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1 Introduction

Mathematics appears in many aspects of business finance and accountancy. This module covers just a

few (basic) subjects:

1. Interest and inflation.

2. Cashflows of business projects.

3. Appraisal methods of business projects.

4. Continuous time payments and interest payments.

5. Repayment schemes of loans and mortgages (annuities).

6. The effect of randomness on interest rates,

7. Basic properties and appraisal of bonds.

The material in these notes is based on several books, see the references. Unfortunately, different books

tend to use different terminology. Financial mathematics is an applied kind of mathematics, and you

won’t always find the same clear-cut definitions and methods that feature in other mathematics modules.

It can happen, that different books pose very similar questions, but due to the totally unlike phras-

ing, you would hardly guess that similar questions are asked. Many “context-based” exercises seem

ambiguous. This poses one of the challenges of the module: rephrasing exercise text into a clear and

unambiguous scheme or model. You should bear in mind, however, that this is a very typical situation.

In a future professional life, you will meet many people, who in as many different ways of expression,

will want to know things. It will often be your task to translate these questions into (mathematical)

models and to draw useful conclusions and predictions. This is a skill that has to be learned, and this

module hopes to give you opportunities to do that.

2 Simple and Compound Interest

If you deposit money in a savings account, you expect the bank to pay interest. Usually, the interest is

given as a annual percentage. The unit of time is thus a year, although occasionally we have to use

other units of time. If the interest rate is e.g. 4% and the deposit is £100, then we can write i = 0.04,

and P = £100. (P stand for principal = initial capital). After one year, you expect to get £4 to be

paid in interest. Now you can do two things:

• You take the £4 and do something nice with it. The next year you get another £4 of interest,

and so on. This is simple interest. Interest is only calculated over the deposit.

• You can leave the £4 in the savings account. The next year, you not only get £4 interest on the

principal, but also £0.16 = 0.04 ∗ £4 interest on the interest. Accumulating interest this way is

called compound interest. Over the years your capital will increase exponentially fast, which is

much faster than with simple interest.
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Let us compare the two in a table:

Interest rate i = 0.04 Principal P = 100

year capital + simple interest capital + compound interest

0 100 100
1 104 104
2 108 108.16
3 112 112.49
...

...
...

10 140 148.02
...

...
...

100 500 5, 050.49
formula n P (1 + n · i) P (1 + i)n

Exercise 1 Suppose that the capital in a savings account is £945.40 and the interest rate is constant

3%. What was the capital four years ago? If the initial deposit was £250, how long ago was the deposit

made?

Instead of collecting interest once a year, you could for instance go to the bank every quarter, and have

the interest calculated. This means that you effectively change the unit of time from one year to one

quarter. The interest changes accordingly to (in our example) 1% = 0.01. This has no effect on the

amount of simple interest. Each quarter you get 0.01∗£100 = £1, so after one year, you get £4 interest

as before. It does have an effect on the compound interest. Indeed, accumulating interest 4 times a

year gives

£100 ∗ (1.01)4 = £104.06

after one year. So this time, the interest is £0.06 more than in the previous case. We say that the

interest is compounded quarterly. Similarly, you can speak of interest compounded monthly, daily,

or in general p-thly. This means that you divide the old unit of time (a year) into p equal parts. The

corresponding formula of the capital after one year is

C = P (1 +
i

p
)p.

Exercise 2 What happens with the capital C if you take the limit p→∞?

The limit case in the exercise is called compounding continuously because the unit of time (= 1
p
)

over which the interest is compounded becomes infinitesimally small.

3 Inflation and Interest

Inflation is the loss of purchase power of money caused by increasing prices. This increase of prices

is being monitored monthly by taking average prices over the UK of a standard “shopping basket” of

consumer goods. The more inclusive “basket”, the Retail Price Index (RPI) contains also a mortgage

and taxes. Other versions are the RPIX (which excludes the influence of mortgages) or the RPIY (which

excludes the effect of taxation). The RPI is the one that appears most often in the newspapers.
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For example, if the inflation over a year is 4%, then the purchase power of £1 decreases by 4%, so

£1 at the end of the year buys only 1/1.04 ≈ 96.15% of the goods that it bought at the beginning of

the year. You need to invest unused money, in a savings account or otherwise, just to keep up with

inflation. In the interest rate on a savings account is 3%, then you still lose about 4%− 3% = 1% every

year. More accurate is:

£1 ∗ 1.03

1.04
≈ £0.9904 ≈ £1/1.0097

so you lose 0.97%. Figure 1 gives the inflation in Britain over a 40 year period. It shows that the pound

has lost much of its value, especially in the late 1970s and early 1980s.

Year Inflation Year Inflation Year Inflation Year Inflation Year Inflation

1966 3.0 1974 7.3 1982 11.2 1990 8.2 1998 2.8
1967 3.7 1975 8.0 1983 11.2 1991 7.8 1999 1.8
1968 3.7 1976 8.6 1984 11.1 1992 6.8 2000 2.9
1969 3.8 1977 9.0 1985 10.9 1993 6.0 2001 0.7
1970 4.0 1978 9.9 1986 10.1 1994 5.2 2002 2.9
1971 4.1 1979 10.4 1987 9.9 1995 4.3 2003 2.8
1972 4.4 1980 11.0 1988 9.8 1996 4.1 2004 3.5
1973 5.0 1981 11.2 1989 9.2 1997 4.0 2005 2.5

Figure 1: Inflation in Britain from 1966 to 2005

Exercise 3 a) How much was £100 put under a mattress in January 1966 still worth at the end of

2005?

b) If you had put £100 on a bank in January 1966, how much should the fixed interest have been to keep

up with inflation over the next 40 year?

c) Why is this answer less than the average inflation of 6.42%?

The interest rates that bank charge for loans and mortgages are based on three major considerations:

• The profit that the bank wants to make.

• The expected rate of inflation.

• The risk that the bank runs in not regaining the money.

At the moment of writing, British savings accounts have interest rates below 31
2
%; these rates don’t

keep pace with inflation. Apparently, banks are not so eager to compensate their saving customers for

inflation. However, inflation predictions are included in the interests on loans and mortgages.

Exercise 4 a) Why are interest rates in Brazil higher than in the UK?

b) Why are interest rates on loans higher than interest rates on mortgages?
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Exercise 5 Banks tend to offer three kinds of mortgages: i) one with an interest rate that fluctuates

over time, ii) one with a fixed interest rate, and iii) one with a capped fluctuating interest rate. This

means that the interest can fluctuate over time, but is never allowed to exceed a certain upper bound.

If you want to buy one of these mortgages, which one do you expect to have the highest interest rate at

the time it is sold to you, and why?

4 Discounting and Compounding

In the previous section we saw that if you know the balance of a savings account and the interest rate,

then you can calculate the balance in previous and in future years. This is, as it were, the past and

future value of the money in the savings account. Also money that is not in a savings account has a

past and future value. To compute these, we pretend that the money is deposited on1 an ideal bank.

This bank uses the same constant interest rate, both for saving deposits and loans. It is not an existing

financial institution, but rather something useful for thought experiments.

• Calculating the value of money in backward time is called discounting. For example, if you receive

£1, 000 in 10 years from now, and the interest rate is i = 5% is constant, then the discounted

value in year 6 is £1, 000 ∗ ( 1
1.05

)10−6 = £822.70. The factor ( 1
1.05

)10−6 is called the discount

factor for the time interval [6, 10]. Because the interest i = 0.05 is constant, this factor is simply

the 4-th power of the annual discount factor2 1
1+i

. This discounted value for year 0 (that is the

present) is of particular importance. It is called the

PV = present value.

In our example the PV is £1, 000 ∗ ( 1
1.05

)10 = £613.91. This is the amount you have to deposit in

the ideal bank to have £1, 000 in 10 years time.

• Calculating the value of money in forward time is called compounding or forward discounting

or simply accumulating interest. The result is called the

FV = future value.

For example, the future value in year 17 of the £1, 000 of year 10 is £1, 000 ∗ 1.057 = £1, 407.10.

Here the annual compound factor is 1.05, and the factor 1.057 is called the accumulation

factor or compound factor over the time interval [10, 17].

Exercise 6 Show that the discount factor and accumulation factor over the same time interval are each

others reciprocal. NB: this also holds if interest rates are not constant!

Exercise 7 Al and Bob are business associates. Al borrows £x from the ideal bank, while Bob deposits

£x in a savings account of the ideal bank. What is the future value in 7 years time of their projects

joint together? Why is the strategy of Al and Bob an unprofitable thing to do at a real bank?

Exercise 8 Which would you prefer to receive: £100 in two year’s time or £200 in 12 year’s time?

Assume that the interest rate is fixed at 4%.

1or borrowed from if the amount is negative
2For simplicity, we usually say “discount factor” instead of “annual discount factor”. However, this can become

confusing if the interest rate is not constant, which we shall see later.
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5 Cashflows and Cashflow Streams

Financial transactions involve cashflows, that is payments made on a certain time. Let us look at a

typical example:

A farmer wants to grow potatoes, and therefore he has to make investments of £7, 000 for

equipment and seedlings. Moreover, he expects to pay £400 at the end of every year for

maintenance of the machinery. However, he can sell potato harvests for three years for

£3, 000 a year, and at the end of the last (= third) year, he can sell some of his equipment

second hand for £500.

Each of the payments (by or to the farmer) is a cashflow. The first cashflow, the initial investment,

happens in year 0, and since it is an investment, paid by the farmer, we give it a minus sign: £−7, 000.

In year 1, the farmer will have two cashflows, the profit of the first harvest: £3, 000 (with positive sign,

because he receives this payment) and the maintenance costs of £ − 400 (minus sign because he pays

it). So the net cashflow of this year is £3, 000 − £400 = £2, 600. The same happens for two more

years. The collection of all cashflows put together is called the cashflow stream. Below we put the

cashflow stream of this example in a table.

year positive cashflow negative cashflow net cashflow

0 −7, 000 −7, 000
1 3, 000 −400 2, 600
2 3, 000 −400 2, 600
3 3, 500 −400 3, 100

total 9, 500 −8, 200 1, 300

Another way of visualise the cashflow stream in a diagram is as in Figure 2.

-
time

−7, 000

0

3, 000

−400

1

−400

3, 000

2

−400

3, 500

3

Figure 2: Time diagram of a cashflow stream.

Most of the time, it serves no purpose to record all the positive and negative cashflows separately,

so we prefer to write just the net cashflows in the table or diagram.
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6 Simple Appraisal of Business Projects

If you have the choice of various projects to invest in, which one would you choose? This is the basic

question in appraisal of business projects. There are many methods and in this and the next sections

we discuss a few.

• The Total Profit: This is the total cash inflow (i.e. positive cashflows) minus the total investment

(negative cashflows). For example, the total profit the potato project of Section 5 is £1, 300.

However, total profit is a very crude method of appraising business projects as we shall see.

• Return on Investment (ROI): This is

ROI =
total profit

total investment
∗ 100%.

The ROI of the potato project is £1,300
£8200

∗ 100% = 15.85%. Note that for this project the total

investment (£8, 200) is more than the initial investment (£7, 000).

• Annual Return on Investment: This is the ROI divided by the number of years the project

is running. For the potato project, it is 15.85%/3years = 5.28%/year. This is useful to compare

long-running projects with short-running ones.

Table 3 shows net cashflow streams of four projects in order to compare the above methods of appraisal.

year project A project B project C project D

0 -10,000 -10,000 -15,000 -15,000
1 3,000 2,500 4,500 7,000
2 4,000 3,000 6,000 6,000
3 5,000 3,500 7,000 4,500
4 - 3,500 - -

profit

ROI

annual ROI

Figure 3: Cashflow streams of four business projects.

Exercise 9 Compute the profit, ROI and annual ROI of the four projects. The amounts in year 0 are

the initial investments, all other amounts are cash inflows. Note that project B runs over 4 years and

the other projects run over 3 years.
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By looking at the ROI, we compare projects “as if they have the same investment”. The reason for

preferring a high ROI over a high profit is that if we could upscale projects to the same investment (say

multiply project A by 11
2
) then the profit of project A would be more than the profit of projects C and

D.

The annual ROI favours shorter projects, and for shorter projects, the paybacks are received earlier,

so the money can be reinvested earlier. Therefore an investor would probably prefer project A to project

B, even though the ROI of project B is higher.

None of the above methods distinguish between projects C and D. Yet project D looks better,

because the higher paybacks occur earlier, so compared with project C, more money can be reinvested

earlier. To express this difference there is another appraisal method.

• Payback Time: This is the time at which the initial investment has been paid back. To compute

it, we put the cash inflows in a graph, interpolating between the years, see Figure 4. The moment

where the graph crosses the horizontal line payback = investment is the payback time. Projects

with a shorter payback time are more favourable than similar projects with a longer payback time.

Project C: payback time ≈ 2.64 year

0

5000

10000

15000

1 2 3

x

Project D: payback time ≈ 2.44 year

0

5000

10000

15000

1 2 3

x

r

r

r

r

r

r

Figure 4: The payback times for projects C and D.

Exercise 10 Compute the payback time of the potato project of Section 5. (Use only net cashflows in

your computation.)

7 Present and Future Value

The previous section gave some appraisal methods that were independent of interest, yet whether the

business projects is profitable depends also on interest rates. In this section we use the PVs and FVs of

Section 4 as appraisal methods. It is useful to compute the PV and FV of the whole cashflow stream.

This is simply the sum of the PVs (and FVs) of the separate cashflows. The formula is:

PV =
∑

k

Ak

(
1

1 + i

)tk

, (1)
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where Ak are the amounts of the cashflows and tk the times they take place. The formula of the FV at

time T is

FV =
∑

k

Ak(1 + i)T−tk . (2)

These formulas hold provided the interest rate i is constant! If the interest rate changes over time, the

formulas get more complicated.

Exercise 11 Show that FV = (1 + i)T PV .

Let us return to the potato project of Section 5. To appraise this project, it is useful to compute the

present value and future value at year 3. This is done in the next table, for the constant interest rate

of i = 5%.
year net cashflow PV FV

0 −7, 000 −7, 000.00 −8, 103.38
1 2, 600 2, 476.19 2, 866.50
2 2, 600 2, 358.28 2, 730.00
3 3, 100 2, 677.90 3, 100.00

total 1, 300 512.36 593.13

The total of the PVs (£512.36) is less than the total of all cashflows (£1, 300), but £512.36 is what the

total transaction is worth today.

Both PVs and FVs are used to compare the value of business projects. It depends on the context, which

one of the two is most useful for comparison.

Exercise 12 The neighbour of the farmer hates potatoes, and he urges the farmer not to plant them.

How much should the neighbour pay to compensate the farmer for the loss of income?

Exercise 13 Suppose that the farmer borrows £7, 000, before he used this money for the initial potato

investment. In 3 years time, he needs to pay back his borrowing (plus interest), but he also hopes to

start a transaction with tomatoes, for which he will need to invest £600. Assume that interest rates are

5% throughout. Does the potato transaction bring enough profit to enable him to start with tomatoes?

Exercise 14 What is the present value (PV) of the sum of the cashflows? Why is it not the same as

the sum of the PVs of the cashflows?

Exercise 15 Compute the net PV and net FV (at the end of each project) of the projects in Figure 3,

at 4% interest. Based on these data, which project would you prefer to invest in?

Example: Because of the fact that the PV of a future payment is lower than the actual payment

itself, companies like to insist on prompt payment for their services and goods. An opposite tendency

to “prompt” payment is payment by credit card. It is not uncommon that retailers receive credit card

payment for a purchase 2 to 4 weeks later than the purchase took place. Given an interest rate of 4%,

a purchase of £5, 000 paid by credit card with a 2 weeks (= 1
26

year) delay gives a PV of

PV = £5, 000 ∗ 1

1 + 4%
26

≈ £4, 992.

So the retailer would lose £8 because of the delay.
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Exercise 16 Give one more reason why a retailer would want to put a surcharge on purchase by credit

card.

8 The Equation of Value

Apart from the PV and FV, there is a third “interest-based” way of appraising a business project. This

way consists of calculating the “interest” of the transaction, as if the investments of transactions were

deposits in savings accounts. For example, if you invest £1, 000 in some company, and the company

will pay you back £2, 000 in 10 years time, then this has the same value as putting £1, 000 in a savings

account and receiving £2, 000 after 10 years. The interest on this savings account is approximately

7.2%. This can be checked, for example, by computing the PV of the £2, 000 in year 10: PV =

£2, 000/1.07210 = £997.89, close enough to £1, 000. In this case, the interest rate i = 7.2% is called

the Internal Rate of Return (IRR) of the transaction.

Exercise 17 Compute the IRR of this example exactly.

For more complicated transactions, the computation of the IRR is based on the Equation of Value:

PV =
∑

k

Ak(1 + i)−tk = 0. (3)

The variable in this equation is the interest rate i; the amounts Ak and times tk of the cashflows are

supposed to be known. In short, we could write this equation is PV (i) = 0. The solution i is called the

Internal Rate of Return (IRR).

Often it is easier to use the annual discount factor v = 1
1+i

as variable. The Equation of Value then

becomes

PV =
∑

k

Akv
tk = 0. (4)

If v is such that PV (v) = 0, then the internal rate of return is computed as IRR = 1
v
− 1.

In Figure 5 the graph of PV of the potato example of Section 5 is shown, both as function of i and

as function of v.

–6000

–4000

–2000

0
0.2 0.4 0.6 0.8 1

v

–6

–4

–2

0
1 2 3 4 5

i

one unit of i is 100%

Figure 5: Graphs of the equation of value as a function of v (left) and of i (right).
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We see that PV (i = 0) = £1, 300, and this is just the sum of all cashflows. The reason for this is

that if the interest rate i = 0, discounting has no effect. Prices in the future have just the same value

as prices now.

Exercise 18 What happens to PV as v → 0 (or equivalently i→∞)? Can you explain in words why

that is so?

The Equation of Value (in terms of v) is

PV (v) = −7, 000 + 2, 600v + 2, 600v2 + 3, 100v3 = 0 (5)

The solution of this equation is v ≈ 0.92, so the IRR = 1
v
− 1 ≈ 0.087. This IRR can be interpreted

as the interest rate that the farmer would have gotten if he had put his investments in an “equally

profitable” savings account. Most savings accounts are not “equally profitable”; their interest rates are

fixed by the bank. So if the bank offers our farmer 4% interest in a savings account, the farmer should

certainly go ahead with the potato transaction: it gives more profit.

Uniqueness of the IRR: You can write down the Equation of Value for every transaction, but

the IRR need not exist, or more importantly, it need not be unique. For example, the equation

−1 + 8v − 18v2 + 12v3 = 0

could easily be an Equation of Value. There are investments in year 0 and year 2, and the cash inflows

(8 + 12 = 20) outdo the investments (1 + 18 = 19) by 1. But the equation has 3 solutions: v = 1
2
± 1

6

√
3

and v = 1
2
. For each solution, you can compute an IRR, but it is hard to give any sensible interpretation

to them.

Theorem 19 Let (Ak, tk)k=0,...,n be a stream of cashflows, consisting of cashflows Ak happening at times

tk. (The cashflows are numbered such that the times increase.) Assume that A0 < 0 and t0 = 0 (an

initial investment), but all other Ak > 0. Then the Equation of Value has exactly one solution.

Proof. The Equation of Value is in terms of v is

PV (v) = A0 + A1v
t1 + · · ·+ Anv

tn,

with A0 < 0 and Ak > 0 for k ≥ 1. Therefore PV (0) = A0 < 0 and limv→∞ PV (v) = ∞. Hence there

is at least one solution (by the Intermediate Value Theorem). Differentiate:

d

dv
PV (v) = t1A1v

t1−1 + · · ·+ tnAnvtn−1 > 0,

for v > 0. Therefore PV (v) is strictly increasing: it can have at most one solution. �

Exercise 20 Let Ak be the net cashflows of a transaction, starting with an initial investment A0 (A0 <

0), and positive cashflows later on. How does the IRR change if

1. The initial investment is larger (i.e. A0 is more negative)?
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2. Some cashflow Ak (k ≥ 1) is larger?

3. Some cashflow Ak (k ≥ 1) happens later?

Computing the IRR of any business project of more than three cashflows is non-trivial; there is no

straightforward formula for it. After all, the IRR = 1
v
− 1, where v is the solution of a polynomial

equation of a high degree. What we can do is approximate the solution. Using (5) as example, we

discuss two ways of stepwise approximating the solution v.

• Linear interpolation. For this we need two initial guesses for v, say:

PV (v) = 1, 300 for v = 1.0,

PV (v) = −294 for v = 0.9.

A straight line through the points (1, 1, 300) and (0.9,−294), see Figure 6 (left), has slope

s =
1, 300− (−294)

1.0− 0.9
= 15, 940,

and intersects the horizontal axis in

0.9 +
294

s
≈ 0.918 starting at v = 0.9,

or equivalently

1.0− 1, 300

s
≈ 0.918 starting at v = 1.0.

Therefore the first approximation of the solution PV (v) = 0 is v = 0.918, which gives IRR ≈ 0.89.

If you want, you can repeat this interpolation step with (for example)

PV (v) = 1, 300 for v = 1.0 and

PV (v) = −23.89 for v = 0.918,

and get successively better approximations.

–5000

0

5000

0.7 0.8 0.9 1 1.1 1.2

v

–5000

0

5000

0.7 0.8 0.9 1 1.1 1.2

v

r
r

r

Figure 6: Approximation by linear interpolation (left) and Newton iteration (right)
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• Newton iteration. This methods works with tangent lines to the graph of PV (v), and therefore

we need the derivative of (5):

d

dv
PV (v) = 2, 600 + 5, 200v + 9, 300v2.

The tangent line at (v0, PV (v0)), see Figure 6 (right), has the equation:

y =
d

dv
PV (v0) x + PV (v0),

and intersects the horizontal axis at

v1 = v0 −
PV (v0)
d
dv

PV (v0)
. (6)

Let us start with v0 = 1.0, see Figure 6 (right). Since PV (1.0) = 1, 300 and d
dv

PV (1.0) = 17, 100,

the next approximation is

v1 = 1.0− 1, 300

17, 100
≈ 0.924.

This gives IRR = 1
v1
− 1 = 0.0823. The Newton iteration converges extremely fast to the true

answer, see Table 7. However, for Newton iteration to converge you need a good initial guess

k vk error

0 1.0 0.0804309831
1 0.9239766082 0.0044075913
2 0.9195831706 0.0000141537
3 0.9195690169 0.0000000001

Figure 7: Approximations by Newton iteration

v0. Otherwise Newton iteration could diverge, or converge to the wrong solution! However, if

the function PV (v) is convex (as is the case if the cashflow stream satisfies the conditions of

Theorem 19), then every initial guess will do. Taking v0 = 1 and iterating once or twice is good

enough for most purposes.

Exercise 21 Compute the IRR of the projects of Figure 3 by linear interpolation (with interpolation

points v = 0.9 and v = 1.0) and by Newton iteration (one iteration starting from v0 = 1).

9 Continuous Rate of Payment

Large companies with many customers have to deal with cashflow streams consisting of many cashflows

with short time intervals between them. In this case, it is helpful to consider the cashflow stream as

a continuous stream of payments. In a continuous time model, separate payments are replaced by the

rate of payment ρ. This is a money-valued function of time, and the total payment over a time

interval [t1, t2] is computed by the integral
∫ t2

t1

ρ(t) dt.
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Exercise 22 A sweater factory models its incoming payments by ρ(t) = (1.3 + 0.9 sin(2πt))103£/year.

a) What is the annual income of the factory?

b) When do the sales peak?

c) Which date in the year do you think corresponds to t = 0?

Exercise 23 An innkeeper always brings his daily earnings of £560 to the bank. Make a continuous

time model (with one year as time unit) of the innkeeper’s deposits.

Exercise 24 Suppose that the innkeeper of the previous exercise needs to invest I = £75, 000 on Jan-

uary 1st to keep his business running. What is his payback time? (Note that with continuous stream of

cashflows, you can compute the payback time exactly, without using interpolation.)

If the annual interest rate i is constant over time, then the annual discount factor is v = 1
1+i

. The

discount factor v(t1, t2) over the time interval [t1, t2] is the proportional part of this: v(t1, t2) = ( 1
1+i

)t2−t1 .

This can be used to compute present and future values of continuous time cashflow streams. If ρ(t) is

the rate of payment, paid over a time interval [0, T ], then the present value is

PV =

∫ T

0

ρ(t)vtdt (7)

and the future value at time T is

FV =

∫ T

0

ρ(t)vt−T dt = (1 + i)T · PV. (8)

Exercise 25 Let i = 3% constant, and ρ(t) = 2, 000 £/year, paid from January 1st until December

31st. What is the PV and FV at December 31st?

Exercise 26 The innkeeper in Exercise 23 needs to do an investment of I = £75, 000 on April 1st of

each year. Let January 1st be the beginning of the year, and assume a constant interest rate of i = 3%.

What is the PV of the innkeeper’s business over one year?

10 Interest Payable p-thly and Continuously

If you are receiving a constant interest rate i on your capital C, then you will receive C · (1 + i) after

one year. As we have seen before, you can increase your gain if you compound interest several time a

year. For example, if you compound monthly, then every month you would receive interest rate i/12,

and this compounds to

C · (1 +
i

12
)12

at the end of the year, and C · (1 + i
12

)12 > C · (1 + i). Unfortunately, banks won’t let you get away

with that; they will adjust the interest rate. So instead of the annual nominal interest rate i, they use

the p-thly payable interest rate i(p). The definition is:

i(p) is the annual rate of interest that, when compounded at the end (i.e., in arrears) of

each p-th subinterval, gives the nominal interest rate.

13



So at times 1
p
, 2

p
, . . . , p−1

p
, 1, you receive interest i(p)

p
, and when you compound that over one year you

get

(1 +
i(p)

p
)p = 1 + i, (9)

or equivalently

i(p) = p( (1 + i)1/p − 1 ).

You can compound quarterly, monthly, weekly, etc., and as p increases, i(p) decreases. In the limit

p→∞, we speak of continuously compounded interest, and

δ := lim
p→∞

i(p)

is called the force of interest. It is the annual interest rate caused by compounding interest over

infinitesimal time intervals.

Exercise 27 Express δ in terms of i, i.e., compute the limit limp→∞ i(p).

Instead of getting interest i at the end of the year, you may ask your bank to pay the interest at the

beginning of the year, i.e., in advance. The bank will then discount interest i to the beginning of the

year, and pay

d =
i

1 + i
.

This is called the discount rate. Note that d = 1−v (don’t mix up discount rate d and discount factor

v!). A different way of looking at it is this: if you reverse the direction of time, then capital decreases

over the year by a factor v = 1
1+i

= 1− d. You can consider this as acquiring negative interest, and the

negative interest rate is −d.

Analogous to i(p), you can calculate the p-thly payable discount rate d(p):

d(p) is the annual rate of interest that, when compounded at the beginning (i.e., in advance)

of each p-th subinterval gives the nominal interest rate.

So this interest is paid at times 0, 1
p
, . . . , p−2

p
, p−1

p
. The formula is

(1− d(p)

p
)p = 1− d (10)

which is equivalent to

d(p) = p(1− (1− d)1/p).
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Summarising, the quantities i, i(p), d, d(p) and δ all refer to ways of paying interest over the year, all

with the same present value.

time 0 1
p

2
p

. . . . . . p−1
p

1

in advance d

p-thly in advance d(p)

p
d(p)

p
. . . . . . . . . d(p)

p
0

p-thly in arrears 0 i(p)

p
. . . . . . . . . i(p)

p
i(p)

p

in arrears i

continuously ←− δ −→

The quantities i, d, v and δ are related according to the following diagram.

Value of δ i v d
In terms of

δ eδ − 1 e−δ 1− e−δ

i ln(1 + i) 1
1+i

i
1+i

v − ln v 1
v
− 1 1− v

d − ln(1− d) d
1−d

1− d

Exercise 28 Show that δ = limp→∞ d(p).

11 Discount Factors for Varying Interest Rates

In the previous sections, the interest i was always constant. The annual discount factor is v = 1
1+i

in this

case, and the discount factor over a time interval [t1, t2] is the proportional part: v(t1, t2) = ( 1
1+i

)t2−t1 .

In this section, we look at discount and accumulation factors if the interest rate varies over time. We

will give a new (or rather: extended) definition of force of interest as well, because if interest rates vary

over time, the force of interest is really the starting point of the computations.

If you capital increases (due to interest) from C(t1) at time t1 to C(t2) at time t2, then the accu-

mulation factor (or compound factor) is

A(t1, t2) :=
C(t2)

C(t1)
.

Clearly A(t, t) = 1 for any time t, and also

A(t1, t3) = A(t1, t2) · A(t2, t3). (11)

For constant interest rate i, A(t, t + 1) = 1 + i. But if the interest rate changes over time, we can at

best assume that the rate is constant over small time intervals only. Therefore we need the effective
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interest rate ih(t) over a time interval [t, t + h], which is such that the accumulation factor over this

time interval is A(t, t + h) = 1 + hih(t). Therefore

ih(t) =
A(t, t + h)− 1

h
.

The force of interest is defined as

δ(t) = lim
h→0

ih(t) = lim
h→0

A(t, t + h)− 1

h
.

Exercise 29 Suppose that the interest rate i is constant over the year.

a) Show that ih = i(p) if h = 1
p
.

b) Conclude that also for the new definition δ = ln(1 + i).

Theorem 30 If the force of interest δ(t) is given as function over time, then the accumulation factor

over time interval [t1, t2] can be computed as

A(t1, t2) = exp

(∫ t2

t1

δ(t) dt

)

.

Proof. Write f(t) = A(t1, t) for t1 ≤ t ≤ t2. Note that f(t1) = 1. Then

δ(t) = lim
h→0

ih(t) = lim
h→0

A(t, t + h)− 1

h

= lim
h→0

A(t1, t)

A(t1, t)

A(t, t + h)− 1

h

=
1

A(t1, t)
lim
h→0

A(t1, t + h)− A(t1, t)

h

=
1

f(t)
lim
h→0

f(t + h)− f(t)

h

=
f ′(t)

f(t)
.

Integrate both sides over the interval [t1, t2]:
∫ t2

t1

δ(u) du = ln f(t2)− ln f(t1).

Recall that f(t1) = 1, so ln f(t1) = 0. Take exp on both sides:

exp(

∫ t2

t1

δ(t) dt) = f(t2) = A(t1, t2).

�

Discount factors are accumulation factors in backward time: v(t1, t2) = A(t1, t2)
−1. So the previous

theorem gives:

v(t1, t2) = exp

(

−
∫ t2

t1

δ(t) dt

)

.

Exercise 31 Assume that δ(u) = (3 + 0.2u)%. What is:

a) The PV of a sum of £300 paid 2 years from now?

b) The FV for year 4 of the same payment?

c) Express the PV of a continuous payment with rate of payment ρ(u) = (200 + 100u)£/year, paid over

2 years, as an integral.
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12 Spot Rates and Forward Rates

If you put money in a savings account, the interest rate you are offered may depend on the time you

are willing to keep the money in the account. Banks benefit from a reliable supply of cash, so they will

often encourage their customers to fix their savings in accounts for longer periods of time by offering

higher interest rates.

The spot rate st is the annual rate charged for money invested over time period [0, t]. For reasons

just explained, one should expect st to be increasing in t, as in, for example, the table below. However,

for investments in less secure enterprises, decreasing spot rates are also a possibility.

year spot rate

1 0.02
2 0.025
3 0.03
4 0.035
5 0.04

Exercise 32 Assume that a bank fixes its spot rates as in the above table for 10 years. You want to

invest £350 for 8 years.

a) How much would you get after 8 years if you invest year by year?

b) How much would you get after 8 years if you invest for 4 years first that reinvest the acquired capital

for another 4 years?

c) What is the best you can do over 8 years with the spot rates given?

Instead of investing now, you could promise to invest money t1 years from now, but agree on the interest

now. The annual rate of this interest is called forward rate. If you invest the money until time t2,

then ft1,t2 is the appropriate notation. How much should ft1,t2 be? For example, if the spot rates are

as in the table above, can you compute f2,4? You can agree at this moment, to first invest £1 for 2

years (at spot rate s2) and then for another 2 years at the forward rate f2,4. As far as availability of

your money is concerned, this is the same as fixing the £1 for 4 years (at spot rate s4. It is therefore

reasonable to expect that

£1 ∗ (1 + s2)
2 ∗ (1 + f2,4)

2 = £1 ∗ (1 + s4)
4,

so

f2,4 = F :=

(
(1 + s4)

4

(1 + s2)2

) 1
2

− 1

Let us show that if f2,4 has any other value than F , then you can make a profit by playing customer and

bank at the same time. This type of argument is called an arbitrage argument, because arbitrageurs

are people in the financial market who spot and exploit (temporary) discrepancies in prices and interest

rates.

• Suppose f2,4 < F . Then you can borrow £L for 2 years at spot rate s2, and at the same time

invest these £L four 4 years at spot rate s4. To pay back your loan after 2 years, you agree now

to borrow £L ∗ (1 + s2)
2 in year 2 at forward rate f2,4. In year 4, you pay back the amount
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£L ∗ (1 + s2)
2 ∗ (1 + f2,4)

2 you owe on the second loan using the amount £L ∗ (1 + s4)
4 that you

earn from your investment. Your total profit is

£L ∗ (1 + s4)
4 −£L ∗ (1 + s2)

2 ∗ (1 + f2,4)
2 > 0

because f2,4 < F .

• Suppose f2,4 > F . Now you reverse the roles. You will borrow £L for 4 years at spot rate s4,

and at the same time invest £L four 2 years at spot rate s4. Also you agree to reinvest the

£L ∗ (1 + s2)
2 you get after 2 years for another 2 years at forward rate f2,4. In year 4, this pays

back £L ∗ (1 + s2)
2 ∗ (1 + f2,4)

2, which you will use to pay back your initial loan. The total profit

is

£L ∗ (1 + s2)
2 ∗ (1 + f2,4)

2 −£L ∗ (1 + s4)
4 > 0

because f2,4 > F .

Therefore, only if f2,4 = F , there is no opportunity to make a profit out of nothing. The general formula

for forward rates is

ft1,t2 =

(
(1 + st2)

t2

(1 + st1)
t1

) 1
t2−t1 − 1 (12)

In practice, the profit you can make by exploiting an unusual value of ft1,t2 is small, especially since

every transaction has its administration costs. Therefore arbitrageurs need to invest a lot of money to

make it worth wile.

Exercise 33 Assume that spot rates are give by the formula st = 0.03 + 0.003t.

a) Find the right value for the forward rate f4,7.

b) If f4,7 = 6.5%, what would your strategy be to exploit this forward rate?

Exercise 34 Assume that spot rates are increasing in st. Explain why ft0,t0+t ≥ st.

13 Annuities

There are many financial transactions that involve regular (re)payment of money, for example the regular

instalments you pay for mortgages and loans. In this case, the borrower has to repay, in an agreed time

interval, the borrowed capital plus interest.

Sometimes the regular instalments are meant for sums payable in the future. Pension schemes are

an example of this. Regular payments in the pension fund are done to get a lump sum and/or regular

pension cheques when you retire.

Example: Suppose you borrow £50, 000 and intend to pay it back in 10 years, at 6% interest. There

are two basic ways of doing this.

• Interest on outstanding capital. Divide the £50, 000 into 10 equal parts of £5, 000. Each

year you pay back £5, 000 plus the 6% interest of the outstanding capital. For the first year

this is

£5, 000 + £50, 000 ∗ 6% = £8, 000.
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The new outstanding capital is £50, 000− £5, 000 = £45, 000. Each year you pay less (interest)

because each year the outstanding capital decreases.

• Annuities. The defining feature of (level) annuities is that the regular instalments are all the

same. Call the instalment you pay every year £X. You pay £X at the end of each of the next

10 years, so the present value of these 10 instalments (at i = 6%) is

PV =

10∑

k=1

£X · ( 1

1 + i
)k = £X ·

1− ( 1
1+i

)10

i
.

This should be equal to £50, 000, so

£X = £50, 000/
1− ( 1

1+i
)10

i
≈ £6, 793.40.

Each year you pay the same amount. As a result, the instalment will consist of more than 6%

interest and less than 10% repaid capital in the first few years. In the last few years, the instalments

consist of less than 6% interest and more than 10% repaid capital, see Section 15.

The two ways of payment are shown schematically in Figure 8. Paying interest on outstanding capital

Year On outstanding capital By annuities

1 8,000 6,793.40
2 7,700 6,793.40
3 7,400 6,793.40
4 7,100 6,793.40
5 6,800 6,793.40
6 6,500 6,793.40
7 6,200 6,793.40
8 5,900 6,793.40
9 5,600 6,793.40

10 5,300 6,793.40

total 66,500 67,934.00

Figure 8: Repayment schemes of a loan of £50, 000 at 6%

seems cheaper for the borrower. On the other hand, paying interest on outstanding capital does not

take into account the inflation. You need to pay large instalments in the first few years, whereas if

you pay by annuities you need to pay more in later years, when the value of money has decreased by

inflation. Because the “natural” inflation is usually less than the interest rate on a loan, paying interest

on outstanding capital is still cheaper for the borrower. However, many banks work with annuities.

Exercise 35 Compare the total costs of annuities versus interest on outstanding capital for a mortgage

of £L at interest rate i paid annually over n years. What happens if n→∞?
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Exercise 36 a) Compute the PV @6% of both transactions of Figure 8, i.e., for the interest on outstand-

ing capital, and the repayment by annuities. (The computation involves a sum of the form
∑10

k=1 kvk.

See Appendix A to solve this.)

b) Do the same with if the annual inflation is 3%, so the effective interest rate is 1.06
1.03
− 1 ≈ 2.91%.

Which is the best for the customer?

14 Notation for Computing Annuities

In the previous section we made a calculation to compute annuities for a loan. Calculations of this type

appear over and over again, so it makes sense to standardise them. Clearly the annual instalment, say

£A, is proportional to the loan £X. If you borrow twice as much, your regular instalments will be

twice as much. To compute the “scaling factor”, it is convenient to compute the following:

Definition 37 an| @ i is the present value of n instalments of 1, paid annually in arrears, at a constant

interest rate i.

In arrears means that each instalment is done at the end of each time unit (here: at the end of each

year). The formula for an| can be computed using geometric series:

an| =

n∑

k=1

1 · ( 1

1 + i
)k =

1
1+i
− ( 1

1+i
)n+1

1− 1
1+i

=
1− ( 1

1+i
)n

i
=

1− vn

i
, (13)

where v = 1
1+i

is the annual discount factor. By convention we let an| = 0 if n = 0, and an| = n if i = 0.

The present value of the instalments is precisely the amount you can borrow. So if the instalments

are £A instead of £1, the amount to borrow is:

£X = an| £A. (14)

Exercise 38 a) A mortgage of £70, 000 is amortised (i.e., scheduled to be paid back by annuities)

over 20 years, payable in arrears at an interest rate of 6%. What is the annual payment?

b) If the borrower can afford to pay only £5, 000 per year, how much can he borrow?

c) If the borrower wants to borrow £70, 000, paying £5, 000 a year, how long will he pay?

Annualised costs: Amortisation can also be used as a method of business appraisal. Think back of

the potato project of Section 5, and suppose we are only using the net cashflows. Then the initial and

only investment is £7, 000. Amortised over 3 years, at an interest rate of 5%, the annual costs would be

£7, 000/a3| @ 5% ≈ £7, 000/2.723 ≈ £2, 570. This amount is called the annualised cost. Only if the

average annual payback exceeds the annualised cost, the project is considered profitable. The farmer

has an average net payback of £2767, which is indeed a little more than the annualised cost. Therefore

the farmer could go to the bank, and borrow the investment of £7, 000 to be repaid by annuities over

3 years at 5%, and still make a little profit on the project.

Exercise 39 Compute the annualised costs of the four business projects of Table 3 at 4% interest, each

over the length of the project. Compared with the total cash inflow, which one is the best project?
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Instead of paying in arrears, the borrower could decide to pay in advance, that is: at the beginning

of each time unit. For this situation we have adjusted notation:

Definition 40 än| @ i is the present value of n instalments of 1, paid annually in advance, at a constant

interest rate i.

The formula for än| is as follows:

än| =
n−1∑

k=0

1 · ( 1

1 + i
)k =

1− ( 1
1+i

)n

1− 1
1+i

=
1− vn

1− v
. (15)

Example: Robert buys a mortgage of £80, 000, to be repaid by annuities over 20 years. At 5% annual

interest, what is the instalment if he pays

a) annually in arrears?

b) annually in advance?

c) annually in arrears, but starting 5 years from now? (This is an example of deferred annuities, see

below.)

d) annually in advance, but he started 3 years ago?

Solution: a) The annual instalment X is

X = £80, 000/a20| @ 5% ≈ £6, 419.

b) The annual instalment X is

X = £80, 000/ä20| @ 5% ≈ £6, 114

c) The FV in 5 years time of £80, 000 is £80, 000 ∗ (1 + i)5 @ 5%. The annual instalment X becomes

X = £80, 000 ∗ (1 + i)5/a20| @ 5% ≈ £8, 193.

d) The discounted value 3 years backward of £80, 000 is £80, 000/(1+ i)3 @ 5%. The annual instalment

X becomes

X = £80, 000/(1 + i)3/ä20| @ 5% ≈ £5, 281.

Exercise 41 Redo Exercise 38 if the borrower decides to pay in advance instead of in arrears.

Exercise 42 Check that the following relations are true: än| = an−1| + 1 and än| = (1 + i)an|. Explain,

without computation, why these equalities are true.

Some annuity payments are made to receive a sum in the future instead of some payment (e.g. loan)

in the present. An example of this are payments to a retirement fund. If an employee, aged 30, pays

£5, 000 annually in arrears into the fund, he expects at his retirement at age 65 to receive the total

future value of these annuities. At an interest rate of, say, i = 4%, this amounts to

FV =
65∑

k=31

£5, 000 (1 + i)65−k = £5, 000
34∑

l=0

(1 + i)l = £5, 000
(1 + i)35 − 1

1 + i− 1
≈ £368, 261.

To standardise these computations, we use notation similar to the an| before.
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Definition 43 sn| @ i is the future value, at the end of year n, of n annual instalments of 1, paid

annually in arrears, at a constant interest rate i.

The formula for sn| is

sn| =

n−1∑

k=0

1 · (1 + i)k =
(1 + i)n − 1

i
. (16)

By convention, sn| = n if i = 0. Annuities paid in advance give slightly larger outcomes.

Definition 44 s̈n| @ i is the future value, at the end of year n, of n instalments of 1, paid annually in

advance, at a constant interest rate i.

The formula for s̈n| is

s̈n| =

n∑

k=1

1 · (1 + i)k =
(1 + i)n − 1

1− v
, (17)

where v = 1
1+i

is the annual discount factor.

Exercise 45 Check and explain the following formulas: s̈n| + 1 = sn+1| and s̈n| = (1 + i)sn|.

Exercise 46 Check and explain the following formulas: sn| = (1 + i)nan| and s̈n| = (1 + i)nän+1|.

Exercise 47 At age 30, an employee decide to pay his £4, 000 pension contributions in advance rather

than in arrears. He also agrees to receive annual pension cheques in advance for 15 years, starting at

his retirement age of 65. Assuming the interest rate is i = 3% throughout, how much will the annual

pension cheque be?

Deferred annuities: Deferred annuities are annuities whose payments start not in the present, but

only after m years. This means that for m years, the value of the loan X has to be compounded by the

annual compound factor and has increased to X ∗ (1 + i)m before pay-back starts. Example c) earlier

in this section was an illustration of this. The factors an| etc., have to be scaled accordingly, by a factor

(1 + i)−m = vm. The notation and formula for this is m|an| and the annual instalment A satisfies the

equation X ∗ (1 + i)m = A ∗ m|an|. Therefore

m|an| = vman|.

Similarly:

m|än| = vmän|,

m|sn| = vmsn|,

m|s̈n| = vms̈n|.

Perpetuities: Some annuities are paid “for ever”; these are called perpetuities. Ground rents are an

example. Analogous to equations (13) and (14), we have notation to standardise the calculations.

a∞| = lim
n→∞

an| =
1

i
,

22



for the PV of perpetuities of 1 paid in arrears, and

ä∞| = lim
n→∞

än| =
1

1− v
=

1

d
,

for the PV of perpetuities of 1 paid in advance.

Example: If you agree to pay perpetuities annually in arrears for a piece of land worth £75, 000, and

the interest rate is 4%, then the annual instalment A satisfies:

£75, 000 = a∞| ∗£A = £ A/i.

Therefore A = £75, 000 ∗ 0.04 = £3, 000. This is exactly 4% of the loan. In fact, paying by perpetuities

is like paying interest on outstanding capital, without paying back the capital!

Exercise 48 A landowner wants to sell a piece of land to his farmer. Previously, the farmer paid

ground rent in perpetuities of £500 annually in arrears. Assuming an interest rate of 3.5%, how much

should the farmer pay to compensate his former landowner for the loss of the perpetuities?

Exercise 49 Note that a∞| and ä∞| are finite, in spite of the fact that infinitely many payments are to

be made. Explain what happens as i→ 0, and why.

Exercise 50 Why does the notation s∞| and s̈∞| make no sense?

15 Repayment Schemes of Annuities

Contrary to repayment “by interest on outstanding capital”, it is not directly clear in repayment “by

annuities”, how much of each annual payment is repayment and how much is interest. Yet this is

important to know in many circumstances.

Example: Luke borrows £L to be repaid by annuities in 30 year at interest rate i = 0.05. After 10

years he wants to repay the loan. How much should he pay? As 10 years is a third of the original time,

you may think that still two thirds of the loan have to be repaid. With annuities, this is not true!

Solution: Let Fk be the outstanding capital after year k = 0, 1, . . . , n (and n = 30). Therefore:

F0 = L (the full loan).

The instalment of year k is

xk = L/an| = L
i

1− vn
.

Each year he pays i over the outstanding capital. The remainder of his instalment is subtracted from

the outstanding capital. Therefore:

F1 = F0 − (x1 − iF0)

= (1 + i)L− x1,

F2 = F1 − (x2 − iF1)

= (1 + i)2L− (1 + i)x1 − x2,
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and in general:

Fk = Fk−1 − (xk − iFk−1)

= (1 + i)kL− (1− i)k−1x1 − · · · − (1 + i)xk−1 − xk.

Substitute xk = L i
1−vn for each k and use geometric series:

Fk = (1 + i)kL− iL

1− vn

(1 + i)k − 1

i

=
L

1− vn

(
(1 + i)k(1− vn)− (1 + i)k + 1

)

= L
1− vn−k

1− vn
= L

an−k|
an|

(18)

Now substituting n = 30 and k = 10 gives:

F10 ≈ L
12.4622

15.3725
≈ 0.81L,

much more than 2/3 of the loan.

Second solution: A much quicker solution is the following: At year k, the outstanding capital is the

value of the remaining annuities, each worth x = L/an|. Therefore:

Fk =
L

an|
∗ an−k|.

Exercise 51 How long does it take to repay half of a loan if you pay annuities over 50 years at 6%

interest?

Now let us look what part of the annual instalment x is actual repayment, and which part is interest.

Let fk be the amount of repaid capital in year k. Then

fk = Fk−1 − Fk =
L

an|
(an−(k−1)| − an−k|) =

L

an|
vn−k+1.

The rest of the annual instalment is interest:

x− L

an|
vn−k+1 =

L

an|
(1− vn−k+1).

Let us summarise this in an annuity scheme in which all instalments are L/an| = 1:

year of interest part capital loan outstanding
payment of payment paid after payment

1 ian| = 1− vn vn an| − vn = an−1|
2 ian−1| = 1− vn−1 vn−1 an−1| − vn−1 = an−2|
...

...
...

...

k ian−k+1| = 1− vn−k+1 vn−k+1 an−k+1| − vn−k+1 = an−k|
...

...
...

...

n− 1 ia2| = 1− v2 v2 a2| − v2 = a1|
n ia1| = 1− v v a1| − v = a0| = 0
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You can read from this scheme that the repayment of capital in the first years is very small. Most of

the annual instalment is interest. Towards the end of the scheme, this has turned around: most of the

instalment is repayment and only a little bit is interest (in the last year, there is no interest at all). It

is another illustration, why it is relatively expensive to terminate an annuity scheme early, and pay the

outstanding capital.

16 Annuities Paid p-thly

In this section, we are concerned with the question: How much should you pay for annuities if you pay

in shorter (or longer) periods than the unit of time (a year). If you want to pay your mortgage monthly

instead of annually, what should the monthly instalment be? Or more generally, if you want to pay p

times every unit, what should be the p-thly instalment?

Before giving the solution, let us return to the p-thly payable interest rates of Section 10. Using future

values, we can look at them a bit differently. Assume the nominal annual interest rate is i. Let us call

x that interest paid at the end of each interval 1
p

that, when compounded, gives the same FV at the

end of the year. So
∑p

k=1 x (1 + i)(p−k)/p = i.
↑ ↑ ↑

k-th compound total
payment factor interest

(19)

Using geometric series, this simplifies to

x
i

(1 + i)1/p − 1
= i, so 1 + x = (1 + i)1/p.

Recall from Section 10 that i(p) was defined as the rate that, if compounded p times in arrears per

time unit, gives the nominal interest rate i. This rate i(p) satisfies (9), which can be rewritten to
i(p)

p
= (1 + i)1/p − 1. Therefore x = i(p)

p
: the p-thly instalment of a yearly annuity of £i is exactly the

same as 1
p
-th of the p-thly payable interest rate.

A similar computation can be made for interest rates that are payable p-thly in advance. The

discount rate d can be viewed as the interest rate paid in advance that has the same value as the

rate i paid in arrears. Suppose now that y is the interest paid at the beginning of each interval 1
p

that,

when discounted, gives the same PV at the beginning of the year. Then
∑p

k=1 y (1− d)(k−1)/p = d.
↑ ↑ ↑

k-th discount total
payment factor discount

(in advance) rate

(20)

Using geometric series, this simplifies to

y
d

1− (1− d)1/p
= d, so 1− y = (1− d)1/p.

Compare this with (10). Then we see that y = d(p)

p
.
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Exercise 52 Given an interest rate of 5%, compute the interest rate payable monthly in arrears and in

advance.

Exercise 53 a) Assume that the interest rate i > 0. Explain in words why d > d(p) > i(p) > i for each

p ≥ 2.

b) Explain why i(p) is increasing in p, and d(p) is decreasing in p.

c) Conclude that d(p) > δ > i(p).

Definition 37 gives the “scaling factor” an| between a loan and the annual instalments. We can do

the same if the instalments are paid p-thly in arrears:

Definition 54 a
(p)
n| @ i is the present value of instalments of 1

p
, paid p-thly in arrears over a period of

n years, at a constant interest rate i.

The computation is as follows: Let v = 1
1+i

be the annual discount factor at interest rate i. A total of

£1 is divided over p payments of £1
p

in the year. The present value is:

a
(p)
n| =

np
∑

k=1

1

p
vk/p

=
1

p

v1/p − v(np+1)/p

1− v1/p

=
1− vn

p[(1 + i)1/p − 1]
=

1− vn

i(p)
. (21)

Formula (21) holds for any integer p, and also for p = 1, when a
(p)
n| = a

(1)
n| = an|. This gives:

{

i(p)a
(p)
n| = 1− vn

ian| = 1− vn
so i(p)a

(p)
n| =

i

i(p)
an|. (22)

A different argument to derive (22) is as follows: The formula (19) with x = i(p)

p
can be interpreted as:

if p payments of i(p)

p
in arrears in a year have FV = i, then p payments of 1

p
in arrears in a year have

FV = i
i(p) . If we repeat this over n years, i.e., compute the PV of n payments of i

i(p) , then we get:

a
(p)
n| =

i

i(p)
an|.

Exercise 55 Take the limit n→∞ and conclude that for p-thly paid perpetuities a
(p)
∞| = 1

i(p) holds.

The same can be done for annuities paid p-thly in advance.

Definition 56 ä
(p)
n| @ i is the present value of instalments of 1

p
, paid p-thly in advance over a period of

n years, at a constant interest rate i.

Let us use the last argument above to derive the formula. The formula (20) with y = d(p)

p
can be

interpreted as: If p payments of d(p)

p
in advance in a year have PV = d, then p payments of 1

p
in advance
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in a year have PV = d
d(p) . If we repeat this over n years, i.e., compute the PV of n payments of d

d(p) in

advance, then we get:

ä
(p)
n| =

d

d(p)
än|.

Moreover, dän| = ian|. Therefore

än| =
i

d(p)
an|.

Exercise 57 Take the limit n → ∞ and conclude that for p-thly paid perpetuities a
(p)
∞| = 1+i

d(p) holds.

Show also that ä
(p)
∞| = 1

p
+ a

(p)
∞|.

Exercise 58 Show that for the future values of annuities of 1
p

paid p-thly in arrears/advance, the

following formulas hold:

FV in arrears s
(p)
n| = i

i(p) sn|.

FV in advance s̈
(p)
n| = d

d(p) s̈n| = i
d(p) sn|

Annuities paid continuously: If a loan is repaid by a continuous stream of payments, say of ρ =

1£/year lasting for n years, then we can use formula (7) to compute the present value:

PV =

∫ n

0

ρvt dt =

∫ n

0

ρet ln v dt =
[ ρ

ln v
et ln v

]n

0
=

ρ

ln v
(en ln v − 1)

=
1− vn

ln(1 + i)
,

because ρ = 1. Analogously to (13), we use the notation

an| =
1− vn

ln(1 + i)
,

where the bar stands for annuities paid continuously.

Exercise 59 Verify that the future value sn| = (1+i)n−1
ln(1+i)

.

Example: Suppose you want to borrow £3, 000 and you can afford to pay ρ = £75 per year in a

continuous stream of payments. Then the number of years n you will be paying satisfies

£3, 000 = ρ an| = £750
1− vn

ln(1 + i)

By some algebra and taking logarithms, we can make n the subject of this equation:

vn = 1− 4 ln(1 + i) so n =
ln(1− 4 ln(1 + i))

ln(v)

If the interest rate is i = 7.5%, then we get n ≈ 4.72. With continuous payment, we can stop the stream

whenever we want, so there is no need to round n to an integer value.

Exercise 60 Show that an| = limp→∞ a
(p)
n| and an| = limp→∞ ä

(p)
n| .
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Annuities paid in periods longer than the unit: Suppose you intend to repay a mortgage in time

intervals of more than one unit ( = one year), say 1 payment every r years (where r > 1 is an integer).

How much should you pay and what is the present value?

Solution: Assume you pay £X at the end of every r years, and pay k instalments altogether. The

value of £X can be equated to the future value of r annual payments of £Y in arrears for r years.

Thus:

X = Y sr|.

The present value of the k payments of £X is the same as the present value of kr annual payments of

£Y . This makes:

PV = Y akr| =
X

sr|
akr|.

Exercise 61 a) Assume that you can afford to pay £10, 000 once every 5 years over next 30 years,

starting 5 years from now. At interest rate 8%, how much can you borrow for these annuities?

b) If you decided to pay annuities once every 2 years, how much should each instalment be for the same

loan and interest rate and length of the annuities as in a)?

17 Payable p-thly versus convertible p-thly

If annuities are paid at different time intervals than the unit of time, then banks use p-thly payable

interest rates. For example, suppose that the nominal annual interest rate is 6%, so the unit of time is

1 year. The monthly payable interest rate is

i(12)

12
≈ 0.058411

12
= 0.048676,

because then the effective annual accumulation factor, based on compounding interest every month,

(1 +
i(12)

12
)12 = 1 + i

is the nominal annual accumulation factor.

It seems much easier to simply divide the 6% by 12. The is the interest rate convertible monthly:

i

12
= 0.005.

The effective annual accumulation factor is

(1 +
i

12
)12 = 1.00512 ≈ 1.06168,

so the effective annual interest rate is 6.168%, which is higher than the nominal rate. Convertible rates

may be slightly inaccurate, they are are frequently used for bonds, as we shall in Section 22.

Convertible interest rates can be best understood as: you convert to a new unit of time, and adjust

the interest rate by multiplying with the appropriate proportion. In the following example we try to

illustrate the use of convertible interest rate, and we shall see that sometimes you need to use convertible

and payable interest rates together.

28



Example: Nicola deposits £70 at the end of every quarter into a savings account. She does this for 90

months (= 71
2

years). At the end of this period, the bank returns the accumulated amount. How much

will the return be at interest rate

a) 6% per annum nominal.

b) 6% per annum convertible quarterly.

c) 6% per annum convertible half-yearly.

d) 6% per annum convertible monthly.

Solution: a) The unit of time is 1 year. The total instalments in this unit are 4 ∗ £70 = £280, paid

quarterly in arrears. So we need the 4-thly payable interest rate

i(4) = 4((1 + i)1/4 − 1) @ 6% ≈ 0.0587

The return is

£280 ∗ s
(4)

7 1
2
|
@ 6% = £280 ∗ (1 + i)7 1

2 − 1

i(4)
@ 6% ≈ £2, 615.

b) Now the unit of time is 1 quarter and the corresponding convertible interest rate is 11
2
%. The

instalment in this unit is £70, and there are 30 payments in arrears. The return is

£70 ∗ s30| @ 1
1

2
% = £70 ∗ (1 + i)30 − 1

i
@ 1

1

2
% ≈ £2, 628.

c) The unit of time is half a year, with convertible interest rate 3%, and there are 15 units in 71
2

years.

The total instalments in this unit are 2 ∗ £70 = £140, paid quarterly in arrears. With respect to the

unit of time, we need the 2-thly payable interest rate

i(2) = 2((1 + i)1/2 − 1) @ 3% ≈ 0.0298.

The return is

£140 ∗ s
(2)

15| @ 3% = £140 ∗ (1 + i)15 − 1

i(2)
@ 3% ≈ £2, 623.

d) The unit of time is 1 month, with convertible interest rate 1
2
%. The instalments of £70 are made

every 3 units, in arrears. Therefore we need the argument at the end of Section 16. The return is

£70 ∗
s3∗30|
s3|

@
1

2
% = £70 ∗ (1 + i)90 − 1

(1 + i)3 − 1
@

1

2
% ≈ £2, 631.

18 Random Interest Rates

So far we have always acted as if interest rates are given quantities, now and in years to come. Un-

fortunately (or fortunately?) this is not the case. Interest rates are connected with countless things in

society and especially with our confidence in the economy. Therefore we cannot escape considering in-

terest rates as random variables3. What then is the effect of randomness of the interest on our appraisal

of business projects and on payment schemes of loans and mortgages?

3See Appendix B for a revision of random variables.
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If the interest rate is a random variable, obviously the PV and FV are also random variables. Instead

of precise figures, we can only hope to compute their expected values and their variances. The variance

(or its square root the standard deviation) is a measure for the risk of the project. A small variance

means a less risky project, because you have more certainty that the final outcome of the FV etc. is

close to the expected value.

Example: A business project consists of an initial investment of £7, 000 and cash inflows at the end

of the next 3 years. The interest rate is random. We assume that it takes values of 4%, 5% or 6%, each

with equal probability, and the rate is then fixed for the length of the business project. Table 9 shows

the results:

year cashflow PV at 4% PV at 5% PV at 6% expected value

0 -7,000 -7,000 -7,000 -7,000 -7,000
1 3,000 2,884.61 2,857.14 2,830.19 2,857.31
2 3,000 2,773.67 2,721.09 2,669.99 2,721.59
3 3,000 2,666.99 2,591.51 2,518.86 2,592.45

total 2,000 1,325.33 1,169.74 1,018.24 1,171.35

Figure 9: Expected PVs of a business project.

The expected value of the interest rate is E(i) = 1
3
(4% + 5% + 6%) = 5%. Computing the PV with this

expected interest rate gives a PV of £1, 169.74. The actual expected PV is a bit higher: £1, 171.35.

Exercise 62 Compute a similar table for the future values of this project. Is the expected FV higher

or lower than the FV with the expected interest rate. Do you think that E(FV ) = E(PV ) ∗ (1 + E(i))3

holds?

In this first example the interest rate was random, but once chosen, it didn’t change anymore. Let

us now look at what happens to a capital if the interest rate varies randomly every year.

If you deposit £S0 in a savings account, then after N years you have:

SN = S0 · (1 + i1) · · · (1 + iN),

where ik is the interest over year k. If the ik are independent random variables, then

E(SN ) = S0 · (1 + E(i1)) · · · (1 + E(iN )). (23)

You have to work harder to compute the variance: Recall Var(X) = E(X2) − E(X)2. For SN , we first

compute the second moment:

E(S2
N ) = E(S2

0 · (1 + i1)
2 · · · (1 + iN )2)

= S2
0 · E((1 + i1)

2) · · ·E((1 + iN)2)

= S2
0 · (1 + 2E(i1) + E(i21)) · · · (1 + 2E(iN) + E(i2N )).
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If the ik all have the same distribution, then they have the same expectation, say µ, and the same

variance, say σ2. In this case

E(SN ) = S0(1 + µ)N .

Using

E(i2k) = Var(ik) + E(ik)
2 = σ2 + µ2,

we get

E(S2
N ) = S2

0 (1 + 2µ + µ2 + σ2)N .

and

Var(SN) = E(S2
N)− E(SN)2

= S2
0

[
(1 + 2µ + µ2 + σ2)N − (1 + µ)2N

]

The distribution of SN is more difficult, see Section 20

The calculations of (23) can be used to compute the expected future values of annuities when the

interest rates are independent random variables with identical distributions. Assume that you pay £1

every year in advance for N years. Then the future value at the end of year N is

FVN = (1 + i1)(1 + i2)(1 + i3) · · · (1 + iN )

+(1 + i2)(1 + i3) · · · (1 + iN)

+(1 + i3) · · · (1 + iN )

. . .
...

+(1 + iN ).

If E(ik) = µ and Var(ik) = σ2, then

E(FVN) = (1 + µ)N + (1 + µ)N−1 + · · ·+ (1 + µ)

= s̈N | at interest rate µ.

19 The Normal Distribution and the Central Limit Theorem

In many branches of science, and also in finance, one encounters random variables that are the sum (or

the average) of many other random variables Xk, k = 1, . . . , N :

SN = X1 + · · ·+ XN and AN =
SN

N
.

If the Xk are independent and have the same expected value µ and variance σ2, then E(SN) = Nµ and

Var(SN ) = Nσ2. But what is the distribution of SN? The Central Limit Theorem gives an answer to

that question, and explains why the normal distribution is so important. The normal (or Gaussian)

distribution is (see Figure 10):

ρ(x) =
1

σ
√

2π
e−(x−µ)2/2σ2

.
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The parameters µ and σ2 are the expectation and variance of the random variable with this distribution.

The notation for this distribution is N (µ, σ2). The normal distribution behaves nicely under sums

and scalings. More precisely, if you have two normally distributed random variables, then a linear

combination is again normally distributed:

Lemma 63 If X1 and X2 have distributions N (µ1, σ
2
1) and N (µ2, σ

2
2) respectively, then the random

variable α1X1 + α2X2 has distribution N (α1µ1 + α2µ2, α1σ
2
1 + α2σ

2
2).

If X has this normal distribution N (µ, σ2), then

E(X) = µ and Var(X) = σ2.

Moreover
∫∞
−∞ ρ(x) dx = 1, as should be the case for any probability distribution. However, you cannot

compute this integral by simple methods: the anti-derivative (= indefinite integral) of ρ cannot be

expressed by any simple means! In practice, you need to consult tables4 to compute, for example,

P (1 < X < 2) =

∫ 2

1

ρ(x) dx.

Tables for the standard normal distribution usually give the following number:
∫ z

−∞
1√
2π

e−x2/2 dx.

z .0 .1 .2 .3 .4 .5 .6 .7 .8 .9

0 .5000 .5398 .5793 .6179 .6554 .6915 .7257 .7580 .7881 .8159
1 .8413 .8643 .8849 .9032 .9192 .9332 .9452 .9554 .9641 .9713
2 .9772 .9821 .9861 .9893 .9918 .9938 .9953 .9965 .9974 .9981
3 .9987 .9990 .9993 .9995 .9997 .9998 .9998 .9999 .9999 1.0000

From the table, we can approximate:

∫ 2

1

ρ(x) dx =

∫ 2

−∞
ρ(x) dx −

∫ 1

−∞
ρ(x) dx ≈ 0.9772− 0.8413 = 0.1359.

Exercise 64 Let X have normal distribution N (0, 1). Verify by that E(X) = 0 and Var(X) = 1. (To

compute the variance, use integration by parts and the fact that
∫∞
−∞ ρ(x) dx = 1.)

Theorem 65 (The Central Limit Theorem)

Assume that Xk, k = 1, . . . , n, are independent random variables, all with the same distribution. Suppose

the expectation E(Xk) = µ and variance V ar(Xk) = σ2, with 0 < σ2 <∞. Let

Sn = X1 + · · ·+ Xn.

Then Sn is a random variable with expectation nµ and variance nσ2. Moreover, as n→∞,

Sn − nµ√
nσ

converges in distribution to N (0, 1).

4see e.g. page 716 of [3]
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Figure 10: The normal distribution ρ(x) = 1√
2π

e−x2/2 for µ = 0 and σ2 = 1. The area A indicates

P (1 < X < 2).

Example: A cheese merchant sells cheese which he cuts in pieces of approximately 100 gr. He estimates

that the standard deviation of the fluctuation of his cutting is 10 gr. After cutting 1000 pieces of cheese

(which should have weighted 100 kg altogether), what is the probability that he used up at least 101

kg?

Solution: Let Xk, k = 1, . . . , N = 1000 be the weight of each piece of cheese, and SN be the total

weight. The distribution of Xk is unknown, but E(Xk) = µ = 100 gr and Var(Xk) = σ2 = 100 gr2. By

the Central Limit Theorem, Y = SN−Nµ√
Nσ

has a distribution which is close to N (0, 1). We compute

P (SN > 101 kg) = P (SN − 100 kg > 1 kg)

= P

(
SN − 100kg√

Nσ
>

1 kg√
Nσ

)

= P

(

Y >
1 kg√
Nσ

)

= P

(

Y >
1, 000 gr√
1000 10 gr

)

≈ P (Y > 3.16) ≈ 0.0008.

20 Log-normal Distributions

In this section we try to answer a question left open in Section 18: What is the distribution of a product

of independent random variables?

A random variable S has a log-normal distribution if ln S is normally distributed.
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Example: Take SN = S0(1 + i1) · · · (1 + iN), where the ik are independent random variable, all with

the same distribution. Then

ln SN = ln S0 + ln(1 + i1) + · · ·+ ln(1 + iN),

Then the expectation E(SN ) = ln S0 + NE(ln 1 + ik) and the variance is Var(SN) = N Var(ln(1 + ik)).

By the Central Limit Theorem, ln SN has a distribution close to

N ( ln S0 + NE(ln 1 + ik) , N Var(ln(1 + ik)) ) .

Hence S itself has a distribution close to the log-normal distribution.

Exercise 66 Let the interest rate i be a random variable taking values 4%, 5% and 6% with equal prob-

ability.

a) What are E(i), Var(i), and what is the standard deviation?

b) Repeat a) when i has a continuous distribution, namely the uniform distribution on the interval

[4%, 6%].

c) Let t = ln(1 + i). Compute E(t) and Var(t) when i has the distribution as in a). Compare E(t) with

ln(1 + E(i)).

Example: Let us use the answer of Exercise 66 a) to investigate the distribution of SN if the initial

deposit S0 = £100. After 50 years, the maximal interest rate i = 6% gives a return of £1, 8420 and

the minimal rate i = 4% a return no more than £711. We have µ := E(ln 1 + ik) ≈ 0.0488 and

σ2 := Var(ln 1 + ik) ≈ 6.048 · 10−5. Therefore

E(ln SN) = ln 100 + Nµ and Var(ln SN) = Nσ2.

By the Central Limit Theorem, Y := ln SN−ln 100−µN√
Nσ

has a distribution close to N (0, 1). As an example,

we approximate the probability that S50 > £1, 150. Recall that N = 50. Then

P (SN > 1, 150) = P (lnSN > ln 1, 150)

= P

(
ln SN − ln 100− µN√

Nσ
>

ln 1, 150− ln 100− µN√
Nσ

)

≈ P (Y > 0.0427) = 1− P (Y ≤ 0.0427).

From the table we can read off that this probability is about 48%.

Proposition 67 Let the random variable Y be log-normally distributed with parameters 0 and 1. Then

the distribution of Y is (see Figure 11)

ρY (y) =
1

y
√

2π
e−

(ln y)2

2 .

(Note that the range of Y is (0,∞).) Furthermore, E(Y ) =
√

e.
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Figure 11: The probability density ρY of a log-normally distributed random variable

Proof. Differentiation of an integral with respect to the upper bound of the integration interval gives

the integrand with this upper bound substituted (Fundamental Theorem of Integration). So if X is a

random variable with distribution ρ, then

d

dx
P (X < x) =

d

dx

∫ x

−∞
ρ(u) du = ρ(x).

We apply his to the random variable Y . Because ln Y has the normal distribution N (0, 1), we get

P (Y < y) = P (lnY < ln y) =

∫ ln y

−∞

1√
2π

e−u2/2du.

Differentiate with respect to y to obtain the distribution ρY of Y :

ρY (y) =
d

dy
P (Y < y) =

d

dy

∫ ln y

−∞

1√
2π

e−u2/2du =
1√
2π

e−(ln y)2/2 · 1
y
.

The last factor 1
y

comes from the chain rule: first insert ln y in the integrand, then differentiate ln y

onwards with respect to y.

Note that Y only takes values in (0,∞), as you cannot take the logarithm of non-positive numbers.

Finally we compute the expectation of Y :

E(Y ) =

∫ ∞

0

y · ρY (y) dy

=

∫ ∞

0

1√
2π

e−(ln y)2/2dy. Substitute z = ln y, then y = ez and dy = ezdz;

y → 0 implies z → −∞ and y →∞ implies z →∞.

=

∫ ∞

−∞

1√
2π

e−z2/2ezdz

=

∫ ∞

−∞

1√
2π

e−
1
2
(z−1)2+ 1

2 dz

=
√

e

∫ ∞

−∞

1√
2π

e−
1
2
(z−1)2dz

=
√

e

∫ ∞

−∞

1√
2π

e−u2/2du (change coordinates u = z − 1).
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The last integral is the integral of the normal probability distribution, so it is equal to 1. Therefore

E(Y ) =
√

e. �

Exercise 68 Let Y be a log-normally distributed random variable with parameters µ and σ2, i.e.,

log Y ∼ N (µ, σ2).

a) Compute the distribution of Y .

b) What is E(Y )?

Exercise 69 Use the proof of Proposition 67 to compute the variance Var(Y ).

21 Financial Derivatives

Nowadays investors have a variety of products to invest their money in. Best known among these

are probably stocks and bonds. Some financial products (in particular options) are based on other

financial products, and for this reason they are called financial derivatives. In this section we list some

investment vehicles, not so much to claim completeness, but to give an impression what goes on in

investing. Financial products are classified as risk free or risk bearing according to the certainty by

which you know what your returns will be, and when they will be paid, although risk remains a sliding

scale. We don’t embark here on the mathematics behind finding fair prices of these products, although

this is a major topic in financial mathematics.

Risk free investments:

• Saving accounts: You put money in a bank at a known interest rate. In practice, banks tend to

change interest rats over time (floating interests) but sometimes fixed interest rates are available.

Alternatively, you can play money lender yourself, and finance loans and mortgages. The latter

is more secure because if the borrower cannot repay he/she forfeits the house.

• Bonds: These are issued by governments, local governments and companies to raise money either

for specific projects (e.g. a shipping company wanting to build and launch a new ship), or to

make the books balance (the chancellor of the exchequer is the main issuer of bonds in Britain to

balance the state budget.) In return for a purchased bond, the buyer will receive regular payments

(coupon payments) and/or the face value at a known maturity date. The risk of a bond depends

on the credibility of the issuer. In some cases the issuer has the right to pay off the face value

at an earlier date; sometimes this is based on a lottery system. Bonds are the main “risk free”

investment vehicle in use.

• Forward contracts: These are contracts to deliver goods at an agreed price and delivery date,

and the payment occurs at delivery. They are for instance used by farmers to guarantee a buyer

for their products. The risk is on the one hand, not being able to deliver (when the crop fails,

or the harvest is too late), or a having to sell under the market price (when the crop turns out

to be scarce). On the other hand, it guarantees the farmer a fixed price even if the market is

flooded with this particular crop. Nowadays, forward contracts have been mostly replaced by

future contracts, see below.
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Risk bearing investments:

• Stock: You basically buy a share in a company, i.e., you become co-owner. In return, you receive

dividends, that is a share of the profits that the company makes, and if the company does well,

you can sell the stock at a higher price than you paid yourself. The risk of course is that the

company does badly, and the stock loses much of its value. Reorganisations of the company tend

to be bad news for employees, who may be laid off, or face worsened working conditions. For the

share-holders it tends to be good news, because the costs of the company are reduced, and profits,

and hence dividend and stock prices, tend to increase.

• Future contacts (futures): These are contracts to deliver goods at a certain time for a certain

price, but contrary to forward contracts, the contracts are standadised (w.r.t. price, amount,

quality) and agreed between a buyer/seller and the futures exchange, rather than between a

buyer and a seller. The buyer/seller has to make a deposit of about 5− 10% of the delivery price

to the futures exchange. This so-called margin account is used level out the changing delivery

prices, i.e., daily changes of the price are automatically paid into or withdrawn from the margin

accounts.

There are future contracts on agricultural products (such as wheat, barley, pork bellies, orange

juice, etc.), natural resources (gold, copper, crude oil, etc.) and also foreign currencies. In the

latter case, the buyer of the future contract is gambling on a devaluation of the currency.

Future contracts can be traded or closed out with (resold to) the futures exchange until the delivery

date. In practice, the vast majority of future contracts never leads to a delivery of the goods.

• Interest and currency swaps: An interest swap is an agreement between two parties, say A

and B, to lend each other a sum of money for which A pays interest at a fixed interest rate, and

B pays interest at a floating interest rate. In practice, the mutual loan takes place on paper, and

only the difference in interest is exchanged.

A currency swap is an exchange of a sum which A pays in currency p (say US dollars) and B

in currency q (for example, pound sterling). This is a gamble on the future movement of the

currencies.

Both interest and currency swaps look like a risky business, and one of the players is bound to lose

out. However, swaps can be useful to obtain large loans at more agreeable terms. For example, if

A wants to borrow £5 million at a fixed interest rate, but the bank is only willing to lend this sum

at a floating interest rate, then A can combine the loan with an interest swap, and thus effectively

get a fixed rate loan after all.

• Options: These are contracts that allow (but not oblige) the buyer to buy (call option) or sell

(put option) another asset, usually a share of stock, at or before a given date (expiry date) at

an agreed price (the strike price). Most frequently the underlying asset is a share of stock, but

options on bonds, swaps (swaptions) and even on other options (compound options are possible

too.

If the option can be exercised only at the expiry date, then it is called a European option;

if exercise is possible at any time up to the expiry date, then it is an American option. For
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example, buying an American put on IBM stock at a strike price of $70 for a certain option price

gives you to right to sell a share of IBM stock at any time up to the expiry date. If the actual

price of the stock drops below $70, you decide to buy a share at that price and immediately sell

it to the issuer (writer) of the option at $70. The writer has to accept the loss. If the price of

the stock never drops below $70, then you with most likely not exercise your right, and the option

will expire. In this case, you lose the price of the option, and this is how the writer will make

a profit.There are options with more complicated terms than European or American; the most

complicated tend to be called exotic options and may be very risky.

Some further common terminology. Instead of sell a commodity, one often hears short or take the short

position. To buy is called long or take the long position. Bullish is another word for optimistic, i.e.,

expecting prices to go up. The opposite attitude, i.e., expecting prices to go down, is called bearish.

22 Bonds

Bonds represent the greatest monetary value among fixed-income securities in the world. Bonds are

issued by governments, local governments, public services such a hospitals, shipping companies and in

short all sorts of public and private enterprises that need to raise a large amount of cash.In return for a

bond sold, the bond-issuer is obliged to pay a fixed amount, the face value, at some time in the future,

the maturity date, as well as regular coupon payments, which added over one year amount to a

certain percentage, the coupon rate, of the face value. Coupons are paid at the end of each coupon

period (i.e., in arrears) and continue up to the maturity date. This is shown schematically in Figure 12.

-
time

Price = P

year 1 year 2 year 3

︷︸︸︷
4 coupons per annum

year 4 maturity date

Face value = F

︸ ︷︷ ︸

Coupon payments

Figure 12: Scheme of cashflows of a bond-issuer.

Investors who buys such a bonds pay a price P . This need not be the same as the face value; instead

prices of bonds are rather governed by the market. Bonds with high coupon rate may be much in

demand and investors are willing to pay a high price for them, whereas bonds with a low coupon rate

can be cheaper, and sold below par, i.e. below the face value. During the life-time of the bond, an

investor may sell the bond to another investors too, at price agreed by both investors.
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Bonds issued by “first world” governments are very secure. These governments tend to fulfill their

obligations and make coupon payments to maturity. Less credible companies may issue bonds at a very

high coupon rate (junk bonds), but if the company goes bust, the investors lose their money.

Certain bonds, called zero-coupon bonds, involve no coupon payments. Only the face value is

paid to the buyer at the maturity date. This kind of investment can be compared with putting a P

pounds into a savings account, and getting F pounds at the maturity date; only the yield is usually

higher than the interest rate on a regular savings account.

Warning: What we describe here are bonds in their simplest form. In reality, bonds come in many

shapes and sizes, and we can’t start to describe them all.

Let us summarise this from the buyer’s point of view:

• Face value: The face value F of a bond is the official value. This is the amount of money paid

to the buyer at the time of maturity.

• Coupon rate: the buyer of the bond receives a certain percentage of the face value every year.

This percentage is called the coupon rate, so the total amount received per year is

C = F × coupon rate in %

100%
.

For zero-coupon bonds, there are no coupon payments, so C = 0. Only the face value is

returned to the buyer.

• Coupons: The amount paid annually is divided into m coupons. For example, quarterly coupons

(if m = 4) are each worth C/4. Because of these regular payments (all of the same value), bonds

are an example of annuities.

• Maturity: The maturity is the number of years that the bond “lives”. Often, the maturity is

expressed in number of coupons n, so

n = m · years to maturity.

At maturity, the face value is paid back to the buyer.

• Price: The price P of a bond is the amount that the buyer pays initially for the bond. If the

bond is sold for the face value (i.e. P = F ), then we say that the bond is sold at par. The bond

is sold above par if P > F and below par if P < F .

• The current yield (CY) is defined as (cf. the annual ROI)

CY =
annual coupon payment

price of the bond
× 100%.

• Yield: The yield of a bond is the percentage of profit that the bond makes. There are different

ways of computing yields: The yield to maturity (YTM) is the internal rate of return (IRR) of

the transaction.
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Bond price formula: If an investor wants to invests in a bond, and he wants to get a yield λ, then

the price we should offer for the bond is given by the bond price formula:

P =
F

(1 + λ/m)n
+

C

λ

(

1− 1

(1 + λ/m)n

)

(24)

The price P stands for the PV of the transaction convertible m-thly. Formula (24) can be checked by

computing the present value at rate λ of the coupon payments and final return of the face value. This

present value should equal the price. Note that if the yield is equal to the coupon rate, then

C

λ
=

F × coupon rate

λ
= F.

The bond price formula reduces to P = F , so the bond is sold at par. Conversely, if a bond is sold

at par, then the yield is the same as the coupon rate. It is worth noticing that if an investor sells his

bonds to another investor, then the bond price formula remains valid!

Example: A bond sold on 1/1/2000 to investor A has face value £100, 4 coupon per year and the

maturity date is 1/7/2115. The coupon rate is 8%.

a) How much should A have paid for it to receive a yield of 9%?

b) On 1/7/2005, investor B wants to buy the bond off of A for £88. What will B’s yield be?

c) What is the eventual yield of A when he indeed sells his bond to B?

Solution: a) We work out the variables in the bond price formula. There are m = 4 coupons per

year. The number of coupon to maturity is n = 4 ∗ 151
2

= 62. The face value F = £100 and the annual

coupon payment is C = £100 ∗ 0.08 = £8. At a yield λ = 0.09, the price becomes

P =
£100

1.022562
+

£8

0.09

(

1− 1

1.022562

)

≈ £92,

up to the nearest pound.

b) This time n = 40 because at 1/7/2005 there are only 4 ∗ 10 = 40 coupons left. It is not possible to

make λ the subject in the bond price formula, but after a little trial and error, or approximating by

linear interpolation, we find λ ≈ 9.0%.

c) After the sale, investor A receives £88; this can be considered as a face value of £88. The sale

happened after 4 ∗ 51
2

= 22 coupons, so n = 22, and the annual coupon payment stays the same.

Approximate the yield again by interpolation gives a yield of 8%. Investor A will probably not agree

with the sale.

The current yield (CY) can be expressed in terms of the quantities of the bond price formula:

CY =
C

P
= λ

1− F
P

1
(1+λ/m)n

1− 1
(1+λ/m)n

,

where λ is the YTM. Therefore

CY







> Y TM if sold above par: P > F,
= Y TM if sold at par: P = F,
< Y TM if sold below par: P < F.
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23 Yield Curves

If you own a set of bonds, and you want to sell them at some point in time, you will find that you can

only sell them if the price that you ask implies a yield at least as good as the yield elsewhere in the

market. Investors have many opportunities to invest their money, and if they can get a yield of 8%

elsewhere, they won’t be interested in your bonds, if you offer at a price giving a yield of only 7%. On

the other hand, if you sell too cheaply, then you will find many buyers, but you lose out on the selling

price. This is the reason why the yields of most investments in the market tend to be roughly the same.

Example: You have 100 stocks of a 4-coupon bond of face value £100, and the coupon rate is 6.5%.

You bought the bonds at par, and the maturity is 20 years. Since you bought them at par, the yield

is the same as the coupon rate: 6, 5%. After 5 years, you want to sell the bonds, and at that time, the

average yield of the market is 7.5%. If you try to sell your bonds at £100 each (i.e., the face value), then

the yield for the buyer for the remaining 15 years is still 6, 5%. Conclusion: no buyer will be interested.

a) At what price should you offer the bond if you conform yourself to the market?

b) If you sell the bonds for £85, what is the implied yield, and will you find buyers?

c) If you sell the bonds for £85, what is the yield for yourself over the 5 years that you owned the bond?

Solution: a) Take λ = 7.5% (conform the market), F = £100, C = £100 ∗ 6.5% = £6.50, m = 4 and

n = m ∗ 15 = 60. The bond price formula gives

P =
£100

(1 + 0.75
4

)60
+

£6.50

0.075

(

1− 1

(1 + 0.075
4

)60

)

= £91.04.

b) As in the example of the previous section, you cannot make λ subject of the bond price formula,

which, with remaining 4 ∗ 15 = 60 coupon periods as maturity for this case, reads:

£85 =
£100

(1 + λ
4
)60

+
£6.50

λ

(

1− 1

(1 + λ
4
)60

)

The price-field curve below suggests that λ ≈ 8.25%

c) Now P = 100 (as you bought at par) and F = £80, because the amount of money you receive at

the end of your ownership is £85. Note, however, that the coupon payments are still based on the face

value of £100. You owned the bond for 4 ∗ 5 = 20 coupon periods, so that is the maturity to use in the

formula:

£100 =
£85

(1 + λ
4
)20

+
£6.50

λ

(

1− 1

(1 + λ
4
)20

)

Again, you can only estimate the yield: λ ≈ 5.87%.

The yields in part b) and c) cannot be computed explicitly by hand. You have to rely on numerical

methods (sometimes these are supplied by standard functions in financial spread-sheet packages), but to

gain more insight, you can also consult yield curves. Figure 13 gives the price-yield curve, i.e., the

price as function of the yield, for, in this case, several coupon rates. We make the following observations:
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Figure 13: Price-yield curve for 4-coupon bonds with maturity of 15 years. The curves are for coupon
rates 0%, 6.5% and 13%. The price is given as percentage of the face value.

• Higher coupon rates result in higher prices. This is only logical, because in return for higher

coupon payments, the bond-issuer will require a higher price.

• The yield curves are decreasing, so higher yield means lower price. As the coupon payments and

return of the face value at maturity are all fixed payments, the only way of getting a higher profit

(i.e., yield) is by buying the bond at a lower price.

• At yields = 0%, there is no discounting. The present value of the coupon payments and the

return of the face value at maturity are the same as the actual coupon payments and the face

value themselves. At a coupon rate of c%, this amounts to 100% + (years to maturity)× c%. For

example, at λ = 0% the price of the 6.5% coupon rate bond is 100% + 15 ∗ 6.5% = 197.5% of the

face value.

• At λ = c (yield is coupon rate) the bond is sold at par. We can see that by drawing a horizontal

line at P = 100%. This line intersects that c% curve exactly at λ = c.

To solve problem b), we draw the horizontal line through P = £85 and find the intersection with the

6.5% coupon rate curve at λ = 8.25%.

The next yield curve (Figure 14) highlights the influence of maturity on the price. Again the horizontal

axis indicates the yield, and the price as percentage of the face value is on the vertical axis. The different

curves are for different maturities in years (n coupon periods is n/m years). We observe:

• At λ = 0%, the price is 100% + n
m

c% of the face value, so the longer the maturity, the higher the

price.
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Figure 14: Price-yield curve for 4-coupon bonds with coupon rate 6.5%. The curves are for maturities
of 5, 10 and 15 years.. The price is given as percentage of the face value.

• All curves go through the same point (λ = 6.5% and P = 100%). This is because at λ = c, the

bond is sold at par, regardless the maturity of the bond.

• All curves are decreasing: higher yields indicate lower prices. But the longer the maturity, the

steeper the curve. Therefore the price is more sensitive to changes in yield if the maturity of the

bond is longer. We illustrate this in the below table.

Yield

Time to maturity 5% 8 % 9% 10% 13%

1 year 103.88 100.95 100 99.06 96.30

5 years 117.60 104.09 100 96.10 85.46

15 year 142.03 108.69 100 92.27 73.75

30 year 161.98 111.34 100 90.52 69.89

The coupon rate of this 4-coupon bond is 9%, and the prices are given in percentage of the face value.

As you can see, the impact on the price by a small change in yield is larger if the maturity is larger.

This corresponds to steeper price-yield curves for longer maturity. We come back to this (and quantify

it!) in the next section when we discuss the price sensitivity formula.

Exercise 70 On March 15 2007, you buy a bond with face value F = £100, 6 coupons per annum,

coupon rate 12% and a maturity of 10 years.
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a) You want an YTM of 10%. How much should you offer for the bond?

b) On September 15 2009, you want to sell the bond to a new buyer. This new buyer wants an YTM of

12%. How much should he pay?

c) If you still want an YTM of 10% when you sell, how much should you ask for the bond?

d) If the bond is sold at your price, what is the YTM of the new buyer?

24 The Duration of a Business Project

The duration of a Business Project with cashflows Ak at times tk for k = 1, . . . , n is

D =

∑n
k=1 Akv

tktk
∑n

k=1 Akvtk
. (25)

The denominator is the PV of the transaction. It is a weighted average of the times the cashflows

take place, where the weights are the PVs of the cashflows relative to the total PV. (Note that the

cashflow of the initial investment is omitted!)

The duration can be thought of as the average time in which the investment is paid back.

For a bond, the duration is often called Macaulay’s duration. Call the k-th coupon payment Ck.

D =

F (n/m)
(1+λ/m)n +

∑n
k=1

(k/m)Ck

(1+λ/m)k

F
(1+λ/m)n +

∑n
k=1

Ck

(1+λ/m)k

Take y = λ/m the yield per coupon period and

γ =
coupon rate

m
≡ Ck

F

the coupon rate per period. Working out the geometric series, we obtain Macaulay’s duration

formula:

D =
1 + y

my
− 1 + y + n(γ − y)

mγ[(1 + y)n − 1] + my
(26)

Note that if the bond is sold at par, (i.e., the yield is the coupon rate and therefore γ = y), then the

formula for the duration simplifies to

D =
1 + y

my

(

1− 1

(1 + y)n

)

Figure 15 sketches duration as function of the yield per coupon. Here we can see that duration decreases

as the YTM increases. The reason for this is that for larger yields (and hence smaller discount factors),

the weight of later cashflows is relatively smaller.

Exercise 71 What is the duration of a zero-coupon bond, when the maturity is 15 years?

Exercise 72 Does the duration of a coupon bond tend to ∞ as the maturity tends to infinity? Explain

why (not).
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Figure 15: Macaulay Duration of a 6-coupon bonds with coupon rate 12% and maturities of 5, 10 and
20 years.

Exercise 73 Assume the bond of Exercise 70.

a) What is the duration if the YTM is 10%?

b) What is the duration if the bond was bought at par?

c) What happens to both answers if the coupon rate was 10% instead of 12%?

One application of duration is determining the sensitivity of price to changes of the yield to

maturity. The k-th coupon payment Ck has present value:

PVk =
Ck

(1 + λ/m)k

Take derivative with respect to λ:

dPVk

dλ
=

− k
m

Ck

(1 + λ/m)k+1
= − k/m

1 + λ/m
PVk.

Adding all coupon payments gives the price:

P =
∑

k

PVk.

The duration is as follows (note that k/m is the time in years when the k-th coupon is paid out):

D =

∑

k
k
m

PVk
∑

k PVk

45



Differentiate the price w.r.t. λ:

dP

dλ
=

n∑

k=1

dPVk

dλ

=
n∑

k=1

− k/m

1 + λ/m
PVk

= − 1

1 + λ/m
D · P.

This gives the price sensitivity formula:

dP

dλ
= −DM · P, (27)

where DM := D/(1 + λ/m) is called the modified duration.

Investment Portfolios: Investors don’t put all their eggs in one basket. They usually invest in many

bonds and shares at the same time. This collection of investments is called the investment portfolio.

Just like a single bond, a portfolio of bonds has a duration. Indeed, the portfolio consist of many bonds,

each with their coupon payments and payment times. If you consider this as one big business project,

the duration is computed as in (25).

Proposition 74 Suppose that an investor has bonds B1, . . . , Bn with prices5 P1, . . . , Pn and durations

D1, . . . , Dn. Then the duration of the portfolio is

Dport =
n∑

k=1

Pk

Pport

Dk,

where Pport =
∑n

k=1 Pk is the price of the total portfolio.

Proof. Let Ak,l be the payments of bond Bk, happening at times tk,l. Then all payments Ak,l together

make one big transaction with duration

Dport =

∑

k,l tk,lAk,lv
tk,l

∑

k,l Ak,lvtk,l

Rearranging the sum, we get

Dport =
1

∑

k,l Ak,lvtk,l

∑

k

∑

l

tk,lAk,lv
tk,l

=
1

∑

k,l Ak,lvtk,l

∑

k

Pk

∑

l

tk,lAk,lv
tk,l

Pk

=
∑

k

Pk

Pport
Dk

as asserted. �

5Here we mean that Pk is the total sum invested in bond Bk
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25 Immunisation of Portfolios

Investment portfolios are assembled for a particular purpose. Sometimes this purpose is simply: “max-

imise profit and minimise risk”, but usually the purpose is more specified. For example, an investor has

to pay a large amount of money 10 years from now, and he wants to invest his assets in bonds in the

most secure way as to indeed fulfill the obligation. The bonds that the investor can choose from each

have their own yields and durations, but risk that the investor runs is that yields start to vary (and

decline!) during this 10 year period. For example, unexpectedly high inflation will undermine the yield

of all bonds at the same time. So how can the investor protect himself against this?

One method that the investor could follow is called immunisation; it is based on the fact that

while the yield of the bonds decrease by inflation, the value of the obligation will also decrease! So

although the investor earns less because of inflation, he will have to pay less as well. We explain the

method by an example, which shows the importance of the duration of a portfolio. Note however, that

it is important that all bonds as well as the obligation have the same yield (= interest rate).

Example: Suppose a company has the obligation to pay £500, 000 in 11 years time. To secure this

sum, the company wants to invest in bonds, each with face value £100 and 4 coupons per year. The

yield of all bonds is 8%, and this is also used as interest rate for the obligation. Prices and durations of

the bonds are in the table below6:

Bond Coupon rate Maturity Price Duration
A 10% 10 years 113.68 6.67
B 8% 20 years 100 10.13
C 7% 30 years 88.66 11.81

Figure 16: Hypothetic bonds with their prices and durations

Bonds A and B seem the most profitable because of their high coupon rates, but their durations are

too short (shorter than 11 years, the time when the obligation is due) to make an immunised portfolio.

The company chooses to use bonds A and C instead.

The total investment should match the PV of the obligation, at 8% interest. However, because

the coupon period is a quarter, we will convert interest quarterly. Let us denote this PV by P =

£500, 000 ∗ 1
(1+ 0.08

4
)4∗11
≈ £209, 200. If PA and PC are the investments in bonds A and C, then

PA + PC = P ≈ £209, 200

should hold. Secondly, the duration of the portfolio is chosen to be the time D that the obligation is

due.
DAPA + DCPC

P
= D = 11 years .

The company solves these two equations, obtaining the solution:

PA = £32, 852.87 and PC = £176, 347.03.

6Prices are computed by the price bond formula and durations by Macaulay’s duration formula.
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Given the prices of bond A and C, and rounding to the nearest integer, the company buys 289 shares

of bond A and 1989 shares of bond C. Let us have a look at the effect of this portfolio for the yield 8%

and also for nearby yields, see Figure 17.

yield: 7% 8% 9%

Bond A
price 121.45 113.68 106.55

# shares 289 289 289
invested 35,097.80 32,852.87 30,792.48

Bond C
price 100.00 88.66 79.32

# shares 1989 1989 1989
invested 198,900.00 176,347.03 157,760.72

Obligation
amount 500,000.00 500,000.00 500,000.00

PV 233,053.49 209,200.37 187,838.27

Surplus 944.31 -0.47 714.94

Figure 17: Net profit of the portfolio for various yields

Surprisingly, the surplus increases, irrespective the direction the yield is moving! This is the trick of an

immunised portfolio. The company will be able to fulfill its obligation, as long as the yields don’t move

too much.

Immunisation works only for small fluctuations in the yield, though. As the yield wanders away

further from the initial 8%, the company may want to restructure its portfolio to immunised it anew.

Theorem 75 Suppose that an investor has bonds B1, . . . , Bn with prices P1, . . . , Pn and durations

D1, . . . , Dn. Suppose that this portfolio needs to match an obligation of A, due in D years. Suppose also

that the discount factors of all bonds and the obligation are the same. Then the portfolio is immunised

for the obligation if

P = Pport (28)

D = Dport (29)

where P = AvD is the present value of the obligation.

Note that we can state these equations as P = Pport, DP = DportPport, where Pport and Dport indicate

the price and duration of the entire portfolio.

Proof. Note that (28) and (29) are equivalent to

P = P1 + · · ·+ Pn

DP = D1P1 + · · ·+ DnPn.
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Let v be the discount factor, so v = 1
1+y

, where y is the yield of the bond. This discount factor is the

same for each bond in the portfolio, and also for the obligation.

Let f(v) denote the present value of the entire transaction. The entire portfolio gives coupon

payments of Ak at times tk. (Here we have take all coupon payments of all bonds together!). Therefore

f(v) =
∑

k

Akv
tk − AvD.

The last term is the PV of the obligation.

First of all, the portfolio should have a price high enough to match the obligation, so we want f(v)

to be non-negative. In fact, if f(v) > 0, then he investor invests more money than strictly necessary, so

we require:

f(v) = 0.

As the yield (and hence the discount factor v) varies, the portfolio should still be valuable enough to

match the obligation, So we want that f(w) ≥ 0 for w close to v. In other words, f should have a local

minimum at v, and in particular, the derivative should be zero:

f ′(v) = 0

We compute

f ′(v) =
∑

k

Aktkv
tk−1 −ADvD−1 (30)

=
1

v

(
∑

k

Aktkv
tk −ADvD

)

=
1

v

(

Pport

∑

k Aktkv
tk

Pport
− PD

)

=
1

v
(PportDport −DP ) .

Therefore the assumption

DP = PportDport,

implies that f ′(v) = 0.

Finally, to ensure that f really assumes a minimum (and not a maximum) at v, we check that

f ′′(v) > 0. Differentiating (30) gives

f ′′(v) =
∑

k

Aktk(tk − 1)vtk−2 −AD(D − 1)vD−2.

Multiplying by v2 and adding v ∗ (30) (which equals 0) gives:

v2f ′′(v) =
∑

k

Akt
2
kv

tk − AD2vD.

Now we need a special case of Jensen’s inequality (an advanced corollary of the fact that x 7→ x2 is a

convex function): If αk and βk are numbers such that
∑

k

αk = 1 and
∑

k

αkβk = 1,
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then
∑

k

αkβ
2
k ≥ 1. (31)

and the equality happens if and only if all βk are the same. We apply this to
∑

k Akt
2
kv

tk with

αk =
Akv

tk

P
so
∑

k

αk = 1 by (28)

and

βk =
tk
D

so
∑

k

αkβk = 1 by (29).

Now (31) implies that

0 ≤
∑

k

αkβ
2
k − 1 =

∑

k

Akt
2
kv

tk

PD2
− 1

=
1

PD2

(
∑

k

Akt
2
kv

tk − PD2

)

=
v2

PD2
f ′′(v).

Therefore f ′′(v) ≥ 0. Equality f ′′(v) = 0 only holds if all βk are the same. But this only happens if

all tk are the same. Hence all coupon payments would happen at the same time, which is clearly false.

Therefore f ′′(v) > 0. �
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A Geometric Series

A geometric series is an expression of the form

N∑

k=n

axk = axn + axn+1 + · · ·+ axN−1 + axN .

The trick to compute these expressions is by multiply and dividing by 1− x.

N∑

k=n

axk =
1− x

1− x

N∑

k=n

axk

=
a

1− x

(
xn − xn+1 + xn+1 − xn+2 + xn+2 − · · · − xN + xN − xN+1

)

=
a

1− x
(xn − xN+1).

If x lies between 0 and 1, we can take the limit as N →∞:

∞∑

k=n

axk = lim
N→∞

N∑

k=n

axk = lim
N→∞

a

1− x
(xn − xN+1) = a

xn

1− x
.

Thus we get the useful formulas:

N∑

k=0

axk = a
1− xN+1

1− x
and

∞∑

k=0

axk =
a

1− x
if x ∈ (−1, 1). (32)

Quite often we have x = 1
1+i

for some positive number i (the interest rate). Then x ∈ (0, 1), so

N∑

k=1

1

(1 + i)k
=

1
1+i
− 1

(1+i)N+1

1− 1
1+i

=
1− ( 1

1+i
)N

i
.

Occasionally, more complicated “geometric” series occur of the form
∑N

k=n kxk. This can be solved by

recognising derivatives in the expression:

N∑

k=n

kxk = x

N∑

k=n

kxk−1

= x
N∑

k=n

d

dx
xk

= x
d

dx

N∑

k=n

xk

= x
d

dx

xn − xN+1

1− x
(use the quotient rule)

= x
nxn−1 + (1− n)xn − (N + 1)xN + NxN+1

(1− x)2
.

If x ∈ (−1, 1), then we can take the limit N →∞: 7

∞∑

k=n

kxk = x
nxn−1 + (1− n)xn

(1− x)2
for x ∈ (−1, 1).

7note that in this case we have interchanged a derivative and an infinite sum
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B Random Variables

A random variable is a quantity that takes values with certain probabilities. A good example is the

spots of a die when thrown. Let us call this random variable X (it is customary to denote random

variables by capital letters). Then X can take values 1, 2, 3, 4, 5 and 6, each with probability 1
6

(if the

die is fair). So (see Figure 19 left)

P (X = 1) = P (X = 2) = · · · = P (X = 6) =
1

6
.

More interesting is the number of spots of two dice-throws. Call this random variable Y . Then Y takes

values from 2 up to 12, but now with different probabilities, see Figure 19 (right). Clearly Y = X1 +X2,

where X1 denotes the number of spots of the first die, and X2 the number of spots of the second.

- k

6

1
6

P (X1 = k)

1 2 3 4 5 6

- k

6

6
36

4
36

2
36

P (X1 + X2 = k)

2 3 4 5 6 7 8 9 10 11 12

Figure 18: Discrete random variables: the outcome of rolling one die (left) and two dice (right)

The random variables X and Y are examples of discrete random variables because they take

values in a discrete set (usually a subset of Z). Note that the total probability is always 1:

∑

k

P (X = k) = 1.

The opposite of a discrete random variable is a continuous random variable. This is a random

variable that takes values in a continuum, usually an interval or R. For example, the temperature

X of a cup of tea can take any value between 0◦ and 100◦C. The probability that the cup is exactly

442
7

◦
C is 0. You can only assign positive probabilities to X being between two values, for example

44 < X < 48. A continuous random variable has a probability distribution ρ. The integral of the

probability distribution gives the probability that X takes values in a certain interval.

P (44 < X < 48) =

∫ 48

44

ρ(x) dx.

As before, the total probability is 1, so any probability distribution must satisfy
∫

R

ρ(x) dx = 1.

Examples of probability distribution are the uniform distribution, which is constant on an interval and

0 outside the interval, and the normal (or Gaussian) distribution with its characteristic bell-shape, see

Figure 19.
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Figure 19: Continuous random variables: the uniform distribution on [1, 5] (left) and the normal (or
Gaussian) distribution (right)

The expectation or expected value E(X) is the “average” of a random variable X. If you perform

the experiment described by X many times, and you take the average of all the outcome, then you

expect this average to be close to E(X). A common notation for expectation is also µ. The definition

of E(X) is:

E(X) =

{ ∑

k kP (X = k) if X is discrete,
∫

x ρ(x) dx if X is continuous.
(33)

Lemma 76 For all a, b ∈ R, E(aX + b) = aE(X) + b.

Proof. We do the proof for a discrete random variable X taking values in Z. Then aX + b takes values

in {ak + b : k ∈ Z}, and P (X = k) = P (aX + b = ak + b). Therefore

E(aX + b) =
∑

k

(ak + b)P (aX + b = ak + b)

= a
∑

k

kP (X = k) + b
∑

k

P (X = k)

= aE(X) + b,

because
∑

k P (X = k) = 1. �

A conditional probability is the probability than an event, say A, happens provided another event, B,

also happens. The notation for this is

P (A | B).

For example, let X1 and X2 be the outcomes of two dice-throws. If event A is that the total number of

spots is 8 and event B is: the first throw has no more than 2 spots, then the condition probability

P (A | B) = P (X1 + X2 = 8 | X1 ≤ 2)

= P (X1 + X2 = 8 | X1 = 1) + P (X1 + X2 = 8 | X1 = 2)

= 0 · 1
2

+
1

6
· 1
2

=
1

12
,

because if X1 ≤ 2, then there is a probability 1
2

that X1 = 1 (and in this case you cannot reach 8

anymore in the second throw) and a probability 1
2

that X1 = 2. In general, the conditional probability
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can be computed as

P (A | B) =
P (A and B)

P (B)
. (34)

In the above example, the conditional probability is less than the unconditional probability that X1 +

X2 = 8. This probability if 5
12

. Clearly the fact that B occurs effects the probability of A occurring.

Therefore A and B are not independent.

Definition 77 Two events A and B are independent if

P (A) = P (A | B).

Equivalently, in view of (34), the events A and B are independent if

P (A and B) = P (A)P (B).

Exercise 78 Let X1 and X2 be the outcomes of two dice-throws. Show that X1 + X2 = 7 and X1 ≤ 3

are independent events.

The variance is a measure for the fluctuation of a random variable X around its expected value.

The definition is:

Var(X) =

{ ∑

k(k − E(X))2P (X = k) if X is discrete,
∫

(x− E(X))2ρ(x) dx if X is continuous.
(35)

The variance is often denoted as σ2. The standard deviation σ is the square root of the variance.

A very useful formula is

Var(X) = E(X2)− E(X)2. (36)

Exercise 79 Verify (36). Conclude that Var(αX) = α2Var(X).

Exercise 80 Let X be a random variable uniformly distributed on [a, b]. Compute its distribution ρ

and the expectation and variance.

Proposition 81 If X and Y are random variables (independent or not), then

E(X + Y ) = E(X) + E(Y ).

Proof.

E(X + Y ) =
∑

n

n P (X + Y = n)

=
∑

m

∑

n

m P (X + Y = n) +
∑

m

∑

n

(n−m) P (X + Y = n)

=
∑

m

∑

n

m P (X = m | Y = n−m) +
∑

n

∑

m

(n−m) P (Y = n−m | X = m)

=
∑

m

m P (X = m) +
∑

n

(n−m) P (Y = n−m) = E(X) + E(Y ).

�
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Proposition 82 If X and Y are independent random variables, then

E(XY ) = E(X) E(Y ).

Var(X + Y ) = Var(X) + Var(Y ).

Proof. We do the proof for discrete random variables which take values in Z.

E(XY ) =
∑

k,l

klP (X = k and Y = l)

=
∑

k,l

klP (X = k)P (Y = l) because X and Y are independent

=
∑

k

kP (X = k)
∑

l

lP (Y = l) = E(X) E(Y ).

Now for the variance Var(X + Y ) = E((X + Y )2)− E(X + Y )2, we compute

E((X + Y )2)− E(X + Y )2 = E(X2 + 2XY + Y 2)− E(X)2 − 2E(X)E(Y )− E(Y )2

= E(X2)− E(X)2 + E(2XY )− 2E(X)E(Y ) + E(Y 2)− E(Y )2

= Var(X) + E(2XY )− 2E(X)E(Y ) + Var(Y )

= Var(X) + Var(Y ),

because X and Y are independent. �
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C Formula sheet

Appraisal methods: For a cashflow stream consisting of payments Ak at times tk (at constant interest

rate i):

ROI
total profit

total investment
∗ 100% =

Pn
k=1 Ak

A1
∗ 100% (if A1 is the only investment)

Annual ROI ROI/number of years

Present value PV =
∑n

k=1 Ak

(
1

1+i

)tk .

Future value for time T FV =
∑n

k=1 Ak(1 + i)T−tk = (1 + i)T · PV .

Discount factors: For a constant interest rate i:

(annual) discount factor v = 1
1+i

.

discount factor over time interval [t1, t2] v(t1, t2) = vt2−t1 = ( 1
1+i

)t2−t1 .

(annual) discount rate d = 1− v = i
1+i

.

force of interest δ = ln(1 + i).

For changing rates of interest:

accumulation factor over time interval [t1, t2] A(t1, t2) =
capital at time t2

capital at time t1
.

force of interest at time u δ(u) = limh→0
A(u,u+h)−1

h
.

accumulation factor over time interval [t1, t2] A(t1, t2) = exp(
∫ t2

t1
δ(u) du).

discount factor over time interval [t1, t2] v(t1, t2) = 1
A(t1,t2)

= exp(−
∫ t2

t1
δ(u) du).

Forward rate over time interval [t1, t2] ft1,t2 =
(

(1+st2 )t2

(1+st1 )t1

) 1
t2−t1 − 1.

Annuities: Level annuities at constant interest rate i:

PV in arrears an| =
∑n

k=1 vk = 1−vn

i
.

PV in advance än| =
∑n−1

k=0 vk = 1−vn

1−v
= (1 + i)an| = 1 + an−1|.

FV in arrears sn| =
∑n

k=1(1 + i)n−k = (1+i)n−1
i

= (1 + i)nan|.

FV in advance s̈n| =
∑n−1

k=0(1 + i)n−k = (1 + i)nän| = (1 + i)sn| = sn+1| − 1.

p-thly paid interest rate i(p)
(

1 + i(p)

p

)p

= 1 + i i(p) = p[(1 + i)1/p − 1]

p-thly paid discount rate d(p)
(

1− d(p)

p

)p

= 1− d d(p) = p[1− (1− d)1/p]

p-thly payable level annuities:

PV in arrears a
(p)
n| = i

i(p) an|.

PV in advance ä
(p)
n| = d

d(p) än| (= i
d(p) an|).

FV in arrears s
(p)
n| = i

i(p) sn|.

FV in advance s̈
(p)
n| = d

d(p) s̈n| (= i
d(p) sn|).

Repayment schemes: If a loan of £L is to be repaid by yearly annuities of L
an|

over n years, then the

Outstanding capital after year k is Fk = L
a

n−k|

an|
.

Repayment of capital in year k is Fk−1 − Fk = L
a

n−k+1|−a
n−k|

an|
= Lvn−k+1
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Random variables:

The expectation of a random variable X is E(X) =

{ ∫
x ρ(x) dx if X is continuous,

∑
k · P (X = k) if X is discrete.

The variance is Var(X) = E((X − µ)2) = E(X2)− (E(X))2.

The normal distribution N (0, 1) has distribution ρ(x) = 1√
2π

e−x2/2.

The scaled normal distribution N (µ, σ2) has distribution ρ(x) = 1√
2πσ

e−(x−µ)2/(2σ2).

The Central Limit Theorem: If Xk, k = 1, . . . , n, are independent random variables, all with the

same distribution, expectation µ and variance σ2 ∈ (0,∞), and if Sn =
∑n

k=1 Xk, then

Sn − nµ

σ
√

n
converges in distribution to N (0, 1) as n→∞.

Bonds: The bond price formula is given by

P =
F

(1 + λ
m

)n
+

C

λ

(

1− 1

(1 + λ
m

)n

)

,

where P is price, F is face value, λ is yield to maturity (YTM), C is annual coupon payment, m number

of coupons per year and n number of remaining coupons.

The current yield is CY =
annual coupon payment

bond price
× 100%.

The duration of a transaction with n cashflows Ak at times tk is

D =

∑n
k=1 Akv

tktk
∑n

k=1 Akvtk
.

Macaulay’s duration formula:

D =
1 + y

my
− 1 + y + n(γ − y)

mγ[(1 + y)n − 1] + my
.

Price sensitivity formula

dP

dλ
= −DMP for the modified duration: DM = D/(1 + λ/m).

The duration of a portfolio of bonds with durations Dk and prices Pk has duration

Dport =

∑

k DkPk

Pport

, where Pport =
∑

k

Pk.

The portfolio is immunised against an obligation due at time D with present value P if

P = Pport and D = Dport.
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D Solutions to Exercises

Exercise 1: £945.40 ∗ 1.03−4 = £839.97 and solving n in £250 ∗ 1.03n = 945.4 gives n = 45 years ago.

Exercise 2: We need to compute limp→∞(1 + i
p
)p. By inserting an exp and an ln we get:

lim
p→∞

(1 +
i

p
)p = lim

p→∞
exp ln(1 +

i

p
)p

= lim
p→∞

exp p ln(1 +
i

p
)

= exp lim
p→∞

p ln(1 +
i

p
).

Now replace 1
p

by y, so p→∞ implies y → 0. Then use l’Hôpital’s rule:

exp lim
p→∞

p ln(1 +
i

p
) = exp lim

y→0

1

y
ln(1 + iy)

= exp lim
y→0

i
1+iy

1
= exp(i) = ei.

Finally multiply by P to get limp→∞ P (1 + i
p
)p = Pei.

Exercise 3: a) Multiplying 1+inflation rate over all these years gives ≈ 11.827. So £100 is still worth

£100/11.827 ≈ £8.46 after 40 years.

b) Solving (1 + i)40 = 11.827 by taking logarithms gives: i = exp( ln 11.827
40

)− 1 ≈ 6.37%.

c) Let x1, . . . , xN be positive numbers. There are at least two ways of computing the average of them.

There is the

arithmetic average = aav(x1, . . . , xN) =
1

N
(x1 + · · ·+ xN ),

which is the usual average, and the

geometric average = gav(x1, . . . , xN) = N
√

x1 · · · · · xN .

There is a mathematical theorem saying that

aav(x1, . . . , xN) ≥ gav(x1, . . . , xN )

with equality only if all the xk are the same.

In this question, take xk = 1+inflation rate in year 1965 + k, for k = 1, . . . , 40. Then the average

inflation is aav(x1, . . . , x40)−1 = 6.42%, whereas in the b) we actually computed gav(x1, . . . , x32)−1 =

6.37%. Because the arithmetic average is larger than the geometric average, the “usual” average of 6.42

is larger than the answer 6.37% from b).

Exercise 4: a) In Brazil, inflation is much higher than in Britain, although not as high as it used to

be in the 1990’s. Brazilians used to exchange their salaries into dollars to protect themselves against

inflation.

b) A loan is riskier for a bank. The debtor can run away with the money, or go bankrupt, and the bank
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will lose out on it. With mortgages, there is always the house that the bank can repossess.

Exercise 5: The mortgage with a fixed interest rate carries (initially) the highest interest rate. The

reason is that banks want to protect themselves against the possibility that future inflation will be

higher than expected. The interest rates of mortgages with fluctuating interest rates will then go up.

For mortgages with a fixed rate, this is impossible, so the banks would lose money on them.

Exercise 6: First discounting an amount £X over a year and then compounding it over a year

again should return £C. So £C ∗ discount factor ∗ accumulation factor = £C, and therefore

discount factor = accumulation factor−1.

Exercise 7: The joint FV = (−x)∗ (1+ i)7 +x∗ (1+ i)7 = 0. At a real bank, the interest rate of savings

accounts is lower than the interest rate for loans. So at a real bank Al and Bob together will lose money.

Exercise 8: The discounted value of the £200 for year 2 is £200 ∗ (1/1.04)10 = £135.11. This is more

than £100, so the best choice is to wait 12 year.

Exercise 9: See Figure 20.

year project A project B project C project D

0 -10,000 -10,000 -15,000 -15,000
1 3,000 2,500 4,500 7,000
2 4,000 3,000 6,000 6,000
3 5,000 3,500 7,000 4,500
4 - 3,500 - -

profit 2,000 2,500 2,500 2,500

ROI 20% 25% 16.67% 16.67%

annual ROI 6.67 % 6.25% 5.56% 5.56%

Figure 20: Four hypothetical business projects with their profits, ROIs and annual ROIs.

Exercise 10: 218
31

year ≈ 2 year and 211 days.

Exercise 11: In equation (2), just pull the factor (1 + i)T outside the sum.

Exercise 12: If the compensation is paid in the present, then it should be £512.36, the PV of the

transaction.

Exercise 13: No. Assume that the farmer uses his savings account to deposit any payments that he
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receives. So any (uninvested) money he owns will accumulate 5% interest per annum. Then after 3

years the profit will be exactly the FV of the transaction, i.e. £593.13, which is not enough for the

tomatoes.

Exercise 14: The PV of the sum of cashflows (£1, 300) is £1, 300 ∗ 1.05−3 = 1, 122.99. The cashflows

are not all done at the same time.

Exercise 15: See Table 21. Project B has the best PV and FV, but note that since project B lasts 4

years, the FV is computed for one year later than the other projects.

project A project B project C project D

PV 1,027.82 1,280.82 1,097.23 1,278.59
FV 1,156.15 1,498.37 1,234.24 1,438.24

Figure 21: PVs and FVs of four business projects.

Exercise 16: In addition to the loss in PV due to the delay, the retailer wants compensation for the

fees that credit card companies charge for their services.

Exercise 17: By taking logarithms in the equation £1, 000 = £2, 000/(1+ i)10 we get ln(1+ i) = 1
10

ln 2,

so IRR = exp( 1
10

ln 2)− 1 ≈ 7.177%.

Exercise 18: At v = 0 and for i → ∞, PV = £ − 7, 000, the initial investment. The reason is that

future payments have a very low present value if the interest rate is very high. In the limit, the PV of

any future payment is 0, and only the initial investment remains.

Exercise 20: Consider the Equation of Value in terms of interest rate i. Its graph is a decreasing

function.

1. The IRR decreases, because making A0 smaller, shifts the whole graph downwards.

2. The IRR increases. A larger payback compares to a savings account with a higher interest rate.

3. The IRR decreases. A later payback compares to a savings account where the same amount of

interest is returned to you at a later point in time, so the interest rate is lower.

Exercise 21: For one step of linear interpolation based on v = 1.0 and v = 0.9 you need the slope

of the line s = PV (1)−PV (0.9)
1.0−0.9

and then solve PV (0.9) + εs = 0, so ε = −PV (0.9)/PV (1)−PV (0.9)
1.0−0.9

. The

interpolation value is vINT = 0.9 + ε.

For one step of linear Newton iteration based on v0 = 1.0, you need PV ′(1), i.e., the derivative of

the function PV (v) at v = 1.0. The next approximation is vNEW = 1.0− PV (1)
PV ′(1)

.

60



The IRR can be found as 1
v
− 1. See the below table for the results for projects A to D.

A B C D

PV (1) £2, 000 £2, 500 £2, 500 £2, 500

PV (0.9) £− 415 £− 472 £− 987 £− 560

vINT 0.917 0.919 0.928 0.918

IRRINT 9.0% 8.8% 7.7% 8.9%

PV ′(1) 26, 000 33, 000 37, 500 32, 500

vNEW 0.923 0.924 0.967 0.923

IRRNEW 8.3% 8.1% 3.4% 8.3%

Exercise 22: a)
∫ 1

0
(1.3 + 0.9 sin(2πt))103dt = 1.3 · 103.

b) ρ(t) is largest at t = 1
4
.

c) For sweaters the peak in the sales probably occurs in the Autumn, say around October 1st. Therefore

t = 0 corresponds roughly to July 1st.

Exercise 23: Since every deposit is the same, the rate of payment can be taken to be constant. As
∫ 1

0
ρ dt = 365 ∗£560, we get ρ = 204, 400£/year.

Exercise 24: You need to solve for t in 0 = −I +
∫ t

0
ρ du = −£75, 000 + (t− 0) ∗ 204, 400£/year. This

gives t = 75, 000£/(204, 400£/year) ≈ 0.37 year ≈ 114 days.

Exercise 25: PV =
∫ 1

0
2, 000(1 + i)−tdt = 2,000

− ln 1+i
[(1 + i)−t]10 = £1, 970.73 and FV = (1 + i) · PV =

£2, 029.85.

Exercise 26: Note that appropriate model has mixed continuous-discrete time. The daily payments

are modelled by continuous time rate of payment of ρ = 204, 400£/year, but the single investment

of I = £ − 75, 000 is a discrete time cashflow. PV = Iv1/4 +
∫ 1

0
ρvtdt = Iv1/4 + ρ

∫ 1

0
et ln vdt =

Iv1/4 + ρ
ln v

[vt]10 = £− 74, 447.82 + 201, 408.64 = £126, 960.82.

Exercise 27:

δ = lim
p→∞

i(p) = lim
p→∞

p((1 + i)1/p − 1) replace 1/p = q,

= lim
q→0

(1 + i)q − 1

q
use l’Hôpital’s rule

= lim
q→0

(1 + i)q ln(1 + i)

1
= ln(1 + i).
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Exercise 28:

lim
p→∞

d(p) = lim
p→∞

p(1− (1− d)1/p) replace 1/p = q,

= lim
q→0

1− (1− d)q

q
use l’Hôpital’s rule

= lim
q→0

−(1− d)q ln(1− d)

1

= − ln(1− d) = ln
1

1− d
= ln

1

v
= ln(1 + i).

which is precisely the value for δ from Exercise 27. This tells us that interest compounded continuously

(i.e., in the limit p → ∞) give the same force of interest, regardless whether the interest is paid in

advance or in arrears.

Exercise 53: a) The earlier the payment, the larger the present value, because the discount factor

v([0, t]) is larger if the time interval [0, t] is smaller. The d refers to payments in advance, so d > i and

d(p) > i(p). If you compare i with i(p) with i, i(p) is based of some payment happening before the end of

the year (= the time when interest i is paid), so i(p) > i. The same argument shows that d < d(p).

b) If p < q, then i(q) refers to earlier payments than i(p). The easiest example to see this is when q = 2p.

Then every payment of i(p)/p at the end of a time interval [k
p
, k+1

p
] is replaced by two payments of each

i(q)/q at times
k+ 1

2

p
and k+1

p
. Earlier payment means higher PV, so i(p) is increasing in p. By the same

argument, d(p) can be shown to be decreasing in p. c) δ = limp→∞ i(p) = limp→∞ d(p). As i(p) is in and

d(p) is increasing, δ must be between i(p) and d(p) for each p.

Exercise 29: a) Let h = 1
p
. By (11) applied p times,

1 + i = A(0, 1) = A(0,
1

p
) · A(

1

p
,
2

p
) · · ·A(

p− 1

p
, 1)

= (1 +
1

p
ih(0)) · (1 +

1

p
ih(

1

p
)) · · · (1 +

1

p
ih(

p− 1

p
)).

Because i is constant over time, we obtain 1 + i = (1 + 1
p
ih)

p. This is precisely the formula that i(p)

satisfies, so ih = i(p).

b) limh→0 ih(t) = limp→∞ i(p) = ln(1 + i) as in Exercise 27.

Exercise 31: a) v(0, 2) = exp(−
∫ 2

0
δ(u) du) = e−0.064 ≈ 0.938, so PV = £300 ∗ v(0, 2) ≈ £281.40.

b) A(2, 4) = exp(
∫ 4

2
δ(u) du) = e0.072 ≈ 1.075, so PV = £300 ∗ A(2, 4) ≈ £322.40.

c) PV =
∫ 2

0
ρ(u) exp(−

∫ u

0
δ(s) ds) du.

Exercise 32: a) £350 ∗ (1 + s1)
8 = £350 ∗ 1.028 = £410.08.

b) £350 ∗ (1 + s4)
4 ∗ (1 + s4)

4 = £350 ∗ 1.0354 ∗ 1.0354 = £460.88.

c) The best is first investing for 5 years and then for another 3 years. In this case you get £350 ∗ (1 +

s5)
5 ∗ (1 + s3)

3 = £350 ∗ 1.045 ∗ 1.033 = £465.31.
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Exercise 33: a) By formula (12), f4,7 = ((1 + s7)
7 ∗ (1 + s4)

−4)
1/3−1 = (1.0517∗1.042−4)1/3−1 ≈ 6.31%.

b) If f4,7 = 6.5%, then this rate is higher than expected. Exploit it by borrowing £X for 7 years @s7

and lending the same amount for 4 years @s4. At the same time, agree to lend the money you receive

after 4 years for another 3 years @f4,7. When this money is paid back to you in year 7, you can pay the

money you borrowed. The profit you make is

£X
(
(1 + s4)

4(1 + f4,7)
3 − (1 + s7)

7
)
≈ £0.00753 ∗X

Exercise 34: The forward rate ft0,t0+t replaces spot rate st, which could be obtained if you agreed in the

present on depositing the money in year t0. But because spot rates are increasing in t, (1 + st0+t)
t0+t >

(1 + st0)
t0 ∗ (1 + st)

t. To compensate for this loss, ft0,t0+t must be larger than st.

Exercise 35: Let Tooc(n) be the total payment over the n if paying interest over the outstanding capital

and Tann(n) the same if paying by annuities. Then Tooc(n) = L+
∑n

k=1
L
n
(n−k+1)i = L(1+ n+1

2
i), and

Tann(n) = Ln/
1−( 1

1+i
)n

i
= Ln i

1−vn for annual discount factor v = 1
1+i

. For n = 1, Tann(n) = Tooc(n), but

Tann(n) > Tooc(n) for all n ≥ 2. In the limit n→∞ the average annual payment, limn→∞ Tooc(n)/n = L i
2

and limn→∞ Tann(n)/n = Li, so in the long run, you pay twice as much if you pay by annuities. If you

want to interprete this limit as: not repay the loan, but only interest, then your annual payment should

be Li. In this sense “annuities” seems the correct way of modeling this limit event.

Exercise 36: a) At 6%, the PV of the annuities is exactly £50, 000, because that is the basis of annuity

computations. For the “interest on outstanding capital”, the capital in year k is £50, 000−(k−1)5, 000,

and the total payment in year k is £5, 000 + 0.06 ∗ (50, 000 − (k − 1)5, 000) = £8, 300 − 300k. The

present value is

PV = £
10∑

k=1

(8, 300vk − 300kvk) = £ 8, 300
10∑

k=1

vk − 300
10∑

k=1

kvk

for v = 1.06−1. The first sum equals 1−v10

i
. For the last sum, you can use the formulas from Appendix A:

PV = £8, 300
1− v10

i
− 300

1 + i− 11v9 + 10v10

i2
= £50, 000.

So the PV of both transactions are exactly the same. This was to be expected, because an interest rate

of 6% was paid every year in both transactions.

b) Remark: The effective interest here indicates a comparison between payments and buying power of

the money at the moment of payment. But ussually loans are repaid in money, not in natura.

At 2.91% effective interest, the PV for annuities is

PVann = £6, 793.40 ∗ 1− v10

i
@ 2.91% ≈ £58, 260

For “interest on outstanding capital” we use the formula from part a) to get

PVooc = £8, 300
1− v10

i
− 300

1 + i− 11v9 + 10v10

i2
@ 2.91% ≈ £57, 563
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So paying “interest on outstanding capital” has the lower PV which is better for the customer.

Exercise 38: a) a20| at 6% is 1−1.06−20

0.06
≈ 11.4699, so the annual instalment is £70, 000/a20| = £6, 102.93.

b) This time the present value of the instalments is £5, 000a20| ≈ £57, 349.50.

c) You have to solve £70, 000 = £5, 000an| for n. This reduces to 14 = an| = 1−1.06−n

0.06
, or 0.16 = 1.06−n.

Taking logarithms on both sides, you get n = − ln 0.16
ln 1.06

≈ 31.45, so the borrower will pay instalments for

32 years (although the last instalment is less than £5, 000).

Exercise 39: See Table 22. The first line is the annualised cost (per year), and the second year is the

total cash inflow minus the total annuities over the length of the project. Project B is most profitable

according to this measure.

project A project B project C project D

annualised costs 3,603.49 2,754.90 5,405.23 5,405.23
surplus cash inflows 1,189.53 1,480.40 1,215.68 1,215.68

Figure 22: Annualised costs of four business projects.

Exercise 41: ä20| at 6% is 1−1.06−20

1−0.06−1 ≈ 12.158094, so the annual instalment is £70, 000/ä20| = £5, 757.48.

Based on instalments of £5, 000, the borrower can borrow £5, 000ä20| ≈ £60, 794.52. For the last

item, you need to solve £70, 000 = £5, 000än| for n. This reduces to 14 = än| = 1−1.06−n

1−0.06−1 , or

n = − ln 0.20755
ln 1.06

≈ 26.98, so the borrower will pay instalments for 27 years.

Exercise 42: For the first equality, observe that n instalments in advance are the same as n − 1 in-

stalments in arrears plus a single instalment at the present. For the second equality, observe that an

instalment 1 + i in arrears has the same PV as an instalment 1 in advance compounded to the end of

the year. This compounded factor is 1 + i.

Exercise 45: For the first equality, observe that n instalments in advance plus a single instalment in

year n + 1 have the same FV (at the end of year n + 1) as n + 1 instalments in arrears.

For the second formula, observe that an instalment of £1 in advance has the same FV as an instal-

ment of £1 compounded over one year (i.e., multiplied by accumulation factor 1 + i).

Exercise 46: The future values can be obtained from the present value by compounding interest for n

years, i.e., multiplying by (1 + i)n.

Exercise 47: Let A be the value of each pension cheque. The beginning of year 65 is the future

date for the pension contributions, but the present date for the pension cheques. So we need to solve

£4, 000 s̈35| = £A ä15|. This gives A = 5, 000
s̈35|

ä15|
@ i = 3% ≈ 20, 258.73.

Exercise 48: £500 a∞| @ 31
2
% = £500/0.035 ≈ £14, 285.71.
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Exercise 49: a∞| → ∞ and a∞| → ∞ as i → 0. The reason is that at interest rate i = 0%, future

payments have the same present value as there actual value when paid. Since there are infinitely many

payments, their PV is infinite.

Exercise 50: The sn| and s̈n| refer to future value, but future values at a time that is infinitely remote

are useless. The limits limn→∞ sn| and limn→∞ s̈n| would be infinite anyway (for i ≥ 0).

Exercise 51: Solving 1
2
L = Fk = L

a
n−k|

an|
for k gives 1−vk

i
= 21−vn−k

i
, so v−k = 1

2
(1 + v−n) ≈ 9.71.

Therefore k ≈ ln 9.71
− ln v

≈ 39 years.

Exercise 52: i(p) = 12(1+0.05)1/12−1) ≈ 0.0489 and d(p) = 12(1−(1−d)1/12) = 12(1−v1/12) ≈ 0.0487.

Exercise 55: a
(p)
∞| = limn→∞ a

(p)
n| = limn→∞

i
i(p) an| = i

i(p)
1
i

= 1
i(p) .

Exercise 57: ä
(p)
∞| = limn→∞ ä

(p)
n| = limn→∞

i
d(p) än| = i

d(p)
1
d

= 1
d(p) . Because the difference in payments

between Exercise 55 and Exercise 57 is a single payment of 1
p

in the present, ä
(p)
∞| = 1

p
+ a

(p)
∞|.

Exercise 58: a) s
(p)
n| = (1 + i)na

(p)
n| = (1 + i)n i

i(p) an| = i
i(p) sn|.

b) s̈
(p)
n| = (1 + i)nä

(p)
n| = (1 + i)n d

d(p) än| = d
d(p) s̈n| and also = (1 + i)n i

d(p) an| = i
d(p) sn|.

Exercise 59: As always for constant interest, FV = (1 + i)nPV , so here s0| = (1 + i)n 1−vn

ln 1+i
= (1+i)n−1

ln 1+i
.

We can of course also compute the integral
∫ n

0
(1 + i)n−t dt =

∫ n

0
e(n−t) ln(1+i) dt = [ −1

ln 1+i
e(n−t) ln(1+i)]n0 =

−1
ln 1+i

(1− en ln 1+i) = (1+i)n−1
ln 1+i

.

Exercise 60: From Exercise 27 we have limp→∞ i(p) = limp→∞ d(p) = ln(1 + i). Therefore limp→∞ a
(p)
n| =

limp→∞
1−vn

i(p) = 1−vn

ln 1+i
= an|, and limp→∞ ä

(p)
n| = limp→∞

1−vn

d(p) = 1−vn

ln 1+i
= an|.

Exercise 61: a) £10, 000 = Y s5| @ 8% gives Y = £1, 704.56. Therefore L = Y a30| @ 8% ≈
£119, 189.62.

b) The two-yearly instalment is Y ′ = Y s2| @ 8% ≈ £3, 545.48.

Exercise 62: See Table 23. The expected FV is less than the FV based on E(i). However, this does not

hold for all business projects. In any case, the formula E(FV ) = E(PV ) ∗ (1 + E(i))3 does not hold.

Exercise 64: Because ρ(x) = 1√
2π

e−x2/2 is a probability distribution,

∫ ∞

−∞

1√
2π

e−x2/2 dx = 1,

although you cannot find an antiderivative of 1√
2π

e−x2/2.

The expectation is

E(X) =

∫ ∞

−∞
x

1√
2π

e−x2/2 dx = 0,
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year cashflow FV at 4% FV at 5% FV at 6% expected value

0 -7,000 -7,874.05 -8,103.38 -8,337.11 -8,104.85
1 3,000 3,244.80 3,307.50 3,370.80 3,307.70
2 3,000 3,120.00 3,150.00 3,180.00 3,150.00
3 3,000 3,000.00 3,000.00 3,000.00 3,000.00

total 2,000 1,490.75 1,354.12 1,213.69 1,352.85

Figure 23: Expected FVs of a business project.

because you integrate an odd function over a symmetric interval (−∞,∞).

The second moment can be computed using integration by parts:

E(X2) =

∫ ∞

∞
x2 1√

2π
e−x2/2 dx

= [x
−1√
2π

e−x2/2]∞−∞ +

∫ ∞

−∞

1√
2π

e−x2/2 dx

= 0 + 1 = 1.

Therefore Var(X) = E(X2)− E(X)2 = 1− 02 = 1.

Exercise 66: a) E(i) = 5% = 0.05, Var(i) = 2
3
∗ (0.01)2, standard deviation σ =

√
2
3
∗ 0.01.

b) E(i) = 5% = 0.05, Var(i) = 1
12
∗ (0.02)2, σ =

√
1
12
∗ 0.02.

c) E(t) ≈ 4.876 · 10−2, Var(t) ≈ 6.0476 · 10−5, σ ≈ 7.78 · 10−3. E(t) is slightly less than ln(1 + E(i)) ≈
4.879 · 10−2.

Exercise 68: a) ρY (y) = 1√
2πσ

1
y
e−(ln(y)−µ)2/2σ2

.

b) E(Y ) = eµ+ 1
2
σ2

.

Exercise 69: The second moment of Y is (using substitution t = ln y, dt = 1
y

dy)

E(Y 2) =

∫ ∞

0

y2 1√
2π

1

y
e−(ln y)2/2 dy

=

∫ ∞

−∞

1√
2π

e2t e−t2/2 dt =

∫ ∞

−∞

1√
2π

e−(t−2)2/2 e2 dt = e2.

Therefore V ar(Y ) = E(Y 2)− E(Y )2 = e2 −√e
2

= e2 − e.

Exercise 71: Since duration is a weighted average of times that investment is paid back, and the zero-

coupon bond has only one payback, the duration is equal to the maturity, i.e., D = 10 years.

Exercise 72: As the maturity increases, the duration tends to a fixed value, called the consol duration.

A consol is a bond without maturity, but with coupons paid indefinitely. This is comparable to

perpetuities.
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From Macaulay’s duration formula, we can see that the consol duration is 1+y
my

, because the second

term − 1+y+n(γ−y)
mγ[(1+y)n−1]+my

→ 0 as n→∞.

Exercise 73: a)

b)

c)

Exercise 78:

Var(X) =
∑

k

(k − E(X))2P (X = k)

=
∑

k

k2P (X = k)− 2E(X)
∑

k

kP (X = k) + E(X))2
∑

k

P (X = k)

= E(X2)− 2E(X)2 + E(X)2 = E(X2)− E(X)2.

Therefore

Var(αX) = E((αX)2)− E(αX)2 = α2
E(X2)− α2

E(X)2 = α2Var(X).

Exercise 79:

P (X1 + X2 = 7 and X1 ≤ 3) =

3∑

k=1

P (X1 + X2 = 7 and X1 = k)

=

3∑

k=1

P (X2 = k − 7 and X1 = k)

=

3∑

k=1

1

6
· 16 =

1

12

On the other hand, P (X2 ≤ 3) = 1
2

and P (X1 + X2 = 7) = 1
6
, so P (X2 ≤ 3) = 1

2
· P (X1 + X2 = 7) = 1

12

as well.

Exercise 80: The distribution is ρ(x) = 1
b−a

if x ∈ [a, b] and ρ(x) = 0 otherwise.

E(X) =

∫ b

a

x

b− a
dx =

a + b

2
,

as you would expect.

E(X2) =

∫ b

a

x2

b− a
dx =

b3 − a3

3(b− a)
=

b2 + ab + a2

3
.

Var(X) = E(X2)− E(X)2 =
b2 + ab + a2

3
− b2 + 2ab + a2

4
=

(b− a)2

12
.
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