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Question 1

(a) Give the definition of the norm on a vector space X. [1]

(b) Define what it means for two norms on a vector spaceX to be equivalent? [1]

(c) Let X := C[0, 1] be the space of all continuous functions f : [0, 1]→ R and let

‖f‖1 := max
x∈[0,1]

{(x+ sin(x))|f(x)|}, ‖f‖2 := max {(x− sin(x))|f(x)|}.

Are these two norms on X equivalent? Justify your answer. [6]

(d) Let (X, d) be a metric space and let U ⊂ X.

(i) Define what it means that U is open and what it means that U is closed. [1]

(ii) Prove by first principles that an intersection U =
⋂n

i=1 Ui of finitely many open
sets Ui is open. [4]

(iii) Give an example of countable intersection U =
⋂∞

i=1 Ui of open sets Ui which is
not open. [2]

(e) Let (X, ‖ · ‖) be a normed space.

(i) Define what it means for a function f : X → R to be continuous. [1]

(ii) Prove that the function f(x) = ‖x‖ is continuous as a function from the normed
space (X, ‖ · ‖) to R. Hint: Use the triangle inequality. [4]

(iii) Let X := l∞ be the space of all bounded sequences x = {xn}∞n=1 with the usual
sup-norm ‖x‖l∞ = supn∈N |xn| and let the function f : X → X be defined as
foollows:

f(x) = (sin(x1), sin(2x2), sin(3x3), · · · , sin(nxn), · · ·).

Is f continuous as a function fromX toX? Justify your answer. [5]

SEE NEXT PAGE



MATM022/5/Semr1 15/16 (0 handouts) –3–

Question 2

(a) Let (X, d) be a metric space.

(i) Define what it means for the sequence {xn}∞n=1 to be a Cauchy sequence.
[1]

(ii) What does it mean for (X, d) to be complete? Give the definition of a Banach
space. [1]

(iii) Define what it means for the metric space (X̃, d̃) to be a completion of the metric
space (X, d). [4]

(iv) Prove that the space X = C[0, 1] of continuous functions f : [0, 1] → R with the
L1-norm

‖f‖L1 :=

∫ 1

0

|f(x)| dx

is not complete. [5]

(b) (i) Define the Lebesgue space Lp(0, 1). [1]

(ii) Let f ∈ L1(0, 1). Define what it means for the function g ∈ L1(0, 1) to be a weak
derivative of f . [3]

(iii) Find the weak derivative of f(x) := e|x−
1
2
| ∈ L1(0, 1). Justify your answer.

[4]

(iv) Give the definition of the Sobolev spaceW 1,p(0, 1), 1 ≤ p <∞. [1]

(v) Let f(x) := log x. Does the function f belong to W 1,1(0, 1)? Justify your answer.
[5]

SEE NEXT PAGE



MATM022/5/Semr1 15/16 (0 handouts) –4–

Question 3

(a) Let H be a real vector space.

(i) Give the definition of the inner product (x, y) on H. [1]

(ii) State and prove the Cauchy-Schwarz inequality. [4]

(iii) Prove that for any x, y ∈ H,

‖x+ y‖2 + ‖x− y‖2 = 2(‖x‖2 + ‖y‖2),

where ‖x‖ :=
√

(x, x) is the norm of the vector x in the inner product space H.
[2]

(iv) Let {en}∞n=1 be a an orthonormal system in H. State the Bessel inequality.
[1]

(v) Define what it means for the inner product space (H, (·, ·)) to be a Hilbert space.
[1]

(b) Let H be a real Hilbert space

(i) State the Riesz Representation Theorem on the linear functionals onH. [2]

(ii) Define what it means for a sequence xn ∈ H to be weakly convergent to some
x0 ∈ H. [1]

(iii) Let {en}∞n=1 be an orthonormal system. Prove that en ⇁ 0 in H. Hint: Use the
Bessel inequality. [4]

(iv) Let the function ϕ ∈ C∞0 (R) be such that suppϕ ⊂ [0, 1] and let φn(x) := ϕ(x+n),
n ∈ N. What is the weak limit of ϕn as n→∞ in L2(R)? Justify your answer.

[4]

(v) Let the sequence un ∈ H be such that that un ⇁ u in H and ‖un‖ → ‖u‖. Prove
that un → u strongly in H. [5]

SEE NEXT PAGE
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Question 4

(a) Let Ω be a bounded domain of Rn.

(i) Define the Sobolev space W 1,2
0 (Ω). [2]

(ii) State the Friedrichs inequality. [3]

(iii) Let f ∈ L2(Ω). Define what it means for the function u to be a weak solution of
the following boundary value problem:

−∆u = f, u|∂Ω = 0, (1)

where ∆ = ∂2
x1

+ · · ·+ ∂2
xn

is the Laplacian. [4]

(iv) Using the Riesz Representation Theorem and Friedrichs inequality, prove the exis-
tence of a weak solution for the boundary value problem (1). [7]

(b) Let Ω := (−1, 1).

(i) Prove that the function u(x) := 1−|x| belongs to the spaceW 1,2
0 (Ω). [5]

(ii) Is the function u a weak solution of the boundary value problem u′′ = 0, u|∂Ω = 0?
Justify your answer. [4]
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