
Some additional exercises to ”FA and PDEs”

(See also the analogous list for ”Function Spaces” especially the first file)

Part I: Convexity:

1) Let f : V → R be a convex function on a normed space V .
a) Check that the set Wξ := {x ∈ V, f(x) ≤ ξ} is convex for any ξ ∈ R.
b) Let f be bounded on the ball B̄R(0). Prove that f is Lipschitz continuous in
BR−ε(0) for all ε > 0
c) Let dim V < ∞. Prove that f is locally bounded (i.e., it is bounded on BR(0)
for all R).
d) Give an example of a normed space V and a convex function f which is not
bounded on B1(0).
e) Let g be another convex function on V . Prove that the function max{f(x), g(x)}
is convex.
f) Let PK1(x) and PK2(x) be Minkowski functionals of two convex sets K1 and K2

(0 ∈ int(Ki)). Find the expression for PK1∩K2(x).

2) Using the Hölder inequality, check that
a) Interpolation inequality: ‖u‖Lp ≤ ‖u‖s

Lp1 · ‖u‖1−s
Lp2 where 1 ≤ p1, p2 < ∞, s ∈

[0, 1] and
1
p

=
s

p1
+

1− s

p2
.

b) Let Ω be a bounded domain of Rn. Prove that Lp2(Ω) ⊂ Lp1(Ω) if p1 < p2.
c) Does this embedding hold for Ω = Rn? Justify your answer.

3) Let H be a Hilbert space and K be a closed convex set in it. Let x /∈ K.
Prove that there exists a functional l ∈ H∗ = H such that

lx > sup
k∈K

lk.

4)∗ Let K be a compact set in a Banach space V . Prove that its convex hull
conv(K) is also compact. Hint: Prove that a) The sets

convN (K) := {α1x1 + · · ·+ αNxN , xi ∈ K, αi ≥ 0, α1 + · · ·+ αN = 1}

are compact for all N and b) For any ε > 0 there exist N = N(ε) such that for any
x ∈ conv(K) one can found y ∈ convN (K) such that d(x, y) ≤ ε and c) Use the
Hausdorff criterium after that.

5)∗ Let dim V = N and K is an arbitrary set in V . Prove that

conv(K) = convN+1(K).
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Part 2. Linear functionals and Bahach theorems:

1) Let V = C[a, b], f0 ∈ C[a, b] and

(1) Lf :=
∫ b

a

f0(x)f(x) dx.

a) Prove that L ∈ V ∗ and ‖L‖ =
∫ b

a
|f0(x)| dx. Hint: If f0(x) has finite number

of sign-changes on [a, b] you may use the standard continuous approximations of
sgn(x) in order to approximate sgn(f0(x)). Otherwise, you may take

fh(x) :=
1
h

∫ x+h

x

sgn(f0(s)) ds.

Then, ‖fh(x)‖C ≤ 1 and fh → sgn f0 in, say, L1 as h → 0 (proved in lectures).

b) Prove that if f0(x) has at least one sign-change at [a, b], the sup of Lf over
the closed unitary ball is not achieved.

c) Using the Hahn-Banach theorem, deduce from here that the space C[a, b] is
not reflexive.

d) Using that C[a, b] is dense in L1[a, b], prove that the result of a) holds for any
f0 ∈ L1[a, b].

e) Give an example of linear continuous functional on V which cannot be written
in the form of (1).

2) Consider the Dirichlet kernels DN (z) := 1
π

sin(N+1/2)z
sin(z/2) on [−π, π]. Remind

that the N -ths partial Fourier sum of a function f ∈ C[−π, π] can be written as

fN (x) :=
∫ π

−π

f(y)DN (y − x) dx

(see the proof of the Dirichlet theorem in ”Function spaces”).

a) Prove that the functions DN ∈ C[a, b] for all N .

b) Prove that ‖DN‖L1[−π,π] ≥ C log N for some positive C which is independent
of N . Hint: Use that, first: sin x ≥ 2πx for x ∈ [0, π/2]; second:

∫ (k+1)π/N

kπ/N

| sin(Nx)|
x

dx ≥ N

(k + 1)π

∫ (k+1)π/N

kπ/N

| sin(Nx)| dx ≥ C/k;

and third:
∑N

n=1
1
n ∼ log N .

c) Deduce from this fact that there is a continuous function f on [a, b] such that
the sequence fN (0) is unbounded as N →∞ (thus, its Fourier sums do not converge
to f point-wise!). Hint: use the Banach-Steinhaus theorem.

3) Let V be a normed space. Using the canonical embedding V ⊂ V ∗∗, give the
alternative construction of the completion of V .
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Part 3. Weak and weak star convergence and duality.

1) Let fn(x) := sin nx.

a) Prove that fn → 0 weakly in L2[−π, π]. Hint: use Bessel inequality.

b) Verify that fn → 0 weakly in Lp[−π, π] for all 1 ≤ p < ∞. Hint: it is sufficient
to check the weak convergence on a dense set of functionals (see lectures).

c) Is it convergent weakly in C[a, b]? Justify your answer.

d) Based on the previous result, prove that the (regular) functionals L of the
form (1) (see previous page) with f0 ∈ L1 are not dense in (C[−π, π])∗.

2) a) Let H be a Hilbert space. Prove that un → u0 strongly iff un → u0 weakly
and ‖un‖ → ‖u0‖.

b) Prove the same criterium for the spaces lp, 1 < p < ∞. Use the relations
between the coordinate-wise and weak/strong convergence in that spaces.

3)∗ Prove that xn → x0 weakly in l1 if and only if it converges strongly.

4) a) Prove that [c0]∗ = l1.

b) Based on that result, check that xn → x0 weakly star in l1 iff ‖xn‖ are
bounded and xn → x0 coordinate-wise.

5) Let fn, gn ∈ L2(Ω) and let fn → f0 weakly in L2 and gn → g strongly in L2.
Prove that fn · gn → f0 · g0 weakly in L1 (you may use that [L1(Ω)]∗ = L∞(Ω)).

6) Let V1 and V2 be two B-spaces such that V1 ⊂ V2 and this embedding is compact
(i.e., the bounded sets in V1 are precompact in V2). Assume that a sequence
xn → x0 weakly (weakly star) in V1. Prove that xn → x0 strongly in V2.

7) Let fn(x) := 1
n sin nx on [0, π].

a) Prove that fn → 0 weakly in H1
0 [0, π] (you may use Bessel inequality again).

b) Does this sequence converge strongly in H1
0 [0, π]? and in L2[0, π]? Justify

your answer.
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Part 4. Minimizing functionals:

1) Give an example of a convex, continuous and bounded from below functional
on a reflexive space such that its minimum does not exist (coercivity is important!).

2) Prove that the theorem on the existence of a minimizer will remain true if
we will consider functional F on a convex and closed subset K ⊂ V of a reflexive
space only.

3) The convex functional L(f) :=
∫ 1

−1
xf(x) dx, L : C[−1, 1] → R, does not have

the minimum on a closed unit ball in C (which is convex and closed set). Does
it contradict the above formulated extension of the minimizer existence theorem?
Justify your answer.

3) Let K be a convex and closed set in a reflexive B-space and let x /∈ K.
a) Prove that d(x,K) := miny∈K ‖x− y‖ exists.
b) Let V be a Hilbert space and let yn ∈ K be the minimizing sequence which

converges weakly to the minimizer y0 ∈ K. Prove that yn → y0 strongly. Hint: Use
the fact that yn → y0 strongly if it converges weakly and ‖yn‖ → ‖y0‖.

3) Let f(v) : Rn → R be a convex and bounded from below function. Consider the
functional

F (u) :=
∫

Ω

f(∇u(x)) dx

on the space C1(Ω) (Ω is a bounded domain of Rn). Prove that this functional is
convex, continuous and bounded from below as a functional on C1(Ω). Is it enough
to conclude that the minimizer exists?

4) Let 1 < p < ∞ and

F (u) :=
∫ 1

−1

|u′(x)|p + pu(x) dx = ‖u′‖p
Lp + p(1, u).

a) Prove that this functional is convex, continuous, bounded from above and
coercive functional on W 1,p

0 ([−1, 1]) (use the Friedrichs inequality).

b) Write out the ODE for the minimizer u0 of F (Euler-Lagrange equation).

c) Solve this equation (do not forget the boundary conditions!) and write out
explicitly the expression for u0.

d) Let un be the minimizing sequence which converges weakly in W 1,p
0 to the

minimizer u0. Prove that it converges strongly in that space. Hint: you may use
without proof that weak convergence plus the convergence of the norms in W 1,p

0

implies the strong convergence (actually, it is true for any reflexive space).
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Part 5. Distributions:

1) Check whether or not the following functionals belong to D′(Rn):

a) l(ϕ) :=
∑∞

k=0 ϕ(k)(k), n = 1?

b) l(ϕ) :=
∑∞

k=0
1
k!ϕ

(k)(0), n = 1?

c) l(ϕ) :=
∫
R

ϕ(x)
x dx, n = 1?

d) l(ϕ) :=
∫
R3

ϕ(x)
|x|2 dx, n = 3?

e) l(ϕ) := ϕ(0)ϕ′(0)?

2) Find the limit of the Dirichlet kernels DN (x) as N →∞ in D′(−π, π) (you may
use the Dirichlet theorem).

3) Find the following distributional derivatives: a) (sgn(x))′; b) (e−3|x|)′′; c) (|x|)′′.

4) Solve the following equations with Dirac δ-function:

a) y′′ − y = δ(x), y(x) → 0 as x → ±∞.

b) y′ − y = δ(x− 1) + δ(x + 1), y(0) = 0.

c) y′′ = δ(x)y (find a general solution).

4)∗ Find the following limits in the sense of distributions:

a) limε→0
x

x2+ε2 ;

b) limε→0+
1

x+iε , i =
√−1;

c) limε→0− 1
x−iε .

Hint: All these limits are different and all of them are not regular distributions!

5) Let K(x, y) = δ(x − y) (the 2D case!), i.e., 〈K,ϕ〉 :=
∫
R ϕ(t, t) dt, ϕ ∈ D(R2).

Prove that this distribution solves the wave equation:

∂xxK = ∂yyK.

6)∗ Prove that the function K(x) := − e−λr

4πr , x ∈ R3, r =
√

x2
1 + x2

2 + x2
3 is a

fundamental solution of the operator ∆u− λ2u, i.e. that

∆K − λ2K = δ(x)

of course, in the sense of distributions. Hint: Use the Green formula and argue
exactly as in the case of fundamental solution of the Laplacian.
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Part 6. Sobolev spaces:

1) Let f(x) := |x|−k, k > 0, x ∈ Rn

a) Prove that the distributional gradient of f coincides with the usual one (de-
fined for x 6= 0) if k < n− 1.

Hint: Drop out a small ε-neighborhood of zero, use integration by parts in the
rest of the space and finally take a limit ε → 0.

b) Find the all exponents p for which f(x) belongs to W 1,p(B1(0)) (depends on
k and n).

Hint: When the function |x|−k−1 belongs to Lp(B1(0))? Use polar/spherical
coordinates in Rn!

2) Let Ω be a bounded smooth domain of Rn such that 0 ∈ Ω. What of the
following functionals are well-defined on W 1,2(Ω)? Justify your answer!

a) F (u) =
∫
Ω

u2(x) dx?

b) F (u) =
∫
Ω

u6(x) dx with n = 3? and n = 4?

c) F (u) = u(0) (Dirac δ-function)? The answer depends on n!

d) F (u) =
∫
Ω
|∇u(x)|2 + |u(x)|6 dx +

∫
∂Ω
|u(x)|2 dS, n = 3?

e) F (u) =
∫

∂Ω
∂nu(x) dS?

Hint: Use Sobolev embedding theorems.

3) Prove that the function f(x) = log log 1
r belongs to W 1,2(B1(0)) in the case of

n = 2. How is it related with the Sobolev embedding theorem W s,p ⊂ Cα?
Hint: Do not forget that

∫ 1

0
1

r log2 1
r

dr is finite.

4)∗ Let n = 1 and f ∈ W 1,2(R+). Prove by the first principles that the even
extension

f̃(x) :=
{

f(−x), x < 0
f(x), x > 0

of that function to x ∈ R belongs to W 1,2(R).
Hint: the non-trivial is only to prove that

(4)
∫

R
f̃(x)ϕ′(x) dx = −

∫

R
f̃ ′(x)ϕ(x) dx

for all ϕ ∈ D(R) (by definition, we have this property only for ϕ with the support
in R+ or R+). To this end,

1) Take for any positive ε the function ψε ∈ C∞0 ([−ε, ε]) such that ψε(x) = 1
near zero, ψε(−x) = ψε(x) and |ψε|C1 ≤ Cε−1 (these functions exist and can be
constructed as a standard bump function with scaled argument).

2) Split ϕ(x) = ϕ(x)ψε(x) + ϕ(x)(1 − ψε(x)), use integration by parts for the
second term and verify (4) by passing to the limit ε → 0.



7

Part 7. Weak solutions of simplest PDEs:

1) Let Ω be a smooth bounded domain of Rn and let the coefficients aij(x) are
symmetric (aij = aji) and satisfy the uniform ellipticity condition

c|ξ|2 ≥ aij(x)ξiξj ≤ C|ξ|2

for some positive c and C and all x ∈ Ω.

a) Prove that

[u, v]a :=
∫

Ω

∑

ij

aij(x)∂xi
u(x)∂xj

v(x) dx

is the inner product on H1
0 (Ω) which gives the equivalent norm on H1

0 (Ω).

b) Give the weak formulation of the following elliptic boundary value problem
in Ω:

(6)

{ ∑
ij ∂xi(aij(x)∂xj u) = h(x), x ∈ Ω

u
∣∣
∂Ω

= 0

where h ∈ L2(Ω).

c) Using the Riesz-Fisher theorem, prove the existence of a solution of that
problem.

d) Is that solution unique? Justify your answer.

2) a) Prove that the expression

(7) [u, v] :=
∫

Ω

∇u(x)∇v(x) dx +
∫

∂Ω

u(x)v(x) dS

is an inner product on H1(Ω).

b)∗ Prove that this norm is equivalent to the usual norm on H1 (verify the
analog of Friedrichs inequality for that case).

c) State the weak formulation of the following problem:
{

∆u(x) = h(x), x ∈ Ω, h ∈ L2(Ω)
∂nu(x)− u(x)

∣∣
∂Ω

= 0

d) Prove the existence of a solution for that problem using the Riesz-Fisher
theorem.

3) Let Ω be smooth and bounded and let the function u ∈ H1(Ω) be such that
∫

Ω

∇u(x)∇ϕ(x) + u(x)ϕ(x) dx =
∫

∂Ω

h(x)ϕ(x) dS, ∀ϕ ∈ H1(Ω)

and some h ∈ L2(∂Ω).

a) Formulate the elliptic boundary value problem for which u will be a weak
solution.

b) Prove that this BVP is solvable (use the Riesz-Fisher theorem).


