"?(1Q) is defined as a conjugate space to W, "%(€Q) where
1/p+1/q =1, see [18], [29]. Then, estimate (2.11) justifies the following definition.

Definition 2.7. Let () be a regular domain and ¢ be a weight function of exponential

growth rate. For every 1 < p < oo and every | € R, we define the space Wdl;p (Q) as a
subspace of distributions for which the following norm is finite:

(2.15) 1l = . (@0)” ulliyranpy, ) o

where r is some positive number (it is not difficult to verify that, this space is independent
of r). Analogously the norm in Wl’p is defined via

(2.16) ||u||Wl£(Q) = sup{¢(xo) ||U||Wlp QNBz )}

TOES
for simplicity, we fix below r = 1 in definitions (2.15) and (2.16) of the weighted norms.

Indeed, according to (2.11), we see that, for [ € Z, the spaces thus defined coincide
with the spaces from Definition 2.1. Moreover, it is not difficult to verify, using the explicit
formula (2.14) that in the unweighted case ¢ = 1, the norm (2.15) is equivalent to (2.14).

The following proposition describes the weighted negative Sobolev spaces in terms of
conjugate spaces.

Proposition 2.8. Let Q be a reqular domain and let ¢ be a weight function of exponential
growth rate . Then, for every | >0, and every 1 < p,q < oo with 1/p+1/q=1,
(2.17) WP (Q) = Wyl ()]

where Wé’i(Q) denotes the closure of C§°(Q) in the Wdl)’q—norm and * means the conjugate
space (with respect to the standard inner product in L*(Q2)). Moreover,

(2.18) Crllully 1oy < Ny < Collullyy-rs

51 () ()
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where the constants Cy and Cy depend on p, [, p and Cy, but are independent of the
concrete choice of u and Cl.

Proof. In order to avoid the technicalities, we give below the proof of (2.18) only for the
case of a cylindrical domain Q := R x w where w is a smooth bounded domain of R* !
(only that case will be used in the sequel) although the slightly modified proof works for
a general regular domain. In that particular case, we can restrict ourselves to consider
only one dimensional weights ¢ € Cj,.(R). Indeed, since w is bounded, (2.1) implies that

(2.19) Ci9(s,&) < d(s,6) < Cog(s,&), sER, £€w
where &, € w is some fixed point and, consequently, the weight ¢(s,&) is equivalent to
Do (s) := @(s,&). Moreover, it is more convenient to use, instead of balls B]  the finite
cylinders Q, := (s,5 4+ 1) X w, i.e. to define the norm in Wé’p(Q) via

(2.20) sy = [ Sl

(since the norms (2.15) are equivalent for different r and w is bounded then (2.15) and
(2.20) are also equivalent).

We first verify the right inequality of (2.18). To this end, we introduce a partition of
unity {9, }yer € C°(R) such that

L supptyy C (y,y+1),
(2.21) 2. fyeR Py(s)dy =1,
3. |Dity(s)] < Ch,
where the constant Cj, is independent of s € R (obviously such partition of unity exists

and can be chosen in a smooth way with respect to y € R).

Let now u € [Wé’;’)_l(Q)] be a functional over Wé _1(Q2) and let v be an arbitrary test

function from that space. Then, using (2.21) and Holder inequality, we have

22) (o)< [ Juwobldr< [ Jlulbwson [0l d <
yER yER

<C R<75(3/)||U||W—lm(Qy) - B(y) vl wraga,) dy < C||u||W¢_l’p(Q)||U||W;’31(Q)
ye

which, together with the definition of the norm in a conjugate space gives the right-hand
side of inequality (2.18).
Let us now verify the left-hand side of that inequality. Indeed, let u € W;l’p(Q). We

fix a family of functions v, € W{%(Q,), such that

(2.23) (u, vy) = [Jullw-1r@,)llvyllwrage,)
and normalize these functions as follows:

(2.24) vy l[waga,) = ()7 |ullb Lr(y)"

Since the spaces Wh?((),) are uniformly convex, these family are uniquely defined and,
moreover, continuous with respect to y € R.



10 S. ZELIK

Let us define also the function v(z) as follows
(2.25) v(z) ::/ vy () dy.
y€eR

We claim that v € Wé’i,l(ﬂ). Indeed, since v, € Wy?(€,), it can be naturally continued

by zero to the function v, € Wg?(Q) with suppv, C Q,. Thus, the integral (2.25) is well
posed and defines a function v € VVZZOZ(Q) vanishing at the boundary 0. So, we only
need to estimate the W(i’gl(Q)—norm of it.

Using now that |lvy|ly1a,) = 0 if [s — y| > 1, we have

226) [olhwroqo < [

|s—y|<1

||U?/||W”q(9y) dy:/ o(y)” ||U||W lp(Qy)dy <

ls—yl<1

< C¢(3)p/ < ||u| w- lp( y)dy < Cl¢(3)p/ e ol y|||u||W Lp(Q, )dy
s—y|<1 y

€R

where the constant oo > 2pu/q can be arbitrary (here we have implicitly used (2.1) in order
to estimate ¢(y) via ¢(s)). Taking the g-th power from the both sides of that relation,
applying the Holder inequality and using that ¢(p — 1) = p, we arrive at

85) 0By < OO [ el
y€eR

Integrating this relation over s € R and using (2.12), we finally infer

q P
(227) ||v||Wdl;31(Q) S CQHUHW(;I,P(Q)'

We are now ready to finish the proof of the proposition. Indeed, due to (2.23)—(2.25), we
have

(w0 = [ Nulh-soall ooy dy = [l o
yeN

and, consequently, due to (2.27),
Tt it

—lp )

(2.28) ||u||[Wé:‘;_1(Q)]*

B || HWd’)’gl(Q)
Since p(1—1/q) = 1, then (2.28) implies the left-hand side of inequality (2.18). Proposition
2.8 is proved. (]

Remark 2.9. Proposition 2.8 shows, in particular, that in the case ¢ = 1, the spaces
W (Q) introduced in Definition 2.7, coincide with the standard Sobolev spaces for any
[ € R. Moreover, arguing analogously to the proof of Proposition 2.8, one can verify the
interpolation representation of the weighted spaces W;f’o"p (Q) with fractional derivatives
(leZ,ac(0,1))

(2.29) Wher () = (W;”’(Q), W(;“”’(Q))

a’p

in a complete analogy with the unweighted case, see e.g. [29].
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For the convenience of the reader, we show below how to obtain the weighted analogues
of interpolation and embedding inequalities.
Proposition 2.10. Let Q be a reqular domain, ¢1 and ¢y be two weight functions of
exponential growth rate p, 0 < ly,ly < 0o, 1 < p1,ps < 00. Let also 0 € [0, 1] be arbitrary

and 10 1-0
L= 0L+ (1= 0y, —=—+— ¢:=¢ pi7°
p y41 b2

Then, Wé’p(Q) C Wlll’pl(Q) N Wl2’p2(Q) and the following estimate holds:

[ullys < Cllullfy i - l1ull; 750,
¢1 ¢2

where the constant C' depends on l;, p;, pu, Cy, and on some regularity constant of the
domain 2, but is independent of the concrete choice of the weights ¢; and of the form of
the domain ). Moreover, the analogous estimate holds for the spaces Wbl”d) as well.

Proof. As in the proof of Proposition 2.8, we restrict ourselves to consider only the case
of a cylindrical domain €2 := R X w, one dimensional weights and the equivalent norms
(2.20). Moreover, we will consider below only the case of spaces Wdl;p (the spaces Wblg
can be considered analogously).

Indeed, according to the standard unweighted interpolation inequality for domains €2,

we have ”
(1
Fllyimeny < et o Tl
where the constant (] is independent of s, see [29]. Multiplying this inequality by the
weight ¢P(s), integrating over s € R and using (2.11), we get

0 1-90
HUH:Zle),p(Q) < CZ/ . (¢1||u||W’1xP1(QS))p (¢2||U/||Wl2a172(ﬂs))p( ) ds.
ES

Applying the Holder inequality with exponents % and ( 5 to the right-hand side of

this inequality and using estimate (2.11) once more, we deduce the required weighted
interpolation inequality and finish the proof of the proposition. 0l

The next proposition gives the weighted analogue of embedding and trace inequalities.
Proposition 2.11. Let Q be a reqular domain and ¢ be a weight function of exponential
growth rate p. Then

1) For every 1 < p; < py < 0o and every 0 < ly <l satisfying

1 I 1 1
(2.30) —_2>_-_1
P2 N P n’

there is a continuous embedding Wél’pl(Q) C WP2(Q) and the norm of the embedding
operator depends on l;, p;, p and Cy, but is independent of the concrete form of the weight
function ¢. If the inequality (2.30) is strict, then we can take also py =
2) For everym € Zy, 1 < p < oo and |l > m + 1/p the trace operator I,
Ontt] g+, O

(231) gu = (u‘aga n u‘aﬂ
(where O,u denotes the normal derivative of the function u at the boundary 02) maps
Wé’p(Q) to @ OWZ FYPP(9Q) and there exists the associated extension operator [IT7,]~!
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(right inverse to 115, ) and the norms of that operators depend on I, m, p, i and Cy, but
are independent of the concrete choice of the weight ¢.
Furthermore, the above results hold also for the family of spaces WZ’Z(Q)

Proof. As before, we restrict ourselves to consider only the case of a cylindrical domain
2 := R X w, one dimensional weights and the equivalent norms (2.20). Moreover, we will

consider below only the case of spaces Wé’p (the spaces Wbl”d) can be considered analo-
gously).

Indeed, let u € Wél’pl (2). Then, according to the classical Sobolev embedding theorem
(see [29]), we have

(2.32) [ w2(0s) < Cllullyye (Qs)

where the constant C' is independent of s. Taking the power ps from the both sides of
that inequality, we transform it to the following form (for simplicity, we consider only the
case py < 00)

p2/p1
lelan ) < O™ Nl 0,y < € ( e y>dy)
S

erR
where a > g is arbitrary and the constant C) is independent of w. Multiplying this
relation by ¢(s)?* integrating by s € R and using inequality (2.12), we infer

ull? < Colfull??

Wdl)2,p2( l1 p1 ()

which proves the first part of the proposition.

Let us verify the second assertion of the proposition. Indeed, the existence and bounded-
ness of the trace operator 113, can be verified based on the analogous property for domains
Qs exactly as before (so we rest it to the reader). Thus, we only need to construct the
extension operator [[149] . Indeed, let U := {u;,}7, € ®?:0Wé;k71/p’p(8§2) be arbitrary.
Using now the partition of unity (2.21), we construct the family Us := ;U = {¢gui }i,.
Then, since all of that functions vanish at the origins of the cylinder €2,, there exists an
extension operator [IT%, ]=" for bounded domain €, which maps U, to W"?(€),) and its
norm is independent of U and s, see [29]. The required extension operator [[1%4] !
be now constructed as follows:

(2.33) 5] U = /ER[ bo.] 'Us ds.

Indeed, the fact that this operator is well defined and the required uniform (with respect
to ¢) estimate for its norm as the map from ®?:0W¢l)_k_1/p’p(89) to W;;p(Q) can be
verified exactly as estimate (2.27) for the function (2.25) from the proof of Proposition
2.8. Proposition 2.11 is proved. O

Our next task is formulate some trace theorems for classes of less smooth functions
which are closely related with the theory of NS equations. To this end, we need the
following definition.
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Definition 2.12. Let ) be a regular domain of R", ¢ be a weight function of exponential
growth rate p and 1 < p < oo. Let us define the space E7(Q2) of vector-valued functions
u:= (u',---,u”) € [D'(Q)]" by the following norm:

(2.34) ||U||€3£(Q) = ||U||I[)Lg(n)}n + | divu”ig(ﬂ)'

The spaces E,f’d)(Q) are defined analogously. Moreover, for every sufficiently smooth

vector-valued function u := (u',---,u"), we denote by l,u := (u,7

ponent of that function at the boundary.

)| 5, the normal com-

Proposition 2.13. Let Q) be a reqular domain and ¢ be a weight function of exponential
growth rate ju. Then the operator l,, : E3(Q) — W;l/””’(aﬂ) is well-defined and

where the constant C' depends on p and Cy, but is independent of the concrete choice of
the weight function ¢. Moreover, the analogous result holds also for the spaces E,f’d)(Q).

Proof. As before, we verify estimate (2.35) only for the cylindrical domains. Indeed, let
u and vs be smooth functions in €. Then, due to Green’s formula

(2.36) (Inu, v)ga, = (divu,v)q, + (u, Viv)q,.

As usual, we see that the right-hand side of (2.36) is well-defined for all u € EP(€2) and
v € WH(Q,) where 1/p + 1/q = 1. Moreover, due to the classical trace theorems, there
exists an extension operator [IT,]~" : W'=1/%4(9€,) — W9(Q,) whose norm is, obviously
independent of s. Thus, (2.36) shows that the functional /,,u is well-defined and satisfies

(2.37) llwullw-1/e000,) = lntllwi-1/e0@a,y < Clluller(g,)-

Multiplying this relation by ¢(s)? and integrating over s € R, we deduce (2.35) and finish
the proof of the proposition. Here we have implicitly used that

||lnuHW*l/P’P((s,s—l—l)Xﬂw) < ||lnu||W*1/PsP(BQS)-

The estimate for E,’:’d)(Q) can be obtained analogously using the supremum instead of
integral over s € R. O

As we have already mentioned, estimates of Proposition 2.5 allow to reduce the proofs
of elliptic regularity in arbitrary weighted spaces to the particular case of special weights
(2.4). The following evident proposition will be useful in order to reduce the case of that
special weights to the classical unweighted case ¢ = 1.

Proposition 2.14. Let Q) be a regular domain and let T, ,, be a multiplication operator
by the weight ¢, 40 (x) (i.e. (Tpzou)(x) = Qua(x)u(x)). Then, for every | € R and
1 < p < oo, this operator realizes an isomorphism between the spaces Wé’i’,zo (Q) and
WP (Q). Moreover,

(2.38) C M ullyiy () < ITuzoullwir) < Cllullyty o)

where the constant C' depends on I, p and p, but is independent of u and xy € R”.
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Indeed, this estimate is an immediate corollary of inequalities (2.6) and Definition 2.7
of the corresponding weighted spaces.

We conclude by formulating some useful results on the weighted and local topologies
on bounded sets of W}*(Q).

Proposition 2.15. Let Q2 be a bounded domain | € R and p € [1,00] and let B be a
bounded subset of Wbl’p(Q). Then, for every weight function ¢ of exponential growth rate
1 satisfying

(2.39) @[l Lp®ny < o0,

the set B belongs to Wdl)’p(Q) and the topology, generated on B by this embedding is inde-
pendent of the weight ¢ and coincides with the local topology on B generated by embedding
to Wige(%2).

Proof. Indeed, due to (2.39), we have

) A RN e
which shows that W,”(Q) C Wé’p(Q). Let us now the sequence u,, — u in W/*(Q). This
means that, for every zy € 2 and every R € R, ,

(2.40) Jim Jlun = ullwisonpg) = 0.

Let also u,,u € B and ¢ be an integrable (in the sense of (2.39)) weight. Then, since the
set B is assumed to be bounded in W}*(Q),

(2.41) lim

Am ||Un||wq’;1’(9\3§) =0

uniformly with respect to n € N. Assertions (2.40) and (2.41) imply in a standard way
that u, — u in Wé’p(Q). Since the embedding Wé)’p(Q) C WSP(9) is obvious, then

Proposition 2.15 is proved. 0

3. ELLIPTIC REGULARITY IN WEIGHTED SPACES

In this Section, we recall some standard elliptic regularity results in weighted Sobolev
spaces which are necessary to deals with the Navier-Stokes equations in unbounded do-
mains. For simplicity, we restrict ourselves to consider only the case of a 3D cylinder
Q= R X w, w is a bounded smooth domain of R? (z := (7,75,23) € Q, 7, € R,
x' = (x9,23) € w) although some of the results of this section remain true for general
regular domains, see [11]-[12], [32]-[35] for details. We start with the weighted regularity

estimate for the Laplacian with Dirichlet boundary conditions.

Proposition 3.1. Let us consider the following Dirichlet problem in a cylinder €2:

(3.1) Agu=h = 0.

, u‘aﬂ

Then, for every 1 < p < oo and | = —1,0,1, there exists positive py = po(p) such that,
for every weight function ¢ with sufficiently small exponential growth rate p (n < pg)
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and every h € Wé’p(Q), equation (2.1) possesses a unique solution u € Wé”’p(ﬂ) and the
following estimate holds:

(3-2) HuHWd’)“’P(Q) < CHhHWdI)’p(Q)

where the constant C' depends on Cy, but is independent of the concrete choice of the
weight ¢. Moreover, the analogous estimate holds also for the spaces W;Z(Q)

Proof. We restrict ourselves to verify a priori estimate (3.2) only (the existence and unique-
ness of a solution can be then verified in a standard way, see e.g. [11], [12]).

As we have already mentioned, due to estimates (2.12) and (2.13), it is sufficient to
verify estimate (3.2) only for the special class of weights ¢, 4, () introduced in (2.4).
Indeed, if we have estimate (3.2) for such weights with the constant C' independent of x,
then we obviously have the following estimate:

(53) ulysno,) < Coolldl s ) < Calbllysy g <

PrQ,s
S CZ/ G*P#O\S*MHthyl,p(Q )dy
yER !

where the constant Cs is also independent of s € R. Multiplying now estimate (3.3) by
o(s)? (where ¢ is a weight function with exponential growth rate p < pg), integrating
over s € R and using estimate (2.12), we infer the required estimate (2.2). Analogously,
estimate (3.2) for the spaces Wblg can be obtained by multiplication (3.3) by ¢(s)?, taking
the supremum over s € R and using estimate (2.13).

Thus, it only remains to verify (3.2) for the special weights ¢,,, s with a sufficiently small
positive py and every s € R. In turns, due to Proposition 2.14 and estimates (2.6), the
case of special weights ¢, s can be easily reduced to the unweighted case ¢ = 1. Indeed,
the function u € Wé,ﬁ’p(ﬂ) solves (3.3) if and only if the function v := ¢, ;u € WH3P(Q)
solves the following perturbed version of problem (3.2):

(3.4) Apv = Qugsh — Souo,SQDIiuo,sU - 2¢Lu0,sd)uo,sax1v 1= Tpg,sh + hyg (v), U‘ag =0.
We recall that, due to (2.6),

(3.5) 1o (V) lwin () < Craiol|v]| w2

where the constant C' is independent of s and pug. Thus, if estimate (3.2) for ¢ = 1 is
known, then applying it to equation (3.4) and using (3.5), we infer

I Tyo stullwirzoi) < O Tuo,shllwrny + pollvllwivzr)

with the constant C' independent of py and s. Fixing now pg to be small enough that
Cry < 1/2, we deduce from the last estimate that

(3.6) Iollwisaa) < 20N shllwino)

which together with Proposition 2.14 imply estimate (3.2) for special weights ¢, s.
Thus, we have reduced the verifying of the regularity estimate (3.2) in weighted spaces
to the unweighted case ¢ = 1. It only remains to note that (3.2) with ¢ = 1 is a
classical LP-regularity estimate for the solutions of the Laplace operator, see e.g. [18],
[29]. Proposition 3.1 is proved. O
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Remark 3.2. Surely, regularity estimate (3.2) holds not only for [ = —1,0,1, but we
will need it in the sequel only for that values of [. We also note that estimate (3.2) holds
for the unweighted space since the spectrum of the Laplacian in a cylinder with Dirichlet
boundary conditions is strictly negative.

Next proposition which gives some uniform estimate for the singular perturbed Laplace
equation, will be useful for approximating the 3D Navier-Stokes problem.
Proposition 3.3. Let a > 0 be small, ¢ be a weight function with exponential growth
rate | and let u solve the equation:
(3.7) u— alyu = h, U‘BQ =0
for some h € LZ(Q). Then, the following estimate holds:
(3.8) @“U”ij(ﬂ) + lullzz @) < Clibllzz @)

where the constant C' depends only on p and Cy and is independent of o and the concrete
form of the weight ¢. Moreover, the analogous result holds also for the spaces W,f’g.

Proof. Indeed, after the scaling 7 := a2z, equation (3.7) reads
U—Azi=h, 0|,,=0, Q:=a'?Q

and the weight ¢ should be now replaced by ¢(5) := ¢(a'/2%). It is clear that the regularity
constant of the domain € is at least not worse than for Q (if a is small enough) and the
weight ¢ will be of exponential growth rate a'/?y < p with Cs = Cy. By this reason,
estimate (3.2) of Proposition 3.1 will hold for the scaled equation uniformly with respect
to a, i.e.,

||ﬂ||W§‘p(Q) < CHhHLg(Q);

see eg,[12, 30] for details. Returning back to variable z, we obtain the desired estimate
(3.8) and finish the proof of the proposition. O

Remark 3.4. The analogue of Proposition 3.3 for more regular external forces h €
Wé’p(Q) with [ > 0 is not true, since boundary layer terms may appear. Indeed, in the
simplest 1D case:

y(x) — oy (x) =1, 2€[0,1], y(0)=y(1) =0,
the external force belongs to C*° and the associated solution

sinh(a'z) sinha (1 —x)

sinh(a~1) sinh(a~1)
is a typical boundary layer solution which does not uniformly bounded in any C? with
g >0asa—D0.

We are now going to consider the Neumann-type boundary value problems for the
Laplacian in a cylinder €2. The main difficulty here is the fact that, in contrast to the
Dirichlet problems considered above, the Neumann problem for the Laplacian has an
essential spectrum at A = 0, which makes the situation much more delicate. We however

start with the regularized Neumann-type problem where the spectrum remains strictly
negative.

y(x) =1
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Proposition 3.5. Let Q) be a cylinder and let us consider the following boundary value
problem in €:

(3.9) Au—u =0, Bnu‘m = ho,

Then, for every 1 < p < oo and | = 0,1,2, there exists py = po(p) such that, for
every weight function of sufficiently small exponential growth rate u (1 < o) and every
hy € W;*I/””’(aﬁ) problem (3.9) has a unique solution u € Wdlfl’p(Q) and the following
estimate holds:

(3.10) ||U||Wé‘+1,p(g) < C“thqu;up,p(aQ)

where the constant C' depends on Cy, but is independent of the concrete choice of weight
function ¢. Moreover, the analogous result holds for the spaces Wbl¢ as well.

Proof. Indeed, in the case [ = 1,2 estimate (3.10) can be verified exactly as in Propositions
3.1 and 3.3 (by reducing to the homogeneous and unweighted case), so we rest it to the
reader. In the case [ = 0 the situation is slightly more delicate since we do not formulate
the extension theorem for the space W;l/p’p(BQ) in Proposition 2.11 and, consequently,
we need to work with the non-homogeneous boundary value problem. Nevertheless, the
reduction to the unweighted case based on introducing the function v := ¢, ;u works in
this case as well. Indeed, this function obviously satisfies

(3.11) Ay — v = hy,(v), anv‘m = T_.sho
and
(3.12) 1740 (0)[[ 22(0) < Caol[v][wwr10(0)

Thus, we can split the solution v of (3.11) as follows: v = vy + vy where v; solves the
homogeneous problem

(3.13) Agvy — vy = hy,(v), 8"7)1‘39 =0

and the remainder v, solves the analogue of (3.9) with hg replaced by T_,, sho. We see
also that the right-hand side of (3.11) belongs to L?(£2) and, consequently, due to the
classical LP-regularity, we have

(3.14) [o]lw2@) < Cllby (0)llr@) < Crpollollwir ).

If we assume now that estimate (3.10) for the unweighted case ¢ =1 and [ = 0 is known,
then, due to (3.14), we infer

[vllwie) < loillwir@) + llv2llwie@) < CllTu.shollw-10000) + Crollv|lwie@)
which implies the estimate
(3.15) [vllwro@) < 2C(Tuy,shollw-1/m00)

if po is small. Thus, the case of general weight naturally reduces to the case of ¢ = 1
for I = 0 as well. It remains to recall that, for ¢ = 1, estimate (3.10) is a classical
LP-regularity result for the Laplacian, see [29]. Proposition 3.5 is proved. O
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In order to treat the case of Neumann problem without the regularizing term —u,
we need to introduce the following averaging operator with respect to the variable 2’
((x1,2") € R x w:=Q):

1

N m SEW
The next proposition gives the solvability of the Neumann problem for some natural closed
subspace of the the space of external forces h.

(3.16) (Su) () :

u(zy, s) ds.

Proposition 3.6. Let Q) be a cylinder and let us consider the following boundary value
problem in €:

(3.17) Agu=h, dhul,, =0.

Then, for every 1 < p < oo and |l = 0,1,2, there exists py = uo(p) such that, for every
weight function of a sufficiently small exponential growth rate p (u < o) and every
h € Wé’p(Q) satisfying

Sh=0,
problem (3.17) has a unique solution u € W;f?’p(Q), Su = 0 and the following estimate
holds:
(3'18) ||U’||Wdl)+2‘p(Q) < CHhHWdl)’p(Q)

where the constant C' depends on Cy, but is independent of the concrete choice of weight
function ¢. Moreover, the analogous result holds for the spaces Wbl¢ as well.

Proof. We first note that the operator S commutes with the multiplication operator T,
and with the x,-derivatives 0,,. Thus, arguing exactly as before, we can reduce the proof
of (3.18) to the unweighted case ¢ = 1. So, we will prove below (3.18) for the case ¢ = 1
only.

To this end, we first consider the case p = 2. In that case we can multiply equation
(3.17) by u and obtain, after the integration by parts that

(3.19) IVaull72 0y < hllz2ollullra)
Since we have assumed additionally that Su = 0 then, we have the Friedrich’s inequality
which together with (3.19) implies that
In order to prove estimate (3.18) for p = 2 and ¢ = 1, we now use the following standard
interior regularity estimate:
(3.22) ||U||12/Vl+2a2(ﬂs) < C(||U||%/V1,2(QS,1UQSUQS+1) + ||h||€le2(szs)) <

<Cr [t ulfng,y + e, do

ye

Integrating this estimate over s € R and using (2.12) and (3.21), we infer the unweighted
estimate (3.18) for p = 2. Thus, due to the trick with the multiplication operator T, s,
estimate (3.18) is verified for p = 2 and all weights with sufficiently small exponential
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growth rate. Moreover, we have also the analogue of estimate (3.18) with p = 2 for the
spaces Wblf;(Q)

Let us now consider the case p # 2. We first consider the case p > 2 and will prove
estimate (3.18) for the spaces W,”(Q). Indeed, since W}*(Q) € W,*(Q), then we already
have the estimate

(3.23) [ullyr2) < Clibllrz@) < Cillbllzye)-

Using now the interior regularity estimate
[ullwiseno,y < Clllullwrz . v, + Ihllwir@,) <
<G Su]g{e’“'s’y‘(||U||w1,2my> + lIAllwrg,)}s
ye

taking a supremum over s € R from the both parts of that inequality and using (2.3) and
(3.23), we finally infer

(3.24) lullgrvnqy < Clltllgro .

Let now 1 < p < 2. Then, we split the solution u of (3.17) as follows: u = u; + us where
1, solves problem

(3.25) Aty —uy = h, Optiy],, = 0

and the remainder us solves

(3.26) Agtiy = =y, Opus|,, = 0.

We first note that, due to the LP-regularity (see Proposition 3.5), for equation (3.25), we
have

(3.27) [urllyyre2qy < CllAllypir gy

Moreover, applying the operator S to both sides of equation (3.25) and using that Sh = 0,
we have

(3.28) (Suy)” — Suy; =0 and, consequently, Su; = 0.
Furthermore, due to the embedding theorem (see Proposition 2.11), we have
(3.29) ||u1||Wl,2(Q) S C||u1||Wbl+z,p(Q),

for every 1 < p < 2. Thus, we can apply estimate (3.23) for equation (3.26) which together
with (3.27) gives estimate (3.24) for 1 < p < 2 as well.

Thus, estimate (3.24) is verified for all 1 < p < co. Then, due to the above described
trick with the multiplication operator T, s, we deduce estimate (3.18) for the spaces

Wbl:f’p (Q) for all weight functions of sufficiently small exponential growth rate.
So, it only remains to obtain it for the spaces W;;p(Q). To this end, we note that (3.18)

for the spaces WZ’Z‘LO .(Q2) implies, in particular, that

(3.30) ||U||€Vl+2,pms) < Czlelg{efﬂop\sfyl||h||f/vl,pmy)} < /EQ e*#oplsfy\“hnlv’vl,p(m dy.
y
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Multiplying (3.30) by ¢(s)?, integrating over s € R and using (2.12), we deduce finally
estimate (3.18) and finish the proof of Proposition 3.6. O

Remark 3.7. As we see from the proof of Proposition 3.6, the weighted regularity esti-
mates can be deduced not only from the unweighted estimates in W (Q), but also from
their analogs in the spaces W, ”(€). The last scale of spaces is sometimes (e.g., in the
proof of Proposition 3.6) more convenient, since, in contrast to spaces L”(2), the spaces
LP(2) have usual (for bounded domains) embedding properties (L' (Q) C L{*(Q2), for
P1 > pa)-

We now note that assumption Sh = 0 in Proposition 3.6 is essential for the weighted
estimate (3.18). Indeed, in general case Sh # 0, for the quantity Su = (Swu)(x;) we have
the following equation:

(3.31) (Su)(a1)" = (Sh)(w1), =1 €R

whose solution Swu, obviously, does not possess any weighted regularity estimates for
general h. Fortunately, for problems arising in the weighted regularity theory for the
Helmholtz operator, the function Sh has a special structure which allows to take one
primitive of it remaining in weighted Sobolev classes. To be more precise, the following
proposition holds.

Proposition 3.8. Let 2 be a cylinder and let us consider the following Neumann boundary
value problem in €):

(3.32) Ayu =0, 8nu‘m =l,g
where g € [LP(Q)]? is a divergent free vector field
(3.33) div g = 0.

Then, for every 1 < p < oo and | = 0,1,2, there exists py = po(p) such that, for
every weight function of a sufficiently small exponential growth rate p (u < po) and
every g € Wdl)’p(Q) satisfying (3.33), problem (3.32) has a unique solution (up to adding a

constant) satisfying V,u € W;;p(Q), and

(3.34) (Su)(z1)" = (Sg1)(x1), z1 €R
and the following estimate holds:
(3.35) Hvﬂcu“WdI;P(Q) < CHg“WdI;P(Q)

where the constant C' depends on Cy, but is independent of the concrete choice of weight
function ¢. Moreover, the analogous result holds for the spaces Wbl’g as well.

Proof. For simplicity, we deduce below only a priori estimate (3.35). The existence and
uniqueness of a solution can be verified in a standard way (see also [4]).
We first define an auxiliary function v as a solution of the following problem:

(3.36) Ayv—v =0, 8nv‘m =1l,9.
Then, due to Propositions 3.5 and 2.13, we have
(337) lellyz1) < Clingllyi-sims gy < Collllyiogey
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Moreover, applying the z'-averaging operator S to equation (3.36), we have
1

|a4 s€w
Furthermore, since the vector field ¢ is divergence free, we have

(3.38) (Sv)(x1)" = (Sv)(z1) = (1i,ng(x1,8))ds, = € R

1 —
Tl (7, (21, 8)) ds = (S[02,92 + Oy 93]) (¥1) = —(Sg1) (1)’
s€E0w

and, consequently,
(3.39) (Sv)(z1)" = (Sv)(z1) = (Sg1)(w1)".
Let us consider now the remainder w := u — v which obviously satisfies the following
equation:
(3.40) Apw = —v, Baw|,, =0.
Then, according to Proposition 3.6, the function w := w — Sw satisfies the following
estimate:
(3-41) ||1D||Wé+1’f'(g) < C“@“W(;’I’(Q) < Cl“QHqu;p(Q)'

So, it only remains to consider the equation for Sw, i.e.

(Sw)(z1)" = —(Sv)(a1)
which together with (3.39) gives

(3.42) (Su)(x1)" = (Sg1) (1)
This relation shows that we can indeed to take one primitive and satisfy condition (3.34).
It only remains to note that the function (Su)(x;) is independent of 2’ and, consequently,

(3.43) V.u = V,a+ ((Su)',0,0).
Thus, estimates (3.37), (3.41) together with the obvious fact that
(3.44) I8lhetrey < Cllalhyioe

implies (3.35) and finishes the proof of Proposition 3.8. O

4. THE HELMHOLTZ PROJECTOR AND STATIONARY STOKES PROBLEM

In this Section, we discuss the weighted analogue of the classical Helmholtz decompo-
sition of the space [L?(Q2)]? to divergent free and gradient vector fields which is necessary
for excluding the pressure from Navier- Stokes equations. To this end, we first need to
define the corresponding spaces of divergent free vector fields.

Definition 4.1. Let 2 be a cylinder. Then, for every [ > 0, 1 < p < oo and every

weight function ¢ of exponential growth rate, we define the following space of divergent
free vector fields:

(4.1) HP(Q) = {v e W (QP, dive=0, lwv|,, =0, Sv =0}

which is considered as a closed subspace of Wdl;p (2) and endowed by the norm induced
by this embedding. Here the normal component [,v of the trace on the boundary is well-
defined due to Proposition 2.13 and the z'-averaging operator S is defined by (3.16). The
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spaces H,l)’(;(ﬂ) can be defined analogously. Moreover, for simplicity, we will write below
HE(Q) and H} ,(Q) instead of H,P () and H,?(Q) respectively.
We also define the space V(€2) as follows:

VE(Q) = {v € H,'(Q), vl|,,=0}
and the analogous space Vy ,(Q).

The following natural proposition clarifies the additional conditions lnv‘ sq — 0 and
Swv; =0 in formula (4.1).

Proposition 4.2. Let 2 be a cylinder and ¢ be a weight function of exponential growth
rate u and 1 < p < oo. Then the space HP(Q) coincides with the closure of all divergent
free vector fields v € [D(Q)]* in the topology of [L()]:

(4.2) Hy(Q) = [v e [DIQ)], dive =0] @

where [-]y denotes the closure in the topology of the space V.

Proof. Indeed, let v be a divergent free vector field from [D(Q)]*>. Then, obviously,
lnv‘ag2 = 0. Moreover, integrating the relation 0,,vy = —0,,v2 — O0;,v3, We infer that
Swv; = const = 0 (since v; has a finite support). Since all these properties preserve under
the closure (see Proposition 2.13), then the right-hand side of (4.2) is a subset of the left
one.

Thus, it only remains to approximate every function from u € HZ(Q) by divergent free
vector fields belonging to [D(€2)]>. Moreover, since for the case of bounded domains the
assertion is well-known (see eg, [27]), it is sufficient to approximate u by the functions
Uy € ’HZ(Q) with bounded support. In order to do so, we introduce a family of cut-
off functions 6, such that 6,(s) € [0,1], 0,(s) = 1, for s € [-n,n], O,(s) = 0, for
s ¢ [—n—1,n+ 1] and ¢/,(s) is uniformly bounded with respect to s and n.

Let us now consider the vector-field 4" (x) := 6,(xz1)u(x). Then, obviously, 4" — u in
[LZ(Q)]?, the support of @™ is bounded and is contained in the sub-domain Q; ,, 1,11 :=
[—n—1,n+1] X w and has zero trace of the normal component on the boundary and zero
mean flux. The only problem is that vector field is not divergent free:

diva" = ¢pur == h"(z) = b"(2)xa_,_, (x) + b"(2)xa, (z) := Bl (z) + A" (z)

(here we have implicitly used that supp @), C [-n — 1, —n] U [n,n + 1]). Moreover, since
uq has a zero mean, we conclude that

/ W () do = / (@) dr=0.

Thus, there exist vector fields u” € [W,*(Q_, 1)]* and u? € [W,*(Q)]? such that
(4.3)  divul =h%, (ulllwirq ) < Clluller@_,-n,  [[ufllwir@,) < Clluallze@.

where the constant C' is independent of n, see [27]. Extending now vector fields u’} by
zero outside of Q_,_; U (2,, we obtain the vector fields '} defined already in the whole
cylinder © and satisfying (4.3) (here we have used zero boundary conditions). Finally,
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estimates (4.3) show that v} € L7(92) (and even W(;p(Q)) and tend to zero as n — oo in
that spaces. Defining finally

(4.4) u" =" —ul —ul,
we obtain the desired converging sequence of divergent free vector fields with finite sup-
ports an finish the proof of the proposition. OJ
Remark 4.3. Arguing analogously, one can also verify the description for Vz(Q):

P(O)) — 3
(4.5) Vi(Q) = [v e [DQ)]?, dive =0] W@

As usual, we define the operator II : [L*(Q)]* — H?(Q2) as an orthoprojector to the
divergent free vector fields. Then, as known (see e.g. [27] or [28]), every vector field
u € [L*()]* can be split in a unique way in a sum of a divergent free vector field
v € H?(Q) and a potential one V,p € [L*(Q)]? for the appropriate p € H}..(Q):

(4.6) u=uv+ Vgp, dive =0, v:=Ilu.

The next theorem shows that the analogous splitting holds in weighted spaces as well.
Theorem 4.4. Let € be a cylinder and let I1 be the orthoprojector defined above. Then,
for every 1 < p < oo and l = 0,1,2, there exists a sufficiently small positive py such
that, for every weight function with exponential growth rate p < g, this projector can be

uniquely extended by continuity to a bounded operator from [W;;p(Q)]?’ to ’Hi;p(Q) and the
following estimate holds:

(4.7) Mellygogq) < Cllullyytoays

where the constant C' depends only on p, | and Cy, but is independent of the concrete
choice of the weight ¢. Thus, for every u € [Wé’p(Q)P there exists a unique decomposition

in the form of (4.6) with v € Hi;p(Q) and p € WIP(Q). In this formula v = Tu.

loc

Moreover, the analogous result holds also for the spaces Wblf;

Proof. Let u € [Wé’p(Q)]?’ and let us construct the pressure p in decomposition (4.6).
Indeed, taking formally a divergence from the both parts of (4.6), we get

(4.8) Ayp =divu
and using that lnv‘aQ = 0, we infer the boundary condition for p:
(4.9) OnP | go, = Int] o

We however note that the right-hand side of (4.9) is ill-posed for general u € [LP(Q)]3.
In order to overcome this difficulty (following [4]), we introduce an auxiliary function p;
which solves

(4.10) Aypr = divu, pl‘m =0
and then, the remainder p := p — p; solves
(4.11) Aep =0, Onp|,q = In(u—Vaop)| g

We now note that div(u—V,p;) = 0 and, consequently, due to Proposition 2.13, the trace
ln(u—Vyp1) on the boundary is well-defined and we can apply Proposition 3.8 which gives
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a unique solvability (up to a constant) of (4.11) and estimate (3.35) for the gradient of p.
[t remains to note that, condition (3.34) now reads

0:,Sp = Suy — 0,,Sp; and, thus S0,,p = Su,

which shows that p is indeed correctly defined (Sv; = Su; — S,,p = 0, dive = 0 and
l,v = 0). From estimate (3.35) (for V,p) and estimate (3.2) for V,p;, we immediately
deduce the analog of estimate (4.7) for V,p. Since Ilu := v = u — V,p this gives also
estimate (4.7) for II. Theorem 4.4 is proved. O

Corollary 4.5. Let the assumptions of Theorem 4.4 hold and let v € HE(QY). Then, for
every potential vector field w = Vp such that w € [LZ,I(Q)P, we have

(4.12) (U,w)[[)(g)}% =0.

Indeed, according to Proposition 4.2, the function v can be approximated (in the metric
of L(©2)) by a sequence of smooth divergent free vector fields with a compact support.
Since for such vector fields (4.12) is obvious, then passing to the limit, we obtain (4.12)
for all v € H(Q).

The next proposition gives the estimate for the weighted norms of the commutator of

IT and the multiplication operator T, ., introduced in Proposition 2.14.
Proposition 4.6. Let Q2 be a cylinder, 1 < p < oo, =0,1,2 and T, 4, is a multiplication
by the special weight ¢, .(x1). Then, there exists py = po(p) > 0 such that, for every
weight function of exponential growth rate ¢ < pg, every p < pg and every xqg € R, we
have

(4.13) [(Tpzo © IT =TT 0 Ty g )t yyi+1.0 (@ < C/’L“u“Wé”p(Q)

Pur,zp
where the constant C' depends on Cy, but is independent of p1, u, xo and on the concrete

choice of the weight ¢. Moreover, the analogous result holds for the spaces W,fg(Q) as
well.

Proof. Indeed, let u € Wé’p () be arbitrary and let
(4.14) u=v+Vyp, pu=uv,+ Vyp,

be decompositions (4.6) for functions u and u respectively (which exist due to Theorem
4.4) and ¢ := @, 4. Then,

Ayp, = div(pu), Azp=divu, 0,p=lu, 0Oyp, = @lyu.
Let now P, := p, — ¢p. Then, this function solves:
(4.15) AP, = ¢uy —2¢' 0, p— ¢"p, 0,P, =0.

However, from Proposition 3.6, we obtain the weighted estimate of P, := P, — SP,
only. Moreover, from Theorem 4.4, we are able to extract the weighted estimate only for
p:=p — Sp. To overcome this difficulty, we recall that, for proving (4.13), we only need

that

(4.16) vy — SOUHWJ)::E’I’(Q) = [|Vapy — (’vapHWdizlff(Q) < CMHuHWd’;P(Q)
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We claim that, for estimating this quantity, it is sufficient to have the proper estimates
for P, and p only. Indeed,

_ (0u P+ ¢'p— 0, SP,— ¢'S
Furthermore, since the mean flux of v and v, equal zero, we infer from (4.14) that

(4.17) 02,Sp, = ¢Suy, 05, Sp =Sy
and, consequently,

Oz, SP, — ¢'Sp = 0y, (Spy — ¢Sp) + ¢'Sp = 0,,Sp, — ©02,Sp = ¢Sus — ¢Su; = 0.
Thus, we really need only the estimates for P, and j in order to finish the proof of the
proposition.

We also recall that, exactly as in the proof of Theorem 4.4, we have the following
estimate

(4.18) ||2§||Wdl)+1’p(9) < CHUHWQZ;I’(Q)

which, together with estimate (2.6) for ¢’ give the required estimate for ¢'p. So, we only
need to estimate V,P,. To this end, applying the operator (Id —S) to equation (4.15),
we get

(4.19) AP, = H,(z) = ¢y —2¢'0,,p — ¢"p, 0,P,=0.
Using now estimate (4.18) together with inequality (2.6) for weights ¢, we conclude that
1Hulhyto, o < Corlallyin

where C' is independent of p. Applying now the result of Proposition 3.6 to equation
(4.19) (SP, = 0!), we finally arrive at

HP‘PHW;J[QI’Z(Q) < C/"LHU’HWdl)’p(Q)

which finishes the proof of Proposition 4.6 for the spaces Wdl;p . The case of spaces Wblg is
completely analogous and Proposition 4.6 is proved. |

We start now to study the Stokes operator A := IIA, in weighted spaces. To this end,

we need to define the spaces of distributions associated with divergent free vector fields.
the corresponding functional spaces.
Definition 4.7. Let Q be a cylinder and let Dy;,(2) be the space of all smooth divergent
free vector fields in 2 with compact support. As usual, we denote by D/ () the space
of all linear continuous functionals on Dg;, (2). We denote also by H 1P (Qy) C D} (Qs)
the conjugate space to V9(€);) with the standard norm.

Finally, for every weight function ¢ of exponential growth rate u, we define the spaces
7{;1(9) and Hb_ql&( ) as subspaces of D, (Q) with the following finite norms:

Julf / S0l 10, ds < 00,

IIUIIH;;m(Q) := sup{o(s)||ulls-1r0,)} < o0
' seR
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Arguing exactly as in Proposition 2.8, one can show that
(4.20) H, () = VI ()]

We however note that the spaces ’H;l’p(Q) are not the subspaces of usual distributions

D'(Q2) and, in a fact, larger than the corresponding spaces [W LP(Q)]? of distributions.

Nevertheless, there is a natural map of [ng_l’p(Q)]2 to ’H;l’p(Q) (which is usually consid-

ered as an extension of the projector II to the negative Sobolev spaces and is also denoted
by II)

(4.21) (Mu, v) 4, = (u,v), dive =0

where in the left-hand side we have the pairing in D/ (22) X Dqiy(2) and in the right-hand
side the standard pairing in distributional sense is written.

Thus, the Stokes operator A = IIA, can be naturally extended to the operator from
Vi(Q) to ’H;l’p(Q) (and, analogously, in the spaces V} ,(Q)).

We are going to study the linear Stokes equation in a cylinder €2

(4.22) Au+Vep =g, U‘BQ =0, divu =0.

Or, in the equivalent operator form: Au = I[Ig. We start with recalling the standard
regularity result for the unweighted case

Proposition 4.8. For any g € W'P(Q), [ > —1 is integer and 1 < p < 0o, there exists a
unique solution (u,p) (up to adding a constant to p; in the sense of distributions), such
that w € VP(Q) N HF2P(Q), p:=p — Sp € WHLP(Q), such that

(4.23) ullwirze) + I Vapllwir) + [IPllwirie@) < Cllgllwir )
where the constant C' is independent on wu.

Indeed, at least for bounded domains, this assertion is well-known (see, eg, [27], Propo-
sition 1.2.3) even in the case of non-homogeneous Stokes problem. For the Hilbert case
p =2, | = —1, the result follows immediately from the energy estimate and for other /th
and pth, it can be easily verified by reducing the problem to the case of bounded domains
via the standard localization technique, see also [3] and references therein.

We, however, note that, in contrast to the case of bounded domains, we are now able
to control the LP-norms pressure function p := p — Sp and 0,,Sp and the mean pressure
Sp may even grow as || = co.

Our aim now is to obtain the weighted analogue of Proposition 4.8. To this end, it is
more convenient to consider more general non-homogeneous analog of that equation:

{Azu+vmp:g, Sur =0, u|,, =0,

4.24
( ) divu = h,

for some function h satisfying
(4.25) Sh=0.

Theorem 4.9. For every integer | > —1 and every 1 < p < oo, there exists py =
po(p,w) > 0 such that for every weight function ¢ of exponential growth rate p < g,

every g € Wé)’p(Q) and every h € Wéﬂ’p(ﬂ) satisfying zero flur condition (4.25), problem
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(4.24) possesses a unique solution (u,p) such that u € W(é”’p(Q), D E Wéfl’p(Q) and the
following estimate holds:

(4-26) ||u||W(é+2’p(Q) + ||pr||wa§m(g) + ||15||qub+14’(g) < C(HQHWQP(Q) + ||h||qu5+1’p(Q))

where the constant C' depends on Cy, but is independent of the concrete form of ¢ and g
and h. Moreover, the analogous result holds also for the spaces Wblf;

Proof. Let us first consider the unweighted non-homogeneous case ¢ =1 and h # 0. In
the case [ = —1, it can be easily reduced to the homogeneous case h = 0 by substructing
a function @& € W,7(Q) satisfying divéi = h. In order to construct this function, it is
sufficient to solve the problem

divug = h, =0, €.

u‘aﬂs

Since Sh = 0, the mean value of h in €, is also equal zero and, consequently, this problem
has indeed a solution u, which satisfies

[usllwro .y < CllbllLr.)
with C' independent of s. The required function @ can be then defined as follows:
() = tp(x), x € Q.

Thus, the assertion of the theorem is verified in the case [ = —1 and ¢ = 1. Using
that estimate and the localization technique, one can verify the estimate for every integer
> —1.

Let us now consider the weighted case ¢ # 0. As usual, it is sufficient to verify estimate
(4.26) for the special exponential weights ¢, (1) only (a general result will follow then
from representations (2.11) and (2.13)). We also restrict ourselves by verifying only a
priori estimate (4.26) (the existence of a solution will follow then in a standard way eg,
by approximation g and h by functions with finite support and passing to the limit).

Let (u, p) be a desired solution of problem (4.24) and let ¢ := ¢, (1) for some zy € R.
We set

Uy = PU, Py = PP — w’/ (Sp)(v) dy.
0

In this new variables problem (4.24) reads

(4.27) {A’”% + Vapy = gp 1= pg + 2¢' 0z, ur + ¢"ur + ¢'pey,

divu, = hy == ph + @'uy

where €; := (1,0,0). We see that again Sh, = 0 (since Su; = 0). Moreover, using
inequalities (2.6) and obvious fact that p, = pp, we establish that

(4.28) lgollwir@ + [[Pollwiir@) <
<C (HQHWé’P(m + ||h||Wj,+1’P(Q)> +Cu (||UW||WI+2’P(Q) + ||25§0||W’+1s1’(ﬂ))

where the constant C' is independent of p (here we have implicitly used also Proposition
2.14). Applying now already proved non-weighted estimate (4.26) to equation (4.27), we
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will have

|upllwitzr@) + [Vabollwie@) + [|Pollwitiog) < Clgollwir) + [|hollwi+ie@))-

Combining now this estimate with (4.28) and fixing y1 = o being small enough, we arrive
at

||u<p||Wl+2’P(Q) + ||pr<p||wdl;1’(g) + ||15ap||wl+1,1)(9) < C(“QHWQP(Q) + ||h||Wfp+1’p(Q))

which together with Proposition 2.14 gives (4.26) and finishes the proof of the theorem.
(]

We conclude the section by formulating several useful corollaries of the proved theorem.

Corollary 4.10. Let Q be a cylinder and let A := 11A,. Then, for every 1 < p < o0
and | = 0, —1 there exists positive g = po(p) such that, for every weight function of a
sufficiently small exponential growth rate (u < ug) operator A realizes an isomorphism
between spaces V§(€2) N HZFQ”’(Q) and Hi;p(Q) and the following estimate holds:

(4'29) Cil||u||7-ﬂ¢+2’1’(g) < ||HAIU||HZ;P(Q) < C”U“HZ)“’P(Q)
where the constant C' depends on Cy, but is independent of the concrete choice of the

weight function ¢. Moreover, the analogous result holds for the spaces HéZ)(Q) as well.

Proof. Indeed, estimates in the right-hand side of (4.29) follow from Theorem 4.4 (in the
case | = 0) and from the definition of II for negative Sobolev spaces (if [ = —1). The
left-hand side of (4.29) follows immediately from Theorem 4.9 with h = 0 by applying

the projector II to both sides of equation (4.22) (in the case [ = —1 one needs to use also
the obvious fact that, for every g € ’H;l’p(Q) there exists an extension ¢ € qul’Q(Q) such
that I1g = g). O

Corollary 4.11. Let the assumptions of Corollary 4.10 hold and let p = 2. Then, for
every weight function with a sufficiently small growth rate p, we have

(4.30) C™ Y pAgu, pAzu) < (pIIAu, pTIAu) < C(PAu, A u)
where (-,-) denotes the standard inner product in [L*(Q)]* and the constant C' is indepen-
dent of the concrete choice of the weight ¢ and u € V3(Q) N 7-[32(9)

Indeed, estimate (4.30) is an immediate corollary of (4.29) with p = 2 and the following
elliptic regularity estimate for the Laplacian in 2 with Dirichlet boundary conditions:

(4.31) Cil”“”vvjv?(m < ||Axu||L§)(Q) < C||u||Wj’2(Q)7

see Proposition 3.1.

5. AN AUXILIARY NON-STATIONARY STOKES PROBLEM

In this section, we study the following non-stationary linear Stokes problem in a cylin-
drical domain €:

ow = Ayw — V,q,
(5.1) divw = h(t), Sw; =0,

w‘ag =0, Hw‘t:o =0,
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where h(t) = h(t,x) is a given function satisfying
(5.2) Sh(t)(z) =0, t€[0,T7], z; €R.

This auxiliary problem will be essentially used in the next section in order to obtain the

weighted energy estimates for weak solutions of the nonlinear Navier-Stokes system.
The following theorem gives a priori estimates and the solvability result for problem

(5.1).

Theorem 5.1. There exists a positive pg such that, for every weight function ¢ of suffi-

ciently small exponential growth rate p (u < po) and every

(5.3) h e L*([0,77, W, () N C([0,T], L}(%))

for which (5.2) is satisfied problem (5.1) possesses a unique solution w from the class

(5.4) w e L*([0,T],W7*(Q) nC([0,T], W,*(2)),
0w € L*([0,T], L%()), g€ D'([0,T] x Q)

and satisfying the following estimates:

T
/ e~ IO (5) 730 + 10(5) [ 200)) s <
0

T
(5.5) <O | eI IA) o) ds,
T

9 2 —alt—s 2
||w(t)||W;,2(Q)gC(IIh(t)HL;(gﬁ/ e ||h(s)||W;,2<mdS>

0

where a is a sufficiently small positive constant depending only on po and the constant C
depends on Cy, but is independent of the concrete choice of the weight ¢.

Proof. In order to solve (5.1), we are going to reduce it to the divergent free case. To this
end, for every ¢ € [0, 77, we introduce v(t) = K as a solution of the following stationary
Stokes problem:

(5.6) Ayv —V,r =0, dive = h(t), = 0.

Va0
Indeed, due to Theorem 4.9, there exists positive ug such that, for every weight function
of sufficiently small exponential growth rate p (1 < ug) and every h € Wf(Q), =01
satisfying (5.2), equation (5.6) possesses a unique solution v € W;fm(ﬂ), Swv; =0, so the
operator Ky is well-defined. Moreover, the following estimate holds:

(5.7) ||U||W(é+1’2(ﬂ) < CHh’HWqI;Z(Q)

where the constant C' depends on Cy, but is independent of the concrete choice of the
weight ¢.

Let us introduce now a new dependent variable @w(t) := w(t) — v(t). This function
obviously satisfies the following equation:

(5.8) 00 +v) = Ab—V,d, divio=0, w],, =0, @], , = —Tlv|,_,.

=0
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Applying the projector T to both parts of (5.8), we infer
(5.9) Oy(w + Iv) = MAw, divw =0, w‘BQ—O w‘t 0= Hv‘t o
In order to obtain a priori estimate for solutions of (5.9), we multiply it by the expression
where x5 € R is arbitrary, © > 0 is small enough and the weight ¢ is defined by (2.4).
Then, we get
(5-10) 1/26t(%02u,xoa |Vx(w + HU)|2) + (QOQM,:UOHA@‘@’ Axw) =

= —(gp’Qu’xOHquw, Oz, W) — (Y22, 1AW, AyIIv) — (SOIQM,xOHAxwa O, TTv).

We estimate the second term in the left-hand side of (5.10) using estimates (4.13), (4.7)
and (4.30) in the following way:
(5.11) (902#,IOHAIL‘U_)7 Ay W) = (Qp?u,zoa |HAIU_}|2)_
- (HAIU_)a (90211@0 oIl —1IIo 902M,IO)AIL‘1D) > C((»O?u z0) |A w| )
) 2 (G2 = Cap)|Astlliz (o)

where the constants C; are independent of p and zy. Fixing now p to be small enough,

estimating the right-hand side of (5.10) by Hdolder inequality and using (4.7) and (4.29),
we have

- Cl (90*211@07 |(Q02#,I0 oll —1IIo (AOQH,IO)AIU)|

(512) A(IValw + )2, o)+

— 112 - 2 2
(|l o+ Va0 + T, (@) < Clllzs g
where the positive constants « and C' are independent of z, € R (here we have also

implicitly used that ||V, (@ + v)|| 12 ) SCO(IVawllrz, o)+ [vllwze (o)

P, mO P, mo P,
Applying the Gronwall inequality to (5.12) and using est1mate (5.7) with [ = 1 (for
every fixed t), we arrive at

t
(5.13) “Vm(w(t)+H”(t))||%iu,m0(ﬂ) +/0 =09 || (s )Hz o ds <

LP/,L mo(

a(t—s)
<0 [ Iz o

(here we have used also that @(0) 4+ ITv(0) = ITu(0) = 0). Moreover, since the constant
C in (5.13) is independent of 7y € R, then, multiplying (5.13) by ¢?(x), integrating over
o € R and using (2.12), we obtain (exactly as in Section 3) the analogue of estimate
(5.13) not only for the special weights ¢, ,,, but also for arbitrary weight ¢ of exponential
growth rate ¢ < p.

In order to deduce a priori estimate (5.5) from (5.13), it only remains to recall that
w =W+ v and (due to (5.7) with [ = 0)

[w@)ly220) < CUIV2(@(t) + o)z @) + 1A O] 22 (@)-
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Indeed, this estimate together with (5.13) gives the required estimate for the W(;’Z—norm

of w(t), estimate for the Wj’Q—norm of w is also an immediate corollary of (5.13) and (5.7)
with [ = 1. Finally, the required estimate for 9,ITw = d;(w + IIv) can be now obtained
from equation (5.9). Thus, a priori estimate (5.5) is proved.

We also note that,

(5.14) (1d =) dyw(t) = ,(Id — T Ky = (Id — T) Ky,

and we see that, in contrast to the divergence free component of J,w its potential compo-
nent does not belong to Li(Q) for general external forces h, but if, in addition, we have
dh € L7(Q), then (5.14) show that dyu will be also in L3(2) and equation (5.1) can be
naturally understood as an equality in L*([0, T, L3;(52)).

The above observation gives a natural way to construct the required solution w(t) of
(5.1) based on the obtained a priori estimate. Indeed, let us approximate the external
force h € C([0,T], L2(Q)) N L*([0, T], W, *(Q)) by a sequence of smooth (with respect to
t and ) functions A" having the compact support in z; and satisfying (5.2). Having such
h™, we construct the associated functions v € C*([0, T], W*2(2)) by Theorem 4.9. Then,
the associated equation (5.8) for @™ will be the standard non-stationary Stokes equation
with the external forces d,v(t) belonging to the unweighted space C([0, T], W22(2)).

It is well-known that, for such external forces the non-stationary Stokes equation pos-
sesses a unique solution w™ € Wh2([0,T], L*(2)) N L*([0, T], W?%(Q)), see e.g. [4] or [5].
Thus, the approximating sequence of solutions w"™ is constructed. We also note that, since
w"(t) belongs to L?(2) and divergent free, one has

(5.15) S@w} =0 and, consequently Swf =

Moreover, since h" have compact support in 1, then a priori estimate (5.5) holds for w™
uniformly with respect to n — oco. Passing now to the limit n — oo and using (5.15) we
construct the required solution w(¢). Theorem 5.1 is proved. O

Remark 5.2. Condition Sw; = 0 is essential for the uniqueness part of Theorem 5.1. As
we will see below, for every function ¢(t) € Cy(R), equation (5.1) possesses a solution w
satisfying Swy(t) = c(t).

We conclude this section by preparing some technical tools for obtaining the energy
estimates for the nonlinear Navier-Stokes equation in a cylindrical domain. To this end,
we need to introduce some more functional spaces.

Definition 5.3. Let Q be a cylinder and let W, ([0,7T] x Q) consists of vector fields
u € LY([0,T], VZ(Q2)) (see Remark 2.4) such that the ¢-derivative d,u belongs to D), (Q)
a.e. and satisfies

(5.16) Oy € L([0,T),H, ().

Let us consider also an arbitrary weight function € of a sufficiently small exponential
growth rate p and a smooth nonnegative function ¢ satisfying the following assumptions:

(5.17) #(5)] + 6(s) < CO(s), sER, / (s ds <
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In order to obtain the weighted energy estimates for the solution u € W, ([0,T] x Q)
of the Navier-Stokes equation in L3(2) (which contains L3(€2) due to the integrability
assumption on @), it would be natural to multiply it by the function ¢?u and integrate
over {2, but, unfortunately, this function is no more divergent free and, consequently, this
way does not allow to exclude the pressure. Instead of that, we will multiply, following
[37]) it by the function ¢?u — v where v(t) := (P4u)(t) is the appropriate corrector which
makes this multiplier divergent free. To this end, the function v(¢) should satisfy

(5.18) divo(t) = hy(t) := 200 uy (t)

(here we have used that divu = 0). Due to the integrability assumption on ¢, the
function h € L2([0, T, W,7(2)) and, moreover, since Su; = 0, we have Sh= 0 and (5.2)
is satisfied.

Furthermore, it is convenient for us to fix the corrector v(t) := (P,u)(t) as a solution
of the following auxiliary non-stationary Stokes problem in €:

(5.19) —0w = Ayv — Vyq, divo(t) = hy(1), U‘ag =0, Hv‘t:T = 0.

This equation, obviously, can be reduced to (5.1) by the time change ¢t — T — ¢. Thus,
Theorem 5.1 and estimate (5.5) holds for this equation as well. The following theorem
justifies our choice of the corrector Py and gives the main technical tool for the weighted
energy estimates of the Navier-Stokes equations.

Theorem 5.4. Let 2 be a cylinder and let ¢ be a smooth nonnegative function, satisfying
(5.17) for some square integrable weight 0 of sufficiently small exponential growth rate p.
Then,

(5.20) W, ([0,T] x Q) c C([0,T], L(Q)).

Let also P, be defined as the solving operator for problem (5.19). Then, the following
equality holds:

(5.21) %[1/2(¢QU(t),U(t)) = (u(t), (Pyu) (t)] + (Vou(t), Vo(¢*u(t))) =
= (Opu(t) — MAu(t), ¢*u — (Psu)(1))

which means that the function 1/2(d*u,u) — (u,Pyu) is absolutely continuous as a scalar
function on [0,T] and (5.21) holds almost everywhere.

Proof. We give below only the formal derivation of (5.21) which can be justified in a
standard way (see [37]; the detailed proof of embedding (5.20) also can be found there).
Indeed, since 9;ITv + TTA v = 0 and divu = div(¢?u — v) = 0, integrating by parts, we
have
(5.22) (Opu — AU, p*u — v) = (Opu — Agu, p°u — v) =
= 0,[1/2(¢%u, u) — (u,v)] + (Vau, Vo (d?u)) + (u, Opv + Agv) =
= 0,[1/2(d*u, u) — (u,v)] + (Vaou, Vi(¢?u)).

Theorem 5.4 is proved. 0J
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6. LERAY APPROXIMATIONS TO NAVIER-STOKES EQUATIONS

The aim of that section is to verify the existence of spatially non-decaying solutions for
the following Leray-Navier-Stokes equation in a cylindrical unbounded domain €2:

Oru + (Mw, Vi) u + Suidp,u = Agu — Vup + g,
(6.1) w — aA,w = u, w‘m:u‘mzo, divu =0,
u‘t:O = Yo

where v > 0 is a small regularizing parameter which is now fixed. In order to obtain the
unique solvability, we endow the problem by the additional mean flux assumption

(6.2) Sui(t) = ¢

where ¢ is a given constant which plays the role of a ”boundary” condition at x; = £oo0.
The additional term Swu,0,,u = c0,,u is related with the fact that, in the case a = 0,
on the one hand, we should have the classical Navier-Stokes problem and, on the other
hand, w(t) = u(t) and Hw(t) = u(t) — (c,0,0).
For simplicity we start our consideration with the case of zero flux

(6.3) Sui(t) = 0

and the case of general flux ¢ will be considered at the end of this section. We assume
also that

(6.4) g € Ly(Ry, Ly(Q),  uo € H3(Q)
and the solution u belongs to
(6.5) u € W, ([0,T] x Q)

(see Definition 5.3) and satisfies equation (6.1) in the sense of distributions D/, (€2) over
the divergent free vector fields.

Remark 6.1. Due to Theorem 5.4, u € L>®([0,T], H;(22)) N C([0,T], H;(S2)) for every
square integrable weight function of exponential growth rate, so the initial condition
ul,_, = ug is well-defined. Moreover, since u € L*([0,T], L}(Q)) N L([0, T], V(€2)) then,
due to Proposition 3.3 and Theorem 4.4 together with the embedding W22 C L*, we
conclude that we have

(6.6) [Mw € L*([0,T] x Q)

Then, the inertial term (ITw, V,u) satisfies

(6.7) (Tlw, V,)u € L([0,T] x Q) € L([0,T], H, “*(2)).
Thus,

(6.8) [(Tw, Vo)u] € Ly ([0, T], 7y, ()

(where IT is the projector on the divergent free vector fields introduced in Section 4).
Applying this projector to equation (6.1), we obtain

(6.9) Oyu = A u — I[(Tlw, V,)u] + Mg
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which shows that, indeed, the derivative 0;u should belong to the space
(6.10) Oy € L2([0,T], H, *(Q))

(see Corollary 4.10 for the term ITA,u). This shows that the definition of a solution u in
the form (5.5) is not contradictory and equation (6.1) can be understood as equality (6.9)
in the space (6.10). We also note that zero flux assumption (6.3) is now incorporated into
the definition of the space W, ([0, 7] x Q).

We now introduce a special family of polynomial weight functions 6.(s) = 0 4, (s) by
the following expression:

(6.11) Oemo(s) = (1+ s —mo|)™*, >0, s,z €R

Obviously these functions are weight functions of exponential growth rate u, for every
p > 0 with the constant Cyp_ depending on p, but is independent of zy € Q and ¢ € [0, 1].
This means that all of the weighted estimates formulated in previous sections will hold for
weights (6.11) with the constants independent of £ — 0 which is crucial for our method.
Moreover, these weights satisfy also the following improved version of (5.17):

(6.12) |02 0 (8)] < €lereng ()7 (|@ell 2 mny < 00

Thus, Theorem 5.4 holds for these weights as well.
The next proposition gives basic uniform with respect to « a priori estimate for the
solutions of (6.1).

Proposition 6.2. Let the above assumptions hold and let u € W, ([0, T] x Q) be a solution
of the Leray-Navier-Stokes problem (6.1). Then, the following estimate holds:

(6.13) SEEQF]{@Bts|||u(3)||%g€(g)} + (Ch = Coellullpoo(pory,23_(0))) %

€

T
X / 6_’8‘t_5|||u(3)||?/v‘;v2(9) ds <
0
T
< Cse [u(0)]2; o + Cs / e Mlg ()17 (@) ds
e 0 €

where the positive constants 5 and C;, © = 1,2,3 are independent of small o > 0, u, ug,
g, =0, T and zo (we recall that we write for brevity 0. instead of 0. 4, ).

Proof. Indeed, let u be a solution of (6.9) belonging to the above class. Then, due to
Theorem 5.4, we have the following identity:

(6.14) %[1/2(9§U(t),U(t)) = (u(t),v(t)] + (Vou(t), Vo (02u(t))) =
= —(0Zu(t) — v(t), (Mw(t), Va)u(t) — g(t)))



35

where v := Py u solves the auxiliary problem (5.19). Using (6.12) and the inequality
||u||L2 ) < C||Vs u||L2 , we transform (6.14) as follows:

d

(6-15) R (t) + BRu(E) + 1/2/[u(®)][512) < 1(02u(?), (Tw (@), Vou(t))+

+1(0(0), [w(t), Va)u®)] + CllgOl7; @)+ Cllollzs o) = Hul?)
where R,(t) := 1/2||u(t)||%‘3 ) — (u(t),v(t)). Applying now the Gronwall inequality to
(6.15), we infer )

t t

(6.16)  Ry(t) +/ e_ﬂ(t_s)Hu(s)H%Vl,Q(Q) ds < Ce P R,(0) + C/ at=) [, (s) ds.

0 bs 0

We now need to estimate the auxiliary function v(¢). To this end, we note that, due to
(6.11), the function h,(t) := 20.0.u(t) satisfies

(617) 1Ol oy < Clu®) gy

where the constant C'is independent of ¢ — 0. Applying now Theorem 5.1 to the auxiliary
equation (5.19), we deduce the following estimate:

T
lo(t )||2[ @ S Ce?[lu®)ll73_ o) +C€2/0 e (8712 s,
(6.18) - ]

T T
—Blt=s| 2 ds < C 2/ —Blt=sl 2”, d
e v S 9 (& u\s 1,2 S

/0 lo()lhw Won—2 (@ 77 = 0 =)l o ()

where § > 0 is small enough and the constant C' are independent of o and ¢ — 0.
Inserting these estimates into (6.16) after simple transformations, we get

t
(6.19) ||u(t)||%g€(m —i—/o e*ﬁ(t75)||u(s)||?}vel,z(m ds < C’e*ﬁtHuoHigE(Q)ﬂL

T T
+ 052/ e’mt’s|||u(s)||€vg,z(m ds —|—/ e Pl H,(s) ds.
0 e 0

This estimate, in turns implies in a standard way that, for sufficiently small ¢ > 0,

T
0200 sup (e u@) o) + ' [ ey ds <
c 0

SG[O,T] e

T
< CeMlupll3y oy +C / e Ng(s)|125 o dst
T
€ [ e @Ruls), (), Vo)u(s)) | ds+
0

+ C’/T e P15l (u(s), (u(s), Vo u(s))| ds := I,y + I, + I, + I,.

Indeed, in order to obtain the estimate for the first term in the left-hand side of (6.20), it
is sufficient to multiply (6.19) by e "1~ where v < /3, take the supremum over ¢ € [0, T
and use Proposition 2.5. Analogously, in order to obtain the estimate for the second
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term, we only need to integrate over t € [0, T] instead of taking the supremum (rigorously
speaking, we obtain (6.20) for some new exponent v which is less than g3 (say, v = 5/2),
but, in order to simplify the notations, we denote this new exponent by /5 as well).

Thus, in order to finish the proof of Proposition 6.2, we only need to estimate the
integrals I; and I in the right-hand side of (6.20) uniformly with respect to o — 0. To
this end, we will use the uniform (with respect to a) estimate

(6.21) ||Hw(t)||LgE(Q) < C“U(t)HLgE(Q)

which is an immediate corollary of Proposition 3.3 and Theorem 4.4.
Indeed, for the term I, integrating by parts in (0%u, (ITw, V,)u) and using that divu =
0, (6.21) and inequality (6.12), we have

(6.22) (02w, (Tw, Vo)u)| = |(6.0;(TTw)y, uf*)] < C= ([0 Mw], [uf?) <

< 015||Hw||1:3€(9)||U||%g€(n) < 025||u||L3€(Q)||u||?/[/01,2(g)

where the constant Cs is independent of ¢ and a (here we have implicitly used also the
embedding W,*(Q) C Lj () where the embedding constant is independent of ¢, see
Proposition 2.11).

Inserting this estimate into the expression for I, we arrive at

T
(6.23) I < C3€||U||Loo([0,T},L;§E(Q))/0 e_mt_5|||u(3)||€vg,2(m ds.

=

Let us now estimate the integral I,. To this end we will use the following embedding
estimate of Proposition 2.11:

[vllzes @) < C||U||W[2g’:]72(ﬂ)

where again the constant C' is independent of . Thus, we can estimate the term I as
follows:

T
(6.24) I < C/O 6_/3“_5'||Hw(8)||L3€(Q)||qu(3)||L3€(Q)||U(S)||W[§f],2(9) ds <

T
< OlMw(s)| oo o,r1,23. (@) / e e fu()lFn ) + 7 ()52 o)) ds.
0 €

0172

Using now (6.18) and (6.21), we finally arrive at

T
(6.25) I < C'35||U||D><>([0,T},L§E(Q))/0 67B‘tfs|||u(5)||?y€1;2(g) ds.

Inserting estimates (6.23) and (6.25) into the right-hand side of (6.20), we obtain (6.13)
and finish the proof of Proposition 6.2. 0

In order to deduce the existence of a solution u € Wy ([0, T] x 2) of problem (6.1) from
a priori estimate (6.13), we need the following simple proposition.

Proposition 6.3. Let w € L(Q) and let the weight 0. = 0., be the weight function
defined by (6.11). Then, the following estimate holds:

(6.26) lwllz @) < CePllwll e
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where the constant C' is independent of ¢ — 0 and xy € R.

Proof. Indeed, according to (2.11), we have
ol o < € [ 05l s < Cllwlyey [ (14215 —anf’) s =
s€

= C||lw||32(qe " (1+[s]) 1ds = Cre w32
() R 5()
and Proposition 6.3 is proved. |

Proposition 6.3 allows to simplify basic a priori estimate (6.13) as follows.

Corollary 6.4. Let the assumptions of Proposition 6.2 hold and let u € Wy ([0,T] x Q)
be a solution of (6.1). Then, the following estimate holds:

(627) ([l o153, @) + (€1 = Coellullimoimy g op) 1l 1y sy <

< CseH(J|lu(0 )||L§(Q) + ||g||%§([0,T},L§(Q)))

where the positive constants o and C;, 1+ = 1,2,3 are independent of u, ug, g, ¢ — 0, T
and xy (we recall that we write for brevity 0. instead of 6. 4, ).

Indeed, in order to deduce (6.27) from (6.13), it is sufficient to use (6.26), take the
supremum over ¢ € [0,7] and use (2.13).

We are now ready to prove the existence of a bounded solution of the Leray-Navier-
Stokes problem (6.1).

Theorem 6.5. Let the above assumptions hold. Then, problem (6.1) possesses at least
one solution u € Wy([0,T] x Q) which satisfies the following estimate:

(6.28) ull e o, 2 pnr2 o2y < OO+ [luollzay + 1911720120
where the constant C' is independent of small o« > 0T, g and uy.

Proof. The idea of the proof is based on the following observation: let

(6.20) Kung = (14 ol + 9101700 /2

Then, a priori estimate (6.27) gives the following conditional result: let the solution u a
priori satisfy

Ch
6.30 0o < .
( ) ||U||L ([0,T),L3_(2) = 2Ce

Then, we necessarily have
/2 _
(6.31) ||U||L°°([O,T],L3€(Q) + 01/2||u||L§([O,T],Wbl’2(Q)) < 03/ € 1/2[(uo,_q-

Let us now fix ¢ < 1 in such way that
Cy
2028

(6.32) Cy/% 2K,

or which is the same

(6.33) =~ Kl ™
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In this case estimates (6.30) and (6.31) allow to deduce estimate of the form (6.28) us-
ing the standard continuation by parameter arguments. Indeed, let u®, s € [0,1] be a
continuous curve of solutions of (6.1) such that

(6.34) Kugge < Ky o

and estimate (6.31) is satisfied for s = 0. Then, it is satisfied for s = 1 as well, since,
due to (6.32), we cannot achieve the bound (6.30) before crossing the bound (6.31) and,
consequently, the continuity arguments show that (6.31) holds for every s € [0, 1].

Let us now proceed in more rigorous way. To this end, we first prove estimate (6.28)
for the square integrable case:

(6.35) uy € H*(Q), g€ L*([0,T], L*()).
In this case, the Leray-Navier-Stokes problem has a unique square integrable solution u:
(6.36) u € C([0,T], L*(Q)) N L*([0, T], WH*(€)).

which can be obtained exactly as in the case of bounded domains. Moreover, this solution
depends continuously (in the metric of (6.36)) on the initial data uy and external forces g
(this can be verified in a standard way, since the above a-regularization makes the inertial
term subordinated to the linear part of the equation, see e.g. [4], [5], [28]).

Thus, the solutions u®, s € [0, 1] associated with the initial data u§ := sug, ¢° := sg
generate a continuous curve in the space (6.36) and, evidently, (6.31) is satisfied for u® = 0.
Therefore, due to the above continuity arguments, we have estimate (6.31) for s = 1 as
well. Taking into account (6.33), we can rewrite it in the following way:

S

(6.37) lull o o,rr.23. . @przzoriwse, @y S Cliuogl”
where the constant C' is independent of zy € R. Using now the obvious estimate

||U||W£2(Q) < CE(?EIH)@ ||U||W0l’:z0(g); [ = 0, 1

where C'is independent of ¢ < 1, we deduce the required estimate (6.28).

Thus, the assertion of the theorem is verified in the square integrable case (6.35). Let
us now consider the general case of uy and ¢ satisfying only assumption (6.4). To this
end, we approximate the data ug and g by a sequence of square integrable ones uj and
g" satisfying (6.35). Moreover, we assume that

(6.38) ug 72y + 19" |22 qo.r1x0) < C
where C'is independent of n and that
(6.39) upy = ug in L7 (Q), ¢"—g in L} ([0,T] x Q).

Then, due to already proved part of estimate (6.28), the associated solution u™ of the
Navier-Stokes equation (belonging to the class (6.36)) satisfies

(6.40) ||Un||L°°([0,T},L§(Q)) + ||un||Lg([0,T],Wbl’2(Q)) <,
where C is also independent of n. Moreover, from equation (6.9), we infer also that

(6.41) 19cu™ | 210,77, 2(p) < €
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Thus, passing to the subsequence if necessary, we can assume without loss of generality
that the sequence u™ converge weakly to some u € W, ([0, 7] x Q) in the local topology,
i.e., for every square integrable weight ¢ satisfying (5.17), we have

(6.42) u” — u weakly in W, ([0, 7] x §2).

Moreover, due to the embedding W, ([0,7] x Q) C C([0,T], L;(2)) (see Theorem 5.4),
the limit function u satisfies the initial condition u(0) = wy.
Thus, we only need to verify that the constructed function u satisfy equation (6.1) (or

which is the same, equation (6.9)) in the sense of distributions, i.e., we need to verify
that, for every U € C§°((0,T) x Q) with divU = 0, we have

(6.43) —(u, ,U) = (u, AU) — (Tw, V,)u,U) + (g, U) .

(the passing to the limit in the linear equation w™ —aA,w™ = u™ is obvious) Indeed, since
u™ solves the Leray-Navier-Stokes equations, we have

(6.44) — (™, 0U) = (u", AUY — (Tw"™, V)u", U) + (¢",U) .

Moreover, passing to the limit n — oo in all linear terms of (6.44) is evident and we only
need to pass to the limit in the inertial term (ITw™, V,)u™. To this end, it is sufficient to
verify that

(6.45) u" — u strongly in the space L

loc([OJT] X ﬁ)’
Indeed, since V,u" — V,u weakly in L? ([0,T] x Q). Moreover, due to Proposition
3.1, Theorem 4.4 and convergence (6.45), we have the analogous strong convergence of
Iw? to [Tw. This, in turns, implies the weak convergence (Ilw", V,)u" — (llw, V,)u in
Lioe([0,T] x ).

In order to prove (6.45), we note that, due to (6.42), for every integrable weight ¢ we
have

(6.46) Ou” — By weakly in L*([0,T], H ,"*(2)).

Furthermore, due to (6.42), we have also
(6.47) u" — u weakly in L*([0,T], V3(Q2)).
Since, we have the standard embeddings

Vi(Q) CC HL(Q) C Hyn ()

and the first embedding is compact, then, due to the compactness theorem (see e.g. [27]),

we have the strong convergence u" — wu in L*([0,T], H2,(Q)). Thus, the convergence

(6.45) is proved and Theorem 6.5 is also proved. O
We now return to the general case of nonzero flux ¢ # 0 in (6.2). Then the Leray-

Navier-Stokes equation (6.1) with g = 0 possesses the classical Poiseuille solution

(6.48) 7.(2) = o(—

—  lvellpr

ve(2"),0,0)

where the scalar function v, = v.(2') solves the Laplace equation in w:

(6.49) Agvy =1, wp|, =0.
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Indeed, the associated vector field ., obviously, has the following form:
we(z) = (we(a'),0,0)

where w,(z") solves
(6.50) We — @Ay w, = v, wc‘aw =0.
In particular, the vector field . is divergent free and, consequently,
(6.51) &, = W, — (Sw,, 0,0) = (@, 0,0).
Using (6.51), one can immediately verify that . solves the Leray-Navier-Stokes problem
(6.1), (6.2) with g = 0.

Therefore, the difference u — ¥, has zero flux and, consequently, it is natural to define
a weak solution of (6.1) as a function u € ¥ + W, ([0, 7] x ) which satisfies (6.1) in the
sense of distributions over the divergent free vector fields. Moreover, the assumption on
up should be also naturally replaced by

Ug € 770 + Hg(Q)

The next theorem is an analogue of Theorem 6.5 for the case of nonzero flux.

Theorem 6.6. Let the above assumptions hold. Then, for every ¢ € R, uy € ¥, + Hi ()
and g € LE([0,T] x ), the Navier-Stokes problem (6.1), (6.2) possesses at least one weak
solution u € v, + Wy ([0, T] x Q) which satisfies the following estimate:

(6.52) 1/l oo 0,1, 220)n 2 (o122 () < C(1+ e’ + ||U0||ig(g) + ||g||%§([0,T}><Q))
where the constant C' is independent of a, T, ugy, g and c.

Proof. We want to reduce the general case to the particular case of zero flux considered
above. The most natural way to do so is to make the variable change u := u — ¥, where
the 7, is the Poiseuille flow, but this scheme does not work, since the Poiseuille flow can
be unstable. Instead of this, we construct below some special solution of the stationary
Navier-Stokes problem (6.1), (6.2) of the form V.(x) := (V.(2'),0,0), VC‘aw = 0 (with the
appropriate nonzero external force g.) and introduce a new unknown @ := u — V... Then,
this function belongs to W, ([0, 7] x €2) and solves

oy + (lw, Vy)u = Ayu+ Ly,u — Vep + g — ge,
W — a0 =0, |, =0,
diva =0, al,, =0, Su; =0,

u‘t:o =g :=ug — V,.

(6.53)

which differs from (6.1) by the presence of the additional linear operator Ly,
(6.54) Ly, z:= (TIW,, V)2 + (MIw, V) Ve — €0y, 2, w — alyw = 2
The next Lemma specifies the choice of the special function V..

Lemma 6.7. Let ¢ € R be arbitrary. Then, there exist a vector field Vo(x) = (V.(2'),0,0),
‘/;‘81.0 = 0 such that

(6.55) (Ly.z,2) < 1/2]2llfra@), Yw € Wi (Q)
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and
(6.56) IVellow) < &lel, 1V Vi |22 < w1l + |e]),
where the constant k is independent of ¢ and o and g, = —Ay/'Vs.

Proof. Let § > 0 be small and w; := {2’ € w, dist(z’,0w) < §}. Then, as known ws will
be smooth sub-domain of w if § is small enough.
We seek for the the required function V,(z') € W,*(w) in the following form:

)\, z € W\w§7
6.57 Ve(z) =
(6.57) () {)\61 dist(z, 0w), z € w;s

where < 1 is small positive constant and A is some parameter. Obviously, in order to
satisfy the flux condition, we need

(6.58) |w|c:/Vc(z) dz = M(|| — Jws| + 62/2|0w]).

We will fix below 6 ~ |¢|~*. Then, formula (6.58) shows that A = ¢+ o(c™1).
So, we now need to fix § in such way that (6.55) would be satisfied. Indeed, let

w € [W,*(Q)]2. Then, direct calculation gives
(6.59) (Lv,2,2) = (Hw)205, Ve + ()30,, Ve, 21) = A0 (w17, 21) 12 (R xwg)

where 7i(2') 1= V dist(2’, 0w). Since ﬁ‘aw coincides with normal vector to dw, we have
that the function Z := Ilw.7 has zero trace at Ow:

Z‘awzo

(here we have implicitly used that l,u = 0 for every u € H?*(Q2)). Thus, (6.59) can be
rewritten in the form:

(6.60) |(Ly,z,2)| < Aél/R | Z (21, 2")|* + |2(21,2")|* d2’ dz;.
Using now the standard estimate 5
/ lu(2")|? da’ < 052/ |V u()|? da’
ws ws
which holds for every u € W'2(w;) such that u|, =0, we transform (6.60) as follows:

(6.61) |(Lyzw, w)] < CAS(1Z][3120) + 1120155120
where C'is independent of A and 4.

Furthermore, according to Theorem 4.4, we have
||Z||W12(Q) S C||’LU||W1,2(Q).
We now recall that w solves the Laplace equation

(6.62) w— al,w =z, 0.

2 gq =
Therefore, multiplying (6.62) by A,w and using that u‘m =0, we infer

|lw|lwiz@) < Cllzllwizq).
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where the constant C' is independent of . Thus, finally,
1 2
(L2 2)| < CA 2 gy

with C" independent of a, A and §. So, it only remains to fix § in such way that C'A\d < 1/2.
Since A should be close to ¢, this gives the estimate for the desired §:

(6.63) § ~ Cle|™

for some constant C' independent of ¢ and A. It is also not difficult to verify that the
function V, thus defined satisfies also inequalities (6.56). Lemma 6.7 is proved. O]

We are now ready to finish the proof of Theorem 6.6. This proof repeats with minor
changing the proof of Theorem 6.5 for the case of zero flux. The only difference is that
we now have the additional linear term Ly, @ in equation (6.53) which is not essential due
to estimate (6.55).

Indeed, proving the analogue of basic a priori estimate (6.13), we will only have the
additional terms

(6.64) (Lv, @, 0%0) — (Lyv, @, v) — (V Ve, Vo (620 — v))

in the right-hand side of (6.15). In order to estimate the first term in (6.64), we will use
the following commutation relation:

(6'65) |(9£LVcﬁ - LVc (9&-’&/), gaﬁ)| < K|C|5||ﬂ||?/yelé2(g)

for some k independent of o, € and ¢. Indeed, let us start from the most complicated
second term in the expression (6.54) for Ly,. Indeed, let wy solve the equation

wy — alywe = B0, wy aq = 0-
Then, the difference . w — wy solves
(6.66) (O.w — wp) — @A, (0. — w.) = H. := —2a0.0,,w — afw

Using now estimate (6.12) for derivatives of . and Proposition 3.3 for estimating w, we
infer

[Hflw.2(0) < kellll7a o)

where x is independent of @ and . Moreover, since Hu‘m = 0, multiplying equation
(6.66) by A, (0. — wy), we can write

10w — wo|lwr2) < CllHellwizq) < ’415||@||L36(Q)-

Furthermore, using this estimate together with Theorem 4.4 and the analog of Proposition
4.6 for weights 6., we will have

(667) ||95Hw - H’LU9||W1,2(Q) S H2€||a||L5€(Q).
Thus, for the commutator of the second term in the expression (6.54), we get

[((0:TTw — TTwy, Va Ve, 0:0)| < 20| Vel| oo [10-TTw — Twp w2y |22y < slelellalfe g,
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where we have integrated by parts in order to avoid the terms V,V, and use estimate
(6.56). Thus, estimate (6.66) is verified for the second term in expression (6.54). The one
for the third term is obvious and, for the first term, it is sufficient to note that

MWl o0 () < kel

(due to (6.56) and the maximum principle applied to the equation for W,.. Thus, estimate
(6.66) is proved.
Using estimate (6.66) and Lemma 6.7, we estimate the first additional term in (6.64)
as follows:
(6.68) |(Lv.1, 020)| < [(Lv,(0:0), 0-0)| + slelellll7. o) <
o

< 1/2||Va(0:-0)|[72(0) + Klelelullyy iz,

where the constant x is independent of u, ¢, € and a.
The second additional term of (6.64) can be then estimated in the following way:

(6.69) [Lv.u,v)| < |(Tlw, V) Ve, v)| + [(TWe, Vo)1, )| + |6(0ayu, v)| <
< 2||‘/;||L°°||Hw||W915’2(Q)||U||W[;’E‘2]71(Q)+
+ ||HWC||L°°||a||W915’2(Q)||U||W[;’j]7l(9) + |C|||a||W91€’2(Q)||v||W[L’:]71(Q) <

< kllel + D(ellulfyiegy + e vl

(Q) [GE]—I(Q).

where the constant x is independent of ¢, ¢, a, u and v.
Finally, the third additional term of (6.64) can be estimates using (6.56) and Holder
inequality:

(6:10) |(Va'Ve, Vo (62 = )| < G5V Velly oy + Bl + [0l o)) <

() —
3 -1 —112 2
< wpl + D7 Al + e o)
where 3 > 0 is arbitrary and the constant k3 depends on J, but is independent of ¢, €, a,

u and v.
Estimates (6.68)—(6.70) show that, under the additional assumption

(6.71) lele < k
where k£ > 0 is a sufficiently small number independent of ¢, @ and £ (we recall that, due
to (6.18), v ~ g[f.]*u), we can repeat word by word the proof of (6.13) and obtain the
following analogue of (6.27):
(6'72) ||ﬂ||i°°([0,T],LgE(Q)) + (Cl - 028||IH’||L°°([U,T},L5€(Q)))||ﬂ’||ig([0’TLngé2(Q)) <

< Cse™ (L4 e’ + [[a(0) |72y + N9l 720.77,220)

where the positive constants and C;, : = 1,2, 3 are independent of u, ug, g, « ¢ — 0, T, ¢
and xg.
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Furthermore, arguing exactly as in the proof of estimate (6.28), we deduce a priori
estimate (6.52) (see (6.29)—(6.33)). The existence of a solution can be than verified exactly
as in the case of zero flux ¢. Theorem 6.6 is proved. O

Remark 6.8. Arguing analogously, it is not difficult to verify the existence of a solution
of more general Leray-Navier-Stokes problem with the non-autonomous flux

(6.73) Suy(t) = ¢(t)

where ¢ € C'([0,T]) is an arbitrary given function. Moreover, the assumption on the
external force g is also can be relaxed till

(6.74) g € L3([0,T), H, "*(Q)).

Furthermore, the weighted theory developed in this section allows to consider not only
bounded with respect to x; — oo solutions, but also slowly growing solutions of the NS
equation (growing not faster than |z;|'/27%, § > 0 is arbitrary). We however will not use
these facts in the sequel and, by this reason, do not give their rigorous proofs here.

7. LERAY-NAVIER-STOKES EQUATIONS: UNIQUENESS AND DISSIPATIVITY

In this section, we prove the uniqueness of the spatially non-decaying solution of the
Leray approximations and verify the dissipativity of that system in H7(Q2). We start
with the uniqueness which is now almost obvious (due to the regularization of the inertial
term).

Theorem 7.1. Let the assumptions of Theorem 6.6 hold. Then, there exists positive |
such that, for every two solutions uy,us € ¥, + Wy ([0, T] x Q) of problem (6.1) and every

weight function ¢ of sufficiently small exponential growth rate € (¢ < ), the following
estimate holds:

(71) (1) = 2(8) L3y < € (0) — ws(0) 20,

where the constants K and C depend on the Li-norms of ui(0) and uy(0), g, o > 0 and
constant Cy, but are independent of the concrete choice of uy, uy and ¢.

In particular, the energy solution of the Leray-Navier-Stokes is unique. Moreover, the
analogous estimate holds for the spaces L§,¢> as well.

Proof. The proof of the theorem is based on the following solvability result for the linear
Stokes problem:

(7.2) O — Ayv + Veq = h(t), U‘BQ

Lemma 7.2. Let 2 be a cylindrical domain. Then, there exist py > 0 such that, for
every weight function ¢ of exponential growth rate pu < g, every vy € ’Hi(Q) and every

=0, dive =0, Sv; =0, U‘t:o = p.

he Ll (&,7—[;1’2(9)), equation (7.2) possesses a unique weighted energy solution v and

loc

the following estimate holds:

T
73) oT)ge + [ Moy 85 <

T
—BT 2 —B(T—s 2
< Ce ||U(0)||Lj)(9) + C/O e )“h(s)”?{;”(m ds
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where the positive constants C and B depend on 2 and Cy, but are independent of v and h.

Indeed, a priori estimate (7.3) can be verified based on the energy identity of Theorem
5.4 analogously to the derivation of (6.19) (so, we rest it to the reader). The existence of
a solution can be obtained then exactly as in Theorem 6.5. Thus, Lemma 7.2 is proved.

We are now ready to finish the proof of the theorem. Indeed, let u; and uy, be two
solutions of equation (6.1) belonging to o, + W, (R x ). Then, the difference v := u; —us
belongs to Wy, (R x Q) and solves the following equation (7.2) with

(7.4) h(t) := —(Tlwy, V,)v — (TTw, V,)us — cOy, v

with
w; — alAgw; = u;, 1 =1,2, w:=w; — ws.

Let us now estimate function % in the norm of W_?(Q) with ¢. = ¢. ,,. Indeed, inte-
grating by parts and using Hoélder inequality and embedding W2 C L%, we infer:

(T, N, 20| € (9,00 g 5, 0 o0+
+ [Mwi ||z @) vl 2@ | Z [l 2
which holds for every Z € W12(Q) and, consequently,
(s, Vol < (1Tl g0y + ITnllselivlzs o

Moreover, since u; is bounded in L®(R, L (2)) (we recall that u; € v, + W(Ry), see
Theorem 5.4) then wy is bounded in L® (R, W,.>*(Q)) and, consequently, due to Theorem
4.4, one has

(7.5) 1L Ly 150y + [Tl sy < Clhunlzay < O
where C; now depends on «. Thus,
(7.6) |(MTwr, V)0 =20y < Callollzz, @)

The second term in (7.4) can be estimated analogously, the only difference that one should
use the weighted analogue of (7.5) and the unweighted one for u,. This gives us estimate
(7.6) for the second term. Finally, the analogous estimate for the third term is immediate
and we arrive at

1A lw; 220y < Cllvllzz, @)

Using now this estimate together with (7.3), we will have

T
[0(D)25 10y < Cllw(O)25, (o) + C / () 2 oy
0

and the Gronwall inequality applied to this estimate finishes the proof of the theorem. [

We now recall the uniformly-local analogue of smoothing property for the solutions of
Leray-Navier-Stokes equations.
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Theorem 7.3. Let the assumptions of Theorem 6.6 be satisfied and let v € v.+W, ([0, T]x
Q) be a weak solution of (6.1) constructed in this theorem. Then,

(7.7) t12u(t) € L2([0,T], Wy () N Ly ([0, T, W,*(2))
and the following estimate holds:
(7.8) Ho® 200, < QUluollzzw) + N9llzz0mixey), ¢ € 0,1]

where the monotonic function ) depends on «, but is independent of u.

The proof of this theorem is more or less standard and is based on multiplication of
equation (6.1) by the expression

(7.9) tTL (Oy, (9205, u) + P202,u + @207 u)

eYxo e“rs

see the proof of Theorem 5.1. So, we rest the rigorous proof of this result to the reader.
Our next aim is to verify that the Leray-Navier-Stokes problem (6.1) generates a dissipa-
tive dynamical system in the corresponding phase space and obtain a dissipative estimate
for the solutions of that problem which will be uniform with respect to @ — 0. This
dissipative estimate will be used in the next section in order to verify the dissipativity of
the classical Navier-Stokes problem with o = 0.
For simplicity, we restrict ourselves to consider the autonomous case only:

(7.10) g(t) = g € [L; ().

Then, due to Theorems 6.6 and 7.1, the Leray-Navier-Stokes problem (6.1) generates (for
all @ > 0) semi-groups S,(t) = S.(t) in the phase spaces

(7.11) Oy = y(c) = T + H; ()
via the standard expression
(7.12) Sa(t)ug :=u(t), Sa(ti +1t2) = Sa(t1) 0 Salte), ti,ta > 0.

The following theorem, which gives a dissipative estimate for the solutions of the Leray-
Navier-Stokes problem, can be considered as the main result of the section.

Theorem 7.4. Let the assumptions of Theorem 6.6 holds and, in addition, (7.10) be
satisfied. Then, there exist positive constants 5 and K and a monotonic function ) such
that, for every weak energy solution u(t) of the Leray-Navier-Stokes problem (6.1)—(6.2),
the following uniform estimate holds:

(7.13) lu®lrz) < QUIUO) z00) + llgllizioy)e™ + K1+ e + [lgl7z@)

(we emphasize that the constant K in (7.13) is independent of o, t, ||u(0)||2(q) and the
fluz ¢ = Suy(0)).

Proof. In order to verify (7.13), it is sufficient to prove that the ball

(7.14) B = {up € [Ly(Q), luollrzio) < K1+ e’ + [lgl7200))}

is an absorbing set for Leray-Navier-Stokes problem (6.1), i.e., that, for every bounded
subset B C @ there exists time 7" = T'(|| B|[s, ||g]| .2()) such that

(7.15) St)BcC B, Vt>T.
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Moreover, for simplicity, we restrict ourselves to consider only the case of zero flux ¢ = 0.
The general case can be reduced to this particular one exactly as in Theorem 6.6.

The proof of embedding (7.15) requires a little more detailed analysis of basic a priori
estimate (6.13) which we rewrite in following more convenient way:

(716) flu(®)l7; () + (C1 = Coellull o,z (09))

T
X/o e’mt’s|||u(s)||?}v;,z(g) ds <

< G2 u(O)ll13 (o) + lgllzz (2))?

where the positive constants # and C;, i = 1,2, 3 are independent of o, u, ug, g, ¢ — 0, T
and z¢ (in order to deduce (7.16) from (6.13), it is sufficient to take s = ¢ in the left-hand
side of it).

Lemma 7.5. Let the assumptions of Theorem 6.5 holds and let, in addition, the initial
data u(0) for problem (6.1) satisfy

(7.17) C) — 202038(”“(0)“@5,10(9) + ||9||L3m0 @) >0

where all of the constants are the same as in (7.16). Then the associated energy solutions
u(t) of the Leray-Navier-Stokes problem (with zero flur ¢ = 0) satisfies

(718) @z, o < OOz, @™ + lallzg o).

for all t > 0.

Proof. Indeed, estimate (7.16) implies (7.18) under the additional assumption that
(7.19) Cy — C25||“||L°°(R+,L3€,IO @) = 0.

On the other hand, (7.18) gives
(7.20) ||u||L°°(]R+,L§E,zO(Q)) < C3(||U(0)||L3€’m0 @) T ||g||L§m0 @))-

which formally implies (7.19). Thus, using the continuity arguments (analogously to the
proof of Theorem 6.5), we can verify that (7.18) really holds if the initial data satisfies
(7.17) and Lemma 7.5 is proved. O

We now note that, although (7.18) looks like a dissipative estimate (in the phase space
L 4+ (£2)), it is not sufficient to finish immediately the proof of the theorem, since the

exponent € > 0 in it depends on ||u(0)[|r2q) (through assumption (7.17)), namely,
(7.21) e <eg = C(||u(0) ||z + l9llz2 () + 1)?

for some positive C', see the proof of Theorem 6.5.
Thus, we need to be able to increase the exponent ¢ as ¢ — oo which is guaranteed by
the following lemma.

Lemma 7.6. Let the above assumptions hold. Then, for every bounded subset B C P,
there exists time T = T(||B||, ||g]|) such that, for every xo € R, we have

(7.22) Cr = 20,Cse (T a3 @+ lllzg._ (@) >0
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with e > & := L(1 + ||g||L§(Q))_2 (where the constant L is independent of o, ug and g), if
the initial data u(0) € B.

Proof. We will prove the lemma by the iteration procedure. Indeed, let Ty = 0 and € = &g
is given by (7.21). Then, estimate (7.22) is satisfied with ¢ = ¢y and T" = T,. Let us
assume that (7.22) is already proved for some T}, > 0 and &, := 2¥¢; < £. Then, we only
need to prove that there exists Ty 1 > T} such that (7.22) is satisfied with € = g1 1= 2¢;
and T = Tj.4. To this end, we note that

O o () == (1 + 452|:1: — acg|2)’1/2 <2(1+ 52|x — :1:0|2)1/2 = 20, ,, ()
and, consequently,
(7.23) ||U||L§2E,ZO(Q) < 2||v||Lg€,m0 Q)
Let us now fix Ty > T} in such way that

(7.24) lu(Tes)llzz () <2Csllgllz. (o),
AR AR

for all u(t) such that u(0) € B (it is possible to do due to our assumptions on ¢; and
”dissipative” estimate (7.18)). Estimates (7.23) and (7.24) together with (6.26) give

5k+1(||U(Tk+1)||L5€k+l,z0 + ||9||L§E]c 1,mO(Q)) <
<ty o -+lalliy @) <4CC+ Dedlly o <

< 420 + 1O}l 1z00) <
4(2C5 + )CLlgllz ey (1 + llgllzz0) ™" < 4C (205 + 1LY,
Thus, if the constant L is small enough to satisfy
Oy — 8C,CC5(2C5 + 1)LY? > 0,

then estimate (7.22) is satisfied with 7" = Tj,; and & = g, = 2¢,. Thus, the iteration
finishes the proof of the lemma. OJ

It is not difficult now to finish the proof of the theorem. Indeed, due to Lemma 7.6 and
estimate (7.18), there exists T = T'(|| B||, ||¢g||) such that

(7.25) lu®llz (@ <2Csllglle; (@, t=T
e,z s,z

holds with & > & := L(1 + |||l ;2()) ? and uniformly with respect to 7y € R. Taking now
supremum over z5 € R from the both sides of inequality (7.25) and using again (6.26),
we arrive at

(7.26) lu(®)llr20) < 2CCL7 gl )L + lglliz@), ¢ =T

which shows that the ball (7.14) is really the absorbing set if K > 2C3CL~"/2. Theorem
7.4 is proved. O
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Remark 7.7. It is worth to note that the intermediate estimate (7.25) gives slightly more

information on the solutions than the final one (7.26). Indeed, assume that ¢ = 0 and

g is square integrable g € [L*(Q)]>. Then, instead of (6.26), we will have ||g[[zz (q) <
g,

Cllg|lz2(q) with the constant C independent of . Thus, instead of (7.26), we will have
better estimate

lu@ 2@ < 2C5C9lle2), t2T

for the radius of the absorbing set (which grows now linearly with respect to g in contrast
to the quadratic growth rate in general case).

We are now in a position to prove the existence of a global attractor for semi-groups
(7.12) associated with the Leray-Navier-Stokes equation. We however note that, in con-
trast to the dissipative systems in bounded domains, in unbounded ones the global attrac-
tor is usually not compact in the initial phase space (P, in our case). That is the reason
why one need to use the following weaker definition of a global attractor (following [6],
[11], [20]).

Definition 7.8. A set A = A, C ®, is a locally compact (global) attractor for the
semi-group S, (t) : &, — @, if the following assumptions are satisfied:

1) The set A is bounded in ®, and compact in Dy, := 7. + H%oc(ﬁ) (i.e., the restriction
A‘Ql of the attractor A to any bounded sub-domain ©; of Q2 is compact in L?(€2;).

2) The set A is strictly invariant: S,(¢).A = A.

3) The set A is a attracting set for the semi-group S,(t), i.e., for every neighborhood
O(A) (in the local topology of the space ®,,.) and every bounded (in ®,) subset B, there
exists time 7' = T'(O, B) such that

(7.27) Sa(t)B C O(A),

forall t > T.

Corollary 7.9. Under the assumptions of Theorem 7.4, semi-group (7.12) associated with
the Leray-Navier-Stokes problem (6.1)—(6.2) possesses locally compact attractor A, = AS,
which is bounded in U, + VZ(Q). Moreover, the following uniform estimate holds:

(7.28) [Mallzzio) < K1+ e’ + lg]72(0))
where the constant K is independent of o, ¢ and g.

Proof. As usual, in order to verify the attractor’s existence, we need to check the standard
conditions, namely, the existence of a compact absorbing set and the continuity, see eg, [6].

Indeed, due to Theorem 7.4, semi-group (7.11) possesses an absorbing set B C ® which
is, however, not compact in the space ®,,.. But, due Theorem 7.3, the set S,(1)B is
bounded in 7, + V?(Q2) and, consequently, is compact in ®;,.. Thus, a compact absorbing
set By := S,(1)B for semi-group (7.11) is constructed. Moreover, due to Theorem 7.1,
the operators S,(t) : By — ® are continuous (in the topology of ®;,.) for every fixed
t > 0. Thus, due to the standard attractor existence theorem, semi-group S, () possesses
a global attractor A, C B;NB. Estimate (7.28) is now an immediate corollary of Theorem
7.4. Corollary 7.9 is proved. OJ
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8. THE CLASSICAL NAVIER-STOKES PROBLEM

In this concluding section, we construct (by passing to the limit & — 0) a dissipative
weak solution of the classical 3D Navier-Stokes equation in a cylindrical domain (2:

(8.1) Ou~+ (u, Vy)u = Ayu—Vep+g, divu=0, Su; =c, u‘t:[] = ug.
The following theorem can be considered as the main result of the paper.

Theorem 8.1. For every c € R, g € L}(Q) and every ug € 0. + HZ(Q), there exists at
least one weak solution u = u(t)

(8.2) u € Uy = L¥(Ry, Hy(Q) N Ly(Ry, V5 ()

satisfying the Navier-Stokes equation (8.1) in the sense of distributions over the divergence
free vector fields which satisfies the following dissipative estimate:

8.3)  Nu®llzz@) + lull 2w @) < Q(“UOHL,%(Q))@f’Blt + K1+ Jef’ + ||9||ig(ﬂ))

where the monotone function ) and positive constants § and K are independent of ¢, g
and ug.

Proof. Let u,(t), « > 0, a — 0, be the unique solutions of the Leray approximations
(6.1) to the Navier-Stokes equations (with fixed ¢, g and ug) constructed above. Then,
according to Theorems 6.6 and 8.1, these functions satisfy estimate (8.3) uniformly with
respect to a — 0. In particular, u, are uniformly bounded in ¥,. Thus, we can extract
a subsequence u,, := u,, which converges to some function u € ¥, in the following sense:

(84) Up — U Weakly star in Lloc(RF Lloc(Q)) and Weakly m Lloc(RF Wl 2( ))

loc

see eg, [22]. Moreover, passing to the weak limit in estimates (8.3) for u,, we see that the
limit function w also satisfies this estimate. So, we only need to verify that u solves the
limit Navier-Stokes equation. As usual, to this end, we need strong convergence u,, — u in
the appropriate space and this, in turns requires to control d;u in some negative Sobolev
space. Let us obtain such control.

For simplicity, we will consider below the case ¢ = 0 (the general case can be easily
reduced to this particular one by the variable change u := u— ., see the proof of Theorem
6.6). Applying the projector II to equation (6.1), we will have

(8.5) Oyuy, = A u, — (TMw,, V,)u, + g
where w,, solves

(8.6) Wy — A AgWy = Uy, =0.

wn‘aﬂ

We see that the first term in the right-hand side of (8.5) belongs to L (R, H, "*(Q)) and
is uniformly bounded in it since u,, are bounded in ¥,. In order to estimate the second
term, we note that, due to the standard interpolation theorem, we have the following
embedding:

U, L (R, x Q),

see eg, [29]. Consequently, u, is uniformly bounded in L;O/?’ (R, x Q) and Proposition 3.3

then gives that w, are uniformly bounded in Lw/ s
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In turns, Theorem 4.4 now guarantees that IIw, are uniformly bounded in L;O/?’ (Ry x

Q). Therefore, due to Holder inequality (ITw,,, V,)u, is uniformly bounded in L2/4(R+ x )

(since 3 = - 4 1). Thus, applying Theorem 4.4 again, we infer that the second term in

(8.5) belongs to L/* (R, x Q). Finally, since L4 C W2, we have obtained the following
inequality:

(87) ||atun||Lg/4(R+’H;1,2(Q)) < CHUnH\I!b <Ci

where the constants C' and C] is independent of n.
Arguing now as in the proof of Theorem 6.6, we conclude from this that

(8.8) u, — u strongly in L} (R, x Q).
We claim now that (8.8) implies the analogous strong convergence
(8.9) w, — u strongly in L7 (R, x Q).

Indeed, let us split w,, as follows: w, = w? + w! where
0 1

n n

apApw) = u.
0

w? — Ay = u, —u, w

Then, due to (8.8) and Proposition 3.3, the functions w, converge strongly to zero as
n — oo in the space L} (Ry x Q). So, we only need to study functions w). To this end,
we note that, multiplying the equations for w) by 2, A,w}, using that u € L}(W,"*(Q)),

u‘ a0 = 0 and arguing in a standard way, one can easily check that

an||Axwrlz||%§(R+xQ) < C||“||L§(R+,W,}’2(Q)) =G

and, consequently, o, A,w! tends to zero in LZ(R, x Q). Thus, w! — u strongly even in
LZ(R, x ) and convergence (8.9) is verified.

We are now ready to finish the proof of the theorem. Indeed, according to Theorem
4.4 and convergence (8.9), Mw,, — Tu = u strongly in L} (R, x Q). Since V,u, — V,u
weakly in L7 (R, x ), we conclude from here that

loc
(Twy,, Vo)u, — (u, Vy)u weakly in L (R x Q).

As usual, the passing to the limit (in the sense of distributions) in linear terms of the
equations for u, is obvious and we have proved that u solves indeed the classical Navier-
Stokes problem (8.1). Theorem 8.1 is proved. O

Remark 8.2. As usual, it is not difficult to verify that the space
Oy = {u € Wy, due LR, H, *(Q))

is compactly embedded, eg, in C’([O,T],’H;LQ(Q)) for every T > 0 and every square
integrable weight ¢. Thus, the solution u constructed above satisfies indeed the initial
condition u(0) = uy.

Our next aim is to construct an attractor for the classical Navier-Stokes equation in
a cylindrical domain. However, in contrast to the previous section, the uniqueness of a
solution w is still out of reach of the theory (even in the case of bounded domains) and,
consequently, the limit semi-group Sy(¢) can be defined only as as a semi-group of multi-
valued maps. In order to overcome this difficulty, we will use the so-called trajectory
approach which allows to restore the uniqueness by changing the phase space of the
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problem and to construct a global attractor for the so-called trajectory dynamical system
related with the problem considered, see [8, 25, 31, 9] for the details.

We start with constructing this trajectory phase space and trajectory semi-group for
the Navier-Stokes problem (8.1).

Definition 8.3. Let K;, = K, (c) be a set of all weak solutions u € ¥, of equation (8.1)
(for all initial data uy € .+H, 1’2(§2)) which satisfy, additionally, the following dissipative
estimate:

(8.10) ()l zzgo + el a2y < Cue™ + K (el + 1+ lg]23(0)

where positive constants K and [ are the same as in Theorem 8.1 and C), is an arbitrary
constant depending on u. Then, due to this theorem, K, is not empty. Moreover, since
our equation is autonomous, and estimate (8.10) is translation invariant, the semi-group
of temporal translations will act on K,:

(8.11) T(t): Ky — Ky, (T(t)u)(s) :==u(t+s), t,s>0.

We refer to the translation semi-group (7'(t), K;-) acting on the trajectory phase space
K. as a trajectory dynamical system associated with equation (8.1).

Finally, we endow the trajectory phase space Kj. by the topology, induced by the
embedding

(8.12) Ky C Wioe := [Lise (R, Lo ()] 0 [ Lo (R, Wi ()"

where symbols w* and w mean weak-star an weak topology respectively. We recall that
a sequence u, converges to u in O, if for every 7" > 0 and every N > 0, the restrictions
of this sequence to the domain ¢t € [0,T], z € Q_yn := [N, N| x w converge weakly in
the space L?([0,T], W'?(Qy)) and weakly-star in L>([0,T], L*(Qy)).

Remark 8.4. We note that

(i) If we assume that the uniqueness theorem holds, then the solution operator S : uy —
K, generates a one-to-one map between the usual phase space ®, = 7. + H7(Q) and
trajectory phase space Kj.. Moreover, the translation semi-group 7(¢) on K will be
conjugated with the usual semi-group Sy(t) (So(t)ug := u(t)) by this map:

(8.13) T(t) = SoSy(t)oS™, S™'u:=u(0).

Thus, in the case of uniqueness, the trajectory dynamical system (7T(t), K;,) is formally
equivalent to the classical one (Sy(t), ®;) and, without uniqueness, can be considered as
a natural generalization of it which allows to avoid the usage of rather unfriendly theory
of multi-valued maps.

(1) We have to include some form of dissipative estimate into the definition of a solution
belonging to K, since it is still not known whether or not there exist other ” pathological”
weak solutions u € ¥, which do not satisfy energy inequalities and which are, possibly,
non-dissipative. By including estimate (8.10) into the definition of a solution, we automat-
ically exclude such solutions. We also emphasize that estimate (8.10) is slightly weaker
than estimate (8.3) obtained in the proof of Theorem (8.1), namely, we have an arbitrary
constant C., instead of Q(||u(0)[/z2(q)). This is related with the fact that estimate (8.3)
is not translation-invariant (because, we have proved it only on the time interval [0, ],
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but not for the interval [7,t + 7], the weak convergence u,(7) to u(7) obtained in the
proof of Theorem 8.1 is not sufficient to pass to the limit in Q(||un(7)|z2())). By this
reason, we cannot use the dissipative estimate with C,, = Q([[u(0)[|;2) for defining K,
(otherwise, the translation semi-group may not act on it) and, following [9] use slightly
different estimate (8.10) for which this translation invariance is immediate.

(77i) Rather unusual choice of topology on K, is motivated, on the one hand, by the neces-
sity to have some kind of compactness/asymptotic compactness for the attractor’s theory
and, on the other hand, by the fact that no additional regularity and/or compactness
is known for the 3D Navier-Stokes equations even in the case of bounded domains. So,
we may speak only about weak attractors (ie, attractors in a weak topology of the phase
space, where the proper bounded subsets are automatically precompact). In contrast to
that, the choice of a local topology on the trajectory phase space K, is unavoidable for
the trajectory approach, since even in the case of uniqueness and continuous dependence
on the initial data, the solution map S : ®, — K, will be a homeomorphism only under
such choice of the topology on Kj,.

Our next task is to define properly the class of bounded sets in the trajectory phase
space Ky, (which will be attracted by our trajectory attractor as ¢t — o0o). We first note
that the most natural way to do so is to use the topology of the Banach space ¥, for
defining bounded sets. However, this choice is incompatible with our dissipative estimate
(8.10). Indeed, since we do not have the relation C,, = Q([[u(0)||2()) the constant C,, is,
in general, may be not bounded on bounded subsets of ¥, so, for such choice of bounded
sets we are not able establish a dissipativity (=existence of a bounded absorbing set)
which is crucial for the attractors theory.

This problem is overcome by using the abstract class of "bounded” sets (not related
with any Banach or metric space), namely, a subset B C K, is "bounded” if the constant
C,, in the estimate (8.10) is uniformly bounded on B

C,<Cp<oo, forall ue K.
Then, on the one side, this class of ”bounded” sets obviously satisfies the property
(8.14) if B "bounded” and By C B, then B; is also ”bounded”

and, on the other hand, since for ”reasonable” solutions (eg, constructed in Theorem 8.1),
we expect that C, = Q([|u(0)([z2()), this definition is naturally related with bounded
subsets of the classical phase space ®,,.

We are now ready to introduce a concept of a trajectory attractor associated with the
Navier-Stokes equation.
Definition 8.5. A set A;, = A (¢) C Ky, is a trajectory attractor of the Navier-Stokes
system (8.1) (= a global attractor of the trajectory dynamical system (7(s), K;,)) if the
following properties are satisfied:

(i) Ay is "bounded” and compact in Ky, (in the topology of Uy,.);
(11) Tt is strictly invariant: T'(¢t)A = A, t > 0;

(11i) Tt attracts the images of all ”bounded” subsets of Ky, in the topology of ¥,,,, ie, for
every "bounded” subset B C Ky and every neighborhood O(A) of A in the topology of
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Uy, there exists T = T(B, . A) such that
T(t)BC O(A), if t>T.
And, to formulate the existence theorem for that attractor.

Theorem 8.6. Let the above assumptions hold. Then, for every ¢ € R and every g €
L3(Q), the Navier-Stokes problem (8.1) possesses a trajectory attractor A,.(c) in the sense
of Definition 8.5. Moreover, the following estimate holds:

(8.15) M@, < K(le + 1+ 19]72(0)

where the constant K is the same as in (8.3).

Proof. Indeed, according to the attractor existence theorem for abstract classes of ”boun-
ded” sets, see [26] (see also [9]), we need to verify that

1) There exists a ”bounded”, compact and metrisable absorbing set B for the semi-group
T(t) acting on Kj;

2) T'(t) is continuous on B for every fixed t.

The second condition is obvious, since T'(¢) is continuous on the whole K;, as a trans-
lation semi-group. Let us verify the first one.

Indeed, according to estimate (8.10), the set

(8.16) B.={ue Ky, C,<ec}

are "bounded” absorbing sets for every € > 0. Moreover, again due to estimate (8.3), the
sets B. are bounded in ¥, and, therefore, precompact and metrisable in U, see [22]. So,
we only need to check that B, are closed in K;.. The fact that the limit point u solves
again the Navier-Stokes equation can be verified exactly as in the proof of Theorem 8.1
(using the additional control of d;u provided by the equation and compactness arguments,
see (8.7)). Finally, passing to the limit in estimates (8.10), wee see that the limit point
u also should satisfy this estimate. Thus, u € K;., B, is closed and Theorem 8.6 is
proved. O

Remark 8.7. We note that:

(i) Using the fact that the attractor A, is factually bounded in a stronger space Oy, see
Remark 8.2 and compactness arguments, one can easily verify that the weak attraction in
U, implies the following strong local attraction: for every "bounded” subset B C Ky,
every T'> 0 and every N € R, ,

=0

7Atr‘[

lim diStC([O,T],ffc-I-H*‘;J(QfN,N))ﬂL2([OyT},W175’2(QfN,N)) (T(t)B O,T}xQ_N,N>

t—00 [O,T]XQ_N,N

where § > 0 is arbitrary.

i) One can define also a "global” attractor A9 b projecting the trajectory attractor
g y g y
A, to the classical phase space ®y:

Agl = Atr

Then, as not difficult to show that the global attractors A, of Leray approximations tend

as & — 0 to the limit attractor A9 in the sense of upper semi-continuity in [L? (Q)]*. Al-

ternatively, one can lift global attractors A,, a > 0 to the equivalent trajectory attractors

i=o-
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Ao by the solution map. Then, one will have the upper semi-continuity of trajectory
attractors A, as @ — 0 in the topology of Uy,,.

To conclude, we restore the physical parameters in the Navier-Stokes system (6.1), i.e.
consider the problem

(8.17) ou+ (u, Vy)u=vAyu—Vep+g, divu=0
in a cylindrical domain € and study the dependence of the size of attractor on v.

Corollary 8.8. The trajectory attractor A, = Ay (¢, g, v) of problem (8.17) possesses the
following estimate:

(8.18) [ Aer || Lo (4 L20)) < Cv*(|ef'v + ||9||ig(9) +vY)

where the constant C' is independent of ¢, g and v.

Indeed, the scaling ¢ = vt, v’ = v~'u reduces equation (8.18) to equation (6.1)—(6.2)
with ¢ = v~ !c and ¢’ = v?g. Since A" = v 1A, then (7.28) implies (8.18).
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