
Assessed Test 1 for ”Functional Analysis and PDEs”

2 December 2009

Question 1:

a) (1 point): Give the definition for the norm of a linear functional on a normed
space V .

b) (1 point): Prove that the functional

L(f) :=
∫ 1

0

f(x)
x1/3

dx

is a linear continuous functional on V := L2([0, 1]) and find its norm.

c) (1 point): Is it a linear continuous functional on L1([0, 1])? Justify your
answer.

Question 2:

a) (1 point): State the Banach-Steinhaus theorem.

b) (1 point): Give an example of a sequence in a Hilbert space which converges
weakly, but not strongly.

c) (2 points): Prove that a sequence un ∈ H (Hilbert space) converges strongly
to u0 if it converges weakly and ‖un‖ → ‖u0‖.

Question 3 (3 points): Let K be a closed convex set in a reflexive space V .
Define the distance from a point x ∈ X to the set K as follows:

d(x,K) := inf
y∈K

‖x− y‖.

Prove that the infinum in that formula is always a minimum, i.e., that for every
x ∈ V there is y0 = y0(x) ∈ K such that

d(x,K) = d(x, y0).

Hint: Consider the minimizing sequence of y’s (for a given x) and argue as in the
proof of the theorem on the existence of a minimizer.
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Solutions

Question 1.
a) ‖l‖ := supx∈V

lx
‖x‖ .

b) The functional L has the form L(f) = (f0, f) with f0(x) := x−1/3 with
f0 ∈ L2 and

‖f0‖2L2 =
∫ 1

0

x−2/3 dx = lim
ε→0

3x1/3
∣∣1
ε

= 3.

By Riesz-Fisher theorem, L is continuous and ‖L‖ =
√

3.
c) The functional is not a linear continuous on L1 (and even not well-defined).

You may understand this reminding that [L1]∗ = L∞ and x−1/3 is not bounded.
Formally, if you take f(x) = f0(x)2 = x−2/3, then f ∈ L1 (as we have seen before),
but L(f) = ∞. Indeed,

L(f) =
∫ 1

0

x−1 dx = ∞.

Thus, L is not a linear continuous functional on L1.

Question 2.
a) Banach-Steinhaus theorem (for functionals): if a sequence ln ∈ V ∗ (V is a

B-space) is bounded on every element x ∈ V (i.e., supn |lnx| < ∞ for all fixed
x ∈ V ), then it is bounded in norm: supn ‖ln‖ < ∞.

b) The sequence of coordinate vectors en ∈ l2 converges weakly to zero, but does
not converge strongly.

c) Let un ↽ u0 in H and ‖un‖ → ‖u0‖. Then,

‖un − u0‖2 = ‖un‖2 + ‖u0‖2 − 2(u0, un) → 0

((u0, un) → ‖u0‖2 by the definition of weak convergence).

Question 3. Let x ∈ V be fixed and yn ∈ K be the minimizing sequence for
‖x− yn‖. So,

d(x,K) = inf
y∈K

‖x− y‖ = lim
n→∞

‖x− yn‖

Then, obviously, the sequence yn is bounded (‖yn‖ ≤ ‖x‖+‖x−yn‖). Then, by the
Banach-Alaoglu theorem, we may assume without loss of generality (up to passing
to a subsequence), that yn ⇁ y0 (here we used that V is reflexive!). Since K is
convex and closed, it is also weakly closed. Therefore y0 ∈ K. Moreover, since the
function y → ‖x − y‖ is convex and continuous (just because it is a norm), it is
weakly lower semicontinuous:

‖x− y0‖ ≤ lim inf
n→∞

‖x− yn‖ = d(x,K)

(here you may use also that ‖z0‖ ≤ lim infn→∞ ‖zn‖ for any zn ⇁ z0). Since
d(x,K) is an infinum over all y ∈ K and y0 ∈ K, we have d(x, K) = ‖x− y0‖.


