
Solutions for the assessed test 2 on FA and PDEsQuestion 1.a) A subset X of a B-spae V is onvex if, for any two points x; y 2 X and any twonon-negative numbers �; � suh that � + � = 1, the onvex sum �x + �y belongsto X . A funtion f : V ! R is onvex if, for any x; y 2 V and any non-negativenumbers �; � suh that �+ � = 1, the following inequality holds:f(�x+ �y) � �f(x) + �f(y):b) The norm kxkl2 is a onvex funtional on l2 and the funtion x ! �kxkl2 is anon-onvex funtional (sine it is onave).Question 2. :a) A sequene xn onverges weakly in a B-spae V to some element x 2 V if, forany linear ontinuous funtional l 2 V �, l(xn) onverges to l(x). A sequene ofln of linear ontinuous funtionals on V onverges weakly star to some funtionall 2 V � if, for any point x 2 V , ln(x) onverges to l(x).b) Let H be a separable Hilbert spae and fengn2N be an orthonormal basis in it.Then, en onverges weakly to zero, but does not onverge strongly.) Let H be a Hilbert spae with the inner produt (x; y) and xn 2 H be a sequenewhih onverges weakly to x 2 H suh that kxnk onverges to kxk. Then, theelement x generates a linear ontinuous funtional on H via y ! lx(y) := (x; y)(see Riesz-Fisher theorem) and, by this reason, the weak onvergene implies that(xn; x)! (x; x) as n!1:Therefore, using that kyk2 = (y; y),kx�xnk2 = (x�xn; x�xn) = kxk2+ kxnk2� 2(x; xn)! kxk2+ kxk2� 2kxk2 = 0and xn onverges to x strongly in H .Question 3:.a) The Hahn-Banah theorem: Let V be a B-spae and W be a linear subspaeof it (not-neessarily losed). Then any linear ontinuous funtional on W an beextended to the linear funtional on V without expanding the norm.b) The Banah-Alaoglu theorem: The unit ball in the spae V � of linear ontinuousfuntionals on the B-spae V is ompat in a weak-star topology.) The Mazur theorem: Let V be a B-spae and xn be a sequene whih on-verges weakly in V to some element x 2 V . Then x belongs to the onvex hullonv(fxngn2N) of the elements xn.Question 4:. A funtion u 2 W 1;20 (
) (by de�nition, this spae is a losure ofC10 (
) in the norm of W 1;2(
)) is a weak solution of the Dirihlet boundary valueproblem � �u = h; h 2 L2(
);u���
 = 0if, for every test funtion � 2 W 1;20 (
),the following equality holds(1) Z
ru(x):r�(x) dx = � Z
 �(x)h(x) dx1



2where a:b means the inner produt in Rn .A funtion u 2 W 1;2N (
) (by de�nition, this spae is the subspae of W 1;2(
)whih onsists of funtions with zero mean hui := 1j
j R
 u(x) dx = 0, not anyboundary onditions is assumed! the trae of normal derivative is not de�nedfor funtions from W 1;2(
)!) is a weak solution of the Neumann boundary valueproblem � �u = h; h 2 L2(
); hhi = 0;�nu���
 = 0if equality (1) holds for any test funtion � 2 W 1;2N (
) (in ontrast to the DirihletBVP, the validity of the Neumann boundary ondition for u follows not from thede�nition of the phase sapes, but from the Green formula (if u is smooth enough),see letures).Question 5:. The funtion f(x) := e�jxj is smooth everywhere exept of the pointx = 0. Moreover, the limits f(�0) := limx!�0 f(x) exist for f (as well as for allits derivatives). So, we may use the following relation between the usual pointwisederivative [f 0(x)℄U and its distributuional derivative [f 0(x)℄D(2) [f 0(x)℄D = [f 0(x)℄U + (f(+0)� f(�0))Æ(x)where Æ is a Dira delta funtion (see letures). Sine f is ontinuous at x = 0, the�rst distributional derivative oinides with the usual one (sine f(+0) = f(�0)and the term with Æ-funtion vanishes), thus[f 0(x)℄D = � sgn(x)e�jxj:In order to ompute the seond derivative, we again use forrmula (2), but nowf 0(+0) = �1; f 0(�0) = +1; f 0(+0)� f 0(�0) = �2and, onsequently,[f 00(x)℄D = [f 00(x)℄U � 2Æ(x) = e�jxj � 2Æ(x) = f(x)� 2Æ(x):Thus, the funtion f is a distributional solution of12(1� �2x)f = Æ(x)and, onsequently, f is a fundamental solution for the di�erential operator L :=12 (1� �2x).Question 6:. A funtion f belongs toW 1;3(�1; 1) if and only if f 2 L3(�1; 1) andits distributional derivative f 0 belongs to L3. In our example, we have f(x) = jxj�and f 0(x) = � sgn(x)jxj��1. In partiular, f de�nes a regular distribution only iff 2 L1 and this gives that � > �1. Here and below, we use that the integralZ 1�1 jxj� dx



3exists if and only if � > �1. We need to verify the existene of the followingintegrals: Z 1�1 jxj3� dx; and j�j Z 1�1 jxj3(��1) dxThus, we have the inequalities 3� > �1 and 3(� � 1) > �1 and this gives theanswer: f belongs to W 1;3(�1; 1) if and only if � > 2=3.(Being ompletely preise, we need also to hek that the distributional derivativeof f oinsides with the usual one and equals to � sgn(x)jxj��1. To this end, oneneeds to ompute the distributional derivative of f (under the ondition � > �1,of ourse, otherwise, f even does not de�ne a distribution) by de�nition, but I didnot expet you to do that and did not take it into aount when marking.)Question 7:.a) We will use the abstrat theorem on the existene of a minimiser whih laimsthat a funtional E on a reexive Banah spae V ahieves its minimum if thefollowing onditions are satis�ed:1) The funtional y ! E(y) is ontinuous as a funtion from V to R;2) It is onvex;3) It is bounded from below;4) It is oeretive. We will need to hek that assumptions for the onrete hoieof the funtional E(y) := Z 1�1 jy0(x)j2 + jy(x)j2 � 2y(x) dxon the spae V := W 1;20 (�1; 1). First of all, the spae V is Hilbert and, thus,reexive, so the abstrat theorem an be applied.Assumption 1 (ontinuity): The funtional has the form(3) E(y) := kyk2W 1;2(�1;1) � (2; y)where (u; v) means the standard inner produt in L2(�1; 1). The part (2; y) isa linear ontinuous funtional by the Riesz-Fisher theorem and the part kyk2 isontinuous sine the norm is a ontinuous funtion. Thus, E(y) is a ontinuousfuntional on V .Assumption 2(onvexity): We again use the form (3). Indeed, the part (2; y)is linear and thus onvex. Moreover, the norm is always onvex and the funtion�(z) = z2 is onvex and monotone for z � 0. By this reason, the funtion kyk2 =�(kyk) is also onvex as a onposition of two onvex funtions (the external one ofwhih is monotone, see letures). Therefore, E(y) is onvex.Assumptions 3 and 4(oeritivity + boundedness from below): Again use formula(3) plus H�older inequalityE(y) � kyk2W 1;2 � k2kL2kykL2 � kyk2W 1;2 � 12k2k2L2 � 12kyk2L2 � 12kyk2W 1;2 � 4where I have omputed expliitly k2k2L2(�1;1) = 8. In partiular, this gives E(y) ��4 and the boundedness from below is proved. Moreover, the oeretivity E(y)!1 as kykW 1;2 !1 is aslo an immediate orollary of that estimate.



4 Thus, all of the assumptions of the abstrat theorem are veri�ed for our onretease and the existene of the minimum of E(y) is proved.b) In order to write out the equations for the minimiser y0 2 W 1;20 (�1; 1), we takean arbitrary element � 2 W 1;20 (�1; 1) and arbitrary " and onsider the funtionf�(") := E(y0 + "�):Then, sine f is salar smooth funtion on " (in a fat, a quadrati polynom withrespet to "), the neessary ondition for the minimum is(4) dd"f���"=0 = 0; for every � 2W 1;20 (�1; 1):Computing the expliit expression of f , we see thatf�(") = E(y) + "(Z 1�1 2y0(x)�(x) + y00(x)�0(x) � 2�(x) dx) + "2k�k2W 1;2and, onsequently, ondition (4) readsZ 1�1 y00(x)�0(x) + y0(x)�(x) � �(x) dx = 0; for all � 2W 1;20 (�1; 1):Therefore, the funtion y0(x) 2 W 1;20 (�1; 1) is a (unique weak energy) solution ofthe following boundary value problem(5) �y000 (x) + y(x) = 1; y0(�1) = y0(1) = 0:) For solving (5), we �rst note that the solution y0(x) should be even and that thepartiular solution for the non-homogeneous problem is y(x) = 1 and the generalsolution of the homogeneous ODE isy(x) = C1ex + C2e�x:Thus, the desired even solution has the formy0(x) = 1�A h(x)(where h(x) is a osine hyperboli of x) and we only need to �nd the onstant Afrom the boundary ondition y0(1) = 0 (the ondition at x = �1 will be automat-ially satis�ed sine y0 is even). This gives A = 1h(1) and the desired minimiseris y0(x) = 1� h(x)h(1) :


