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Abstra t. In this short note we present a dire t method to establish the optimal

regularity of the attra tor for the semilinear weakly damped wave equation with
a nonlinearity of

riti al growth

We onsider the semilinear weakly damped wave equation on a bounded domain
Ω ⊂ R3 with smooth boundary ∂Ω


∂tt u + ∂t u − ∆u + ϕ(u) = f,
(1)
u(0) = u0 , ∂t u(0) = u1 ,

u = 0.
|∂Ω
Here, f ∈ L2(Ω) is independent of time and ϕ ∈ C2(R), with ϕ(0) = 0, satises the
growth and the dissipation onditions

(2)
|ϕ′′ (r)| ≤ c 1 + |r| ,
(3)

lim inf
|r|→∞

(4)

ϕ(r)
> −λ1 ,
r
ϕ′ (r) ≥ −ℓ,

for every r ∈ R, where λ1 > 0 is the rst eigenvalue of −∆ on L2(Ω) with Diri hlet
boundary onditions and ℓ ≥ 0.
The asymptoti behavior of solutions to equation (1) has been the obje t of extensive
studies (see, e.g. [1℄[5℄, [7℄ and [9℄[18℄). In parti ular, denoting


H = H0 1(Ω) × L2(Ω)
and
V = H2(Ω) ∩ H10 (Ω) × H10(Ω),

the following result holds.
Theorem 1. Problem
whi h possesses a

(1)

C0 -semigroup S(t)
tor A. Besides, A is

generates a

ompa t global attra

on the phase spa e
a bounded subset of

H
V.

Theorem 1 was rst proved by Babin and Vishik [3℄. We mention that the result is
still valid if one removes ondition (4), whi h is however very reasonable. In that
ase, the existen e of the attra tor was shown in [1℄, whereas its V -regularity rst
appeared in the papers [9, 10, 17℄. In parti ular, the argument presented in [17℄
allows also to treat the nonautonomous ase.
In all the pre eding works, the V -regularity of the attra tor is a hieved by means
of rather ompli ated and long pro edures, requiring multipli ations by fra tional
operators and bootstrap arguments. The aim of this note is to show how to obtain
this result in a very dire t way, exploiting only quite simple energy estimates. This
approa h an be applied to treat more ompli ated boundary onditions su h as, for
example, dynami boundary onditions (where the use of fra tional operators may
be problemati ), as well as to deal with stabilization problems. The key step of our
proof is a suitable de omposition of the solution u to (1), whi h has been already
su essfully employed in the re ent works [6, 8, 18℄.
In what follows, we will often make use without
expli it mention of the Sobolev embeddings and of the Young, the Hölder and the

A new proof of Theorem 1.

1

Poin aré inequalities. As usual, we will perform formal estimates that an be justied in a proper Galerkin approximation s heme. Finally, for any fun tion z(t), we
will write for short ξz (t) = (z(t), ∂t z(t)).
We begin re alling a basi estimate.

t ≥ 0, there holds
Z ∞
kξu (t)kH 2 +
k∂t u(τ )k2 dτ ≤ Q(kξu (0)kH )e−εt + Q(kf k),

Lemma 2. For every

t

for some

ε>0

and some positive in reasing fun tion

Q.

The proof may be found, for instan e, in [3℄, and it is arried out by multiplying the
equation by ∂t u + εu, for some ε > 0 suitably small. In parti ular, this result yields
the existen e of a bounded absorbing set B0 ⊂ H for the semigroup S(t).
In view of (2) and Lemma 2, we hoose θ ≥ ℓ large enough su h that the inequality
1
k∇zk2 + (θ − 2ℓ)kzk2 − hϕ′ (u(t))z, zi ≥ 0
(5)
2
holds for every z ∈ H0 1(Ω), every t ≥ 0 and every solution u(t) with ξu (0) ∈ B0 .
Then, we set
ψ(r) = ϕ(r) + θr.
Clearly, ondition (2) still holds with ψ in pla e of ϕ. Besides, on a ount of (4),
(6)

ψ ′ (r) ≥ 0.

We now onsider initial data ξu (0) ∈ B0 , and we de ompose the solution to (1) into
the sum u = v + w , where v and w solve the equations


∂tt v + ∂t v − ∆v + ψ(u) − ψ(w) = 0,
(7)
ξv (0) = ξu (0),

v = 0,
|∂Ω
and
(8)



∂tt w + ∂t w − ∆w + ψ(w) = θu + f,
ξw (0) = (0, 0),

w = 0.
|∂Ω

In the following, c ≥ 0 will stand for a generi onstant depending (possibly) only
on the size of B0 (but neither on the parti ular ξu (0) ∈ B0 nor of the time t).
Lemma 3. For every

t ≥ 0,

we have that

kξw (t)kH ≤ c.

The same argument of the proof of Lemma 2 applies to (8), sin e from
Lemma 2 we know that the right-hand side belongs to L∞ (0, ∞; L2(Ω)). Observe
also that here the initial data are null.

Proof.

Lemma 4. For every

t ≥ s ≥ 0 and every ω > 0, there holds
Z t
c
k∂t w(τ )k2 dτ ≤ ω(t − s) + .
ω
s
2

Proof.

Dene the fun tional

Λ = k∇wk2 + k∂t wk2 + 2hΨ(w), 1i − 2θhu, wi − 2hf, wi,
Rw
where Ψ(w) = 0 ψ(y)dy . Note that Λ ≤ c, due to (2) and Lemma 3. Thus,
multiplying (8) by ∂t w , and applying on e more Lemma 3, we obtain
d
c
Λ + 2k∂t wk2 = −2θh∂t u, wi ≤ 2ω + k∂t uk2,
dt
ω
and the laim is proved integrating in time on (s, t), exploiting the integral estimate
furnished by Lemma 2.

Colle ting the above results, for all initial data ξu (0) ∈ B0 we have the bounds
(9)

kξu (t)kH + kξw (t)kH ≤ c,

and
(10)

Z

t
s




c
k∂t u(τ )k2 + k∂t w(τ )k2 dτ ≤ ω(t − s) + ,
ω

∀ω > 0.

In order to on lude, we need the following generalized version of the Gronwall
lemma.

Λ : R+ → R+ be an absolutely ontinuous fun tion satisfying
d
Λ(t) + 2εΛ(t) ≤ h(t)Λ(t) + k,
dt
Rt
ε > 0, k ≥ 0 and s h(τ )dτ ≤ ε(t − s) + m, for all t ≥ s ≥ 0 and some m ≥ 0.

Lemma 5. Let

where
Then,

Λ(t) ≤ Λ(0)em e−εt +

kem
,
ε

∀t ≥ 0.

We are now in a position to prove
Lemma 6. For every

t≥0

and some

ν > 0,

there holds

kξv (t)kH ≤ ce−νt .
Proof.

For ε ∈ (0, 1) to be determined later, dene the fun tional

Λ = k∇vk2 + k∂t vk2 + εkvk2 + 2hψ(u) − ψ(w), vi − hψ ′ (u)v, vi + 2εh∂t v, vi.
Note that, from (4) and (5),

1
2hψ(u) − ψ(w), vi − hψ ′ (u)v, vi ≥ (θ − 2ℓ)kvk2 − hϕ′ (u)v, vi ≥ − k∇vk2.
2
Hen e, on a ount of (2) and (9), Λ satises the inequalities
1
(11)
kξv k2H ≤ Λ ≤ ckξv k2H ,
4
provided that ε is small enough. Multiplying (7) by ∂t v + εv , we nd the equality
ε
d
Λ + εΛ + k∇vk2 + Γ = 2h(ψ ′ (u) − ψ ′ (w))∂t w, vi − hψ ′′ (u)∂t u, v2i,
dt
2
3

where we set
ε
Γ = k∇vk2 + (2 − 3ε)k∂t vk2 + εhψ ′ (u)v, vi − ε2kvk2 − 2ε2h∂t v, vi.
2
Using (2), (6) and (9), it is apparent that Γ ≥ 0 if ε is small enough, and

2h(ψ ′ (u) − ψ ′ (w)∂t w, vi − hψ ′′ (u)∂t u, v2i ≤ c k∂t uk + k∂t wk k∇vk2

c
ε
≤ k∇vk2 + k∂t uk2 + k∂t wk2 Λ,
2
ε
by means of (11). At this point, hoosing ε > 0 su h that the above onditions are
all satised, we obtain the dierential inequality

d
(12)
Λ + εΛ ≤ c k∂t uk2 + k∂t wk2 Λ.
dt
In view of (10), the desired on lusion follows from Lemma 5 and (11).

Lemma 7. For every

t ≥ 0,

there holds

kξw (t)kV ≤ c.
Proof.

Setting q = ∂t w , we dierentiate (8) with respe t to time, so to obtain

∂tt q + ∂t q − ∆q + ψ ′ (w)q = θ∂t u.
Then, for ε > 0, we dene the fun tional

Λ = k∇qk2 + k∂t qk2 + εkqk2 + hψ ′ (w)q, qi + 2εh∂t q, qi,
whi h, similarly to the previous lemma, satises the inequalities
1
kξq k2H ≤ Λ ≤ ckξq k2H ,
2
when ε is small enough. Multiplying the above equation by ∂t q + εq , we are led to

ε
d
Λ + εΛ + k∇qk2 + k∂t qk2 + Γ = 2θh∂t u, ∂t qi + hψ ′′ (w)∂t w, q2i + 2εθh∂t u, ∂t wi,
dt
2
where
ε
Γ = k∇qk2 + (1 − 3ε)k∂t qk2 + εhψ ′(w)q, qi − ε2kqk2 − 2ε2h∂t q, qi.
2
Again, Γ ≥ 0 provided that ε is small enough, whereas the right-hand side of the
above dierential equality is ontrolled as
2θh∂t u, ∂t qi + 2εθh∂t u, ∂t wi + 2hψ ′′ (w)∂t w, q2i
ε
≤ k∇qk2 + k∂t qk2 + ck∂t wk2 Λ + c.
2
Hen e, xing ε small, we end up with the dierential inequality
d
Λ + εΛ ≤ ck∂t wk2 Λ + c,
dt
and from Lemma 5, we get the bound
k∇∂t w(t)k + k∂tt w(t)k ≤ c.
With this information, we re over from (8) the further ontrol k∆w(t)k ≤ c.
4



Colle ting Lemma 6 and Lemma 7, we learn that S(t)B0 is (exponentially) attra ted
by a bounded subset C ⊂ V . In other words, C is a ompa t attra ting set. This,
by standard arguments of the theory of attra tors (see e.g. [3, 12, 16℄), yields the
existen e of a ompa t global attra tor A ⊂ C for the semigroup S(t). The proof of
Theorem 1 is then ompleted.
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