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Abstract

The role of criticality manifolds is explored both for the classification of all uniform flows and
for the bifurcation of solitary waves, in the context of two fluid layers of differing density with
an upper free surface. While the weakly nonlinear bifurcation of solitary waves in this context
is well known, it is shown herein that the critical nonlinear behaviour of the bifurcating solitary
waves and generalized solitary waves is determined by the geometry of the criticality manifolds.
By parametrizing all uniform flows, new physical results are obtained on the implication of a
velocity difference between the two layers on the bifurcating solitary waves.

1 Introduction

The inviscid flow of two layers of homogeneous fluid of differing density with a free surface above
the second layer is a useful simplified model for stratified flow in the atmosphere and ocean.
Criticality of the uniform flows provides an organizing center for the bifurcation of internal fronts
and solitary waves (see recent reviews of Grimshaw [14] and Helfrich & Melville [15] and
references therein). In this paper the theory of criticality manifolds is applied to the two layer
system with an upper free surface.

Our main results are (a) the four-parameter family of uniform flows can be parametrized by
the criticality surfaces in the 5-dimensional space associated with the total momentum flux and
the two mass fluxes and two Bernoulli energies, highlighting the criticality submanifolds. (b)
The nonlinear coefficient needed for the bifurcation of solitary waves is determined by second
derivatives of the criticality mapping. (c) Previous results on bifurcating solitary waves are
extended to the case where there is a velocity difference between the lower and upper layer.

Before proceeding further it will be useful to define exactly what we mean by “criticality man-
ifolds”. Effectively this is a new interpretation of information that is fundamental in hydraulics.
The shallow water equations for two layers with a free surface take the following familiar form
(cf. §3.3 of Baines [3])

∂
∂t

(ρ1h1) + ∂
∂x

(ρ1h1u1) = 0,

∂
∂t

(ρ2h2) + ∂
∂x

(ρ2h2u2) = 0,

∂
∂t

(ρ1u1) + ∂
∂x

(
1
2ρ1u

2
1 + ρ1gh1 + ρ2gh2

)
= 0,

∂
∂t

(ρ2u2) + ∂
∂x

(
1
2ρ2u

2
2 + ρ2gh1 + ρ2gh2

)
= 0 .

(1.1)
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In these equations u1(x, t) and u2(x, t) are the depth-averaged horizontal velocities, h1(x, t) and
h2(x, t) are the layer depths, g is the gravitational constant and ρ1 and ρ2 are the fluid density
in each layer, with 1 associated with the lower layer and 2 associated with the upper layer. It is
shown by Barros [4] that these equations can be written in the illuminating form

ct + (M∇E(c))x = 0 ,

by taking c = (h1, h2, u1, u2),

M =





0 0 1
ρ1

0

0 0 0 1
ρ2

1
ρ1

0 0 0

0 1
ρ2

0 0 ,





and
E(c) = 1

2 ρ1h1u
2
1 + 1

2 ρ2h2u
2
2 + 1

2 ρ1gh
2
1 + ρ2gh1h2 + 1

2 ρ2gh
2
2 . (1.2)

The function E(c) corresponds to the energy of the system.
Steady flows – which in this case are uniform flows – satisfy these equations with the time-

derivative terms dropped. Uniform flows therefore correspond to constant values of (R1, R2, Q1, Q2)
with

R1 := ∂E
∂h1

= 1
2ρ1u

2
1 + ρ1gh1 + ρ2gh2

R2 := ∂E
∂h2

= 1
2ρ2u

2
2 + ρ2gh1 + ρ2gh2

Q1 := ∂E
∂u1

= ρ1h1u1

Q2 ; = ∂E
∂u2

= ρ2h2u2 .

(1.3)

These expressions are just the Bernoulli energy (R1 and R2 ) and mass flux (Q1 and Q2 ) in each
layer. With P = (R1, R2, Q1, Q2), (1.3) is the mapping P : R

4 → R
4 . It is remarkable how much

information this simple mapping contains.
First, the mapping P(c) parametrizes all uniform flows. This parametrization is explored in

§2. Secondly a uniform flow is critical if det[DP(c)] = 0 where

DP(c) :=





∂R1

∂h1

∂R1

∂h2

∂R1

∂u1

∂R1

∂u2

∂R2

∂h1

∂R2

∂h2

∂R2

∂u1

∂R2

∂u2

∂Q1

∂h1

∂Q1

∂h2

∂Q1

∂u1

∂Q1

∂u2

∂Q2

∂h1

∂Q2

∂h2

∂Q2

∂u1

∂Q2

∂u2




.

Indeed, a straightforward calculation shows that

det(DP(c)) = ρ2
1ρ

2
2

[
u2

1u
2
2 − gh2u

2
1 − gh1u

2
2 + (1 − r)g2h1h2

]
,

= ρ2
1ρ

2
2(1 − r)gh1gh2

[
1 − F 2

1 − F 2
2 + (1 − r)F 2

1 F
2
2

]
,

(1.4)

where

F 2
j =

u2
j

g(1 − r)hj
, r =

ρ2

ρ1
.

Setting det(DP(c)) = 0 recovers the familiar condition for criticality of two-layer flow with a free
surface (cf. Armi [1], Baines [3] and references therein). However, there is a great deal more
information available here. Criticality det(DP(c)) = 0 defines a three-dimensional hypersurface
in the four-dimensional c−space. The geometry of this hypersurface is explored in §3. The fact
that DP(c) is singular assures the existence of an eigenvector n ∈ R

4 satisfying

DP(c)n = 0 .
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This eigenvector provides geometric information about the criticality surface. The third observa-
tion is that the second derivative of P in the direction n gives information about solitary waves
and generalized solitary waves. The precise form of the second derivative is

d2

ds2

(
n
T
P(c + sn)

) ∣∣∣∣
s=0

= C(c)
(
m2ℓ2r2 +mℓ(3m− 3ℓ− 1)r + (m− ℓ)3

)
, (1.5)

where c satisfies (1.4), C(c) is a nonzero function and

m :=
h2

h1
, ℓ :=

u2
2

u2
1

. (1.6)

The remarkable feature of the right-hand side of (1.5) is that it is the critical coefficient needed
for the bifurcation of solitary waves. When ℓ = 1 this expression reduces to a multiple of α−

in equation (3.8) of Kakutani & Yamasaki [16] and a multiple of Λ in equation (3.5) in Dias

& Il’ichev [12] (see also Peters & Stoker [19] – who first pointed out the existence of this
singularity – and Walker [21]). The precise relation between the right-hand side of (1.5) and
the results in [16] and [12] is discussed in §4.1 and §4.2. By allowing the ratio of the velocities ℓ
to vary, new properties of the zero set of the right hand side of (1.5) appear.

The bifurcation of solitary waves and generalized solitary waves for this fluid configuration is
well known, even to finite amplitude (cf. Dias & Il’ichev [12], Dias & Michallet [18], Barros

& Gavrilyuk [5] and references therein). Our new observations about bifurcating solitary waves
are twofold: to show the role of the mapping P(c) in the bifurcation of solitary waves, and to
extend the range of parameter space by including a velocity difference between the two layers.

Our starting point for the weakly nonlinear bifurcation of solitary waves and generalized
solitary waves is the normal form of Dias & Il’ichev [12]. They show that the leading order
normal form for bifurcating solitary waves near the slow critical curve (this curve is defined in
Figure 7) takes the form

− dv
dx

= I1 − 1
2κu

2 + ν |A|2 + · · ·
du
dx

= s1v + · · ·
dA
dx

= iωA+ iν uA+ · · ·
(1.7)

where u, v are real-valued functions, A(x) is a complex-valued function, i is the imaginary unit,
s1 = ±1 and κ , ν , ω and I1 are real parameters. This normal form is given in equation (3.15)
of [12]. It has been adjusted in this case to reflect the Hamiltonian structure. The properties of
this normal form are discussed in §6.1. The coefficient κ is called Λ in [12], and it is the critical
coefficient associated with bifurcation of solitary waves. One of our principal observations is the
connection between κ and the mapping P(c),

κ = a3
1
d2

ds2

(
n
T
P(c + sn)

) ∣∣∣∣
s=0

, (1.8)

where a1 is just a positive scale factor. This observation is a special case of the theory of normal
forms for degenerate relative equilibria [8, 9, 10, 7], and is discussed in §6.1.

The solitary waves predicted by the normal form (1.7) are generalized solitary waves; that is,
they do not in general decay to zero as x → ±∞ . Their tails can be exponentially small. This
issue has been well-studied in the literature (see Lombardi [17] and Dias & Il’ichev [12] and
references therein) and will not be considered here. Here, only the geometric properties of the
leading order normal form are discussed.
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Figure 1: Slice with constant R > 0 of the surface of uniform flows in the (R,Q, S) space.

2 Uniform flows in (Q1, Q2, S) space

In this section it is shown how the mapping (1.3) parametrizes uniform flows. To see the basic
strategy, first consider the case of one fluid layer. For one layer, (1.3) reduces to

R = gh+ 1
2 u

2 , Q = hu , (2.1)

where g > 0 is the gravitational constant. Accompanying these two functions is the momentum
flux

S = hu2 + 1
2 gh

2 .

For given values of R and Q , uniform flows correspond to solutions of (2.1) when the mapping
from (R,Q) to (h, u) is uniquely invertible. The singular points can be included by lifting the
family of uniform flows into the three dimensional (R,Q, S) space by including the momentum
flux. Uniform flows in this 3D space lie on a swallowtail, and a cut through the swallowtail for
R > 0 is shown in Figure 1. The two cusp points on the surface correspond to critical flow. This
approach to the plotting of uniform flows in the SQR space is due to Sewell & Porter [20].

This figure shows that one can not choose uniform flows arbitrarily. Every possible uniform
flow, for each fixed R > 0, lies on a single curve in (S,Q) space, and there are exactly two points
(the cusps) where the uniform flow is critical and they correspond to F = ±1 where R is the
usual Froude number.

This approach to parametrization of uniform flows is now generalized to two-layer flow with
a free surface. Accompanying the functions (R1, R2, Q1, Q2) is the momentum flux

S = 〈c,∇E(c)〉 − E(c)

= h1R1 + h2R2 + u1Q1 + u2Q2 − E

= ρ1h1u
2
1 + ρ2h2u

2
2 + 1

2ρ1gh
2
1 + ρ2gh1h2 + 1

2ρ2gh
2
2 ,

(2.2)

which is obtained from the shallow-water equations (1.1) by noting that

∂I

∂t
+
∂S

∂x
= 0 ,

with
I = 1

2 〈M
−1

c, c〉 = ρ1h1u1 + ρ2h2u2 .

See Barros [4] for further discussion of the conservation laws for two-layer flow with a free
surface.
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R  = R
2

R  = r R2

R 2

R1

Case 3

Case 2

Case 1 1

1

Figure 2: Regions corresponding to Cases 1,2 and 3 in the Bernoulli energy space.

The functions in (1.3) and (2.2) can be viewed as a mapping from R
4 = {(h1, h2, u1, u2) : h1 >

0 , h2 > 0} to R
5 = {S,Q1, Q2, R1, R2} . This surface is a generalization of the swallowtail in the

case of a single layer fluid shown in Figure 1.
Taking R1 and R2 fixed, h1 and h2 can be expressed as functions of r , R1 , R2 and the

velocities
h1 = 1

ρ1g(1−r)

(
R1 −R2 − 1

2ρ1u
2
1 + 1

2ρ2u
2
2

)

h2 = 1
ρ1gr(1−r)

(
−rR1 +R2 + 1

2ρ2u
2
1 − 1

2ρ2u
2
2

) (2.3)

The regions of feasible uniform flows in the velocity space (u2
1, u

2
2) are determined by the physical

requirement that h1 > 0 and h2 > 0. These conditions provide lines which border the region of
feasible uniform flows

2
ρ1

(R1 −R2) ≥ u2
1 − ru2

2

2
ρ2

(R2 − rR1) ≥ −u2
1 + u2

2 .
(2.4)

Fortunately the intersection of these two sets is finite. In fact setting h1 = h2 = 0 shows that
there is a strict upper bound on admissible velocity fields

u2
1 ≤ 2

ρ1
R1 , u2

2 ≤ 2

ρ2
R2 .

This bound is to be contrasted with the case of two layers with a rigid lid [10] where the field of
admissable velocities is infinite – even when R1 and R2 are finite.

There are three cases depending on the values of R1 and R2 :

Case 1: R2 > R1 , Case 2: rR1 < R2 < R1 , Case 3: R2 < rR1 .

These three cases divide the positive quadrant of the Bernoulli energy space (R1, R2) into three
regions as shown in Figure 2.

For each subregion in the Bernoulli energy space, the feasible regions in velocity space need
to be determined and they are shown in Figure 3. In Case 1 the upper layer is dominant; in Case
3 the lower layer is dominant and in Case 2 the two layers are in balance. Case 2 is the most
interesting as there are two regions of critical flow (see Figure 7 below).
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Case 1 Case 2 Case 3

u
2

2

u
1

2

Figure 3: Schematic of feasible regions of uniform flows in velocity space. The shaded regions
consist of admissible velocity fields for uniform flow. Equations for the upper and lower boundaries
are given in (2.4).

Substituting the expressions for h1 and h2 into Q1 , Q2 and S with fixed r , R1 and R2

results in a parameterized hypersurface in the three-dimensional (Q1, Q2, S) space,

Q1(u1, u2) = ρ1
2g(1−r)u1

(
2R1

ρ1
− 2R2

ρ1
− u2

1 + ru2
2

)

Q2(u1, u2) = ρ2
2g(1−r)u2

(
−2R1

ρ1
+ 2R2

ρ2
+ u2

1 − u2
2

)

with a similar expression for S(u1, u2) obtained by substituting (2.3) into S in (2.2). By letting
(u1, u2) vary over the feasible region, curves in the (Q1, Q2, S) space are generated and examples
of the three cases are shown in Figures 4-6.

In these figures the curves of critical uniform flows are colored in red. These figures are best
viewed interactively in Maple where they can be rotated and enlarged, and copies of the Maple

codes which generated these figures are available for downloading1.

2.1 Criticality hyperbolae in velocity and Froude number space

In Figures 4-6 the subsets of uniform flows corresponding to critical flow are colored in red.
In black and white, the lines of criticality are the thicker lines in the interior of the triangular
regions. These are the subsets which satisfy the criticality condition (1.4). The criticality curves
in (Q1, Q2, S) space are the image of the criticality curves in the velocity space. The criticality
curves in velocity space are determined as follows. Substitute (2.3) into the criticality condition
(1.4). This gives a conic section in u2

1 and u2
2 which turns out to be hyperbolae in all three cases

(see §3.4.2 of [13]). The intersection of these hyperbolae with the admissable regions in velocity
space are shown in Figures 4(b), 5(b) and 6(b). The most interesting case is Case 2 where both
branches of the hyperbola appear.

Another way to view the fast and slow critical curves is in the Froude number plane. The
criticality condition (1.4) can be expressed in the form

[(1 − r)F 2
1 − 1][(1 − r)F 2

2 − 1] = r , (2.5)

from which the following parameterization is immediate,

F 2
1 =

1 ±√
re+ϕ

1 − r
and F 2

2 =
1 ±√

re−ϕ

1 − r
,

1http://personal.maths.surrey.ac.uk/st/T.Bridges/TWO-LAYER/
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(a) The surface of uniform flows associated with Case 1.

(b) The criticality hyperbola in velocity space
superimposed on the region of uniform flows.

Figure 4: Surface of uniform flows and criticality curves corresponding to Case 1, in terms of
scaled variables with ρ1 = 1, g = 1, r = 0.1 and R1 = 1 and R2 = 2.
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(a) The surface of uniform flows associated with Case 2.

(b) The criticality hyperbola in velocity space
superimposed on the region of uniform flows.

Figure 5: Surface of uniform flows and criticality curves corresponding to Case 2, in terms of
scaled variables with ρ1 = 1, g = 1, r = 0.1 and R1 = 2 and R2 = 1.

8



(a) The surface of uniform flows associated with Case 3.

(b) The criticality hyperbola in velocity space
superimposed on the region of uniform flows.

Figure 6: Surface of uniform flows and criticality curves corresponding to Case 3, in terms of
scaled variables with ρ1 = 1, g = 1, r = 0.1 and R1 = 2 and R2 = 0.1.
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F1

F2

2

2

1

slow critical mode

1

Figure 7: Schematic of the criticality curves in the Froude number plane. The dashed lines
correspond to the asymptotes: F 2

1 = (1 − r)−1 and F 2
2 = (1 − r)−1 . The dots correspond to the

points on the two criticality curves where F 2
1 = F 2

2 and their coordinates are (1 ±√
r)−1 .

and these curves are shown in Figure 7. The plus sign is for the fast critical mode and the minus
sign is for the slow critical mode. For the fast critical mode, −∞ < ϕ < +∞ , but for the slow
mode ϕ is restricted by

√
r ≤ eϕ ≤ 1√

r
.

3 Geometry of the criticality surfaces in (R, Q) space

The curves in the (Q1, Q2, S) space with (R1, R2) fixed show all uniform flows, and the critical
flows arise as cusp curves on these surfaces. As (R1, R2) vary these criticality curves become
3−dimensional criticality surfaces. In this section the properties of these criticality surfaces are
explored, based on an analysis of the mapping P(c) introduced in §1.

The study of P(c) is also related to the relative equilibrium characterization of uniform
flows and this theory is given in Chapter 4 of Donaldson [13]. The upshot of that analysis is
that uniform flows are critical precisely when the Jacobian of the mapping P(c) is degenerate,
det[DP(c)] = 0. The Jacobian is given explicitly by

DP(c) =





ρ1g ρ2g ρ1u1 0
ρ2g ρ2g 0 ρ2u2

ρ1u1 0 ρ1h1 0
0 ρ2u2 0 ρ2h2



 . (3.1)

Note that the Jacobian is a symmetric matrix. The symmetry follows from (1.3) which shows
that P(c) = ∇E(c). Setting the determinant of DP(c) to zero gives the criticality condition for
two-layer uniform flows with a free surface as noted in (1.4).

The simplest version of criticality is when the Jacobian DP(c) has a simple eigenvalue; that
is, the Jacobian has rank 3. The matrix DP(c) has rank three if

∆′(0) 6= 0 where ∆(λ) = det[DP(c) − λI] , when ∆(0) = det(DP(c)) = 0 .

Expanding out the determinant and differentiating

∆′(0) = rρ3
1

[
−g2h1 − rg2h2 − gh1h2 + rgu2

2 − gh1rh2 + ru2
2h1 + g2rh1 + g2r2h2 + u2

1g + u2
1h2

]
.

(3.2)
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The right hand side should be evaluated for c satisfying the criticality condition (1.4). It is proved
in the Appendix that ∆′(0) is non-zero for all physically admissable values of the parameters.
Hence, zero is a simple eigenvalue of DP(c) with eigenvector

DP(c)n = 0 ⇒ n = R





rgh1h2

h2(u
2
1 − gh1)

−rgh2u1

−u2(u
2
1 − gh1)



 , (3.3)

where R represents an arbitrary multiplicative constant. Since it does not affect the later dis-
cussion, take the multiplicative constant to be unity. The symbol n is used since n can be
interpreted as a normal vector – to the image of the criticality surface in (R1, R2, Q1, Q2) space

(cf. Figure 9 of [9]).
The condition det[DP(c)] = 0 defines a 3−dimensional hypersurface in the 4−dimensional

c−space, and this surface can be parametrized by taking

h1(s, t, ϕ) = s ,

h2(s, t, ϕ) = t ,

u1(s, t, ϕ) = ±
√
gs(1 + ǫ

√
r e+ϕ) , ǫ = ±1

u2(s, t, ϕ) = ±
√
gt(1 + ǫ

√
r e−ϕ) .

(3.4)

For fixed g, r this parameterization maps out a surface in (h, u) space by taking s ≥ 0, t ≥ 0
and ϕ ∈ R (when ǫ = +1) and

√
r ≤ eϕ ≤ 1√

r
(when ǫ = −1). Taking ǫ = +1 gives the surface

of criticality associated with the fast mode in Figure 7 and ǫ = −1 is associated with the slow
mode. There does not appear to be an easy way to visualize this three-dimensional manifold.

4 The second derivative of P(c) on the criticality surface

As noted in the introduction, the second derivative of P(c) is of interest for the bifurcation analysis
of solitary waves. The second derivative is also associated with singularities of the 3−manifold
(3.4). The image of the criticality surface in (R1, R2, Q1, Q2) space can have singularities. In
lower dimension these singularities show up as cuspoidal curves (cf. [10]). In higher dimension
these singular sub-surfaces can still be found theoretically [2, 7].

Define

f(c) := det[DP(c)] = ρ2
1ρ

2
2

[
u2

1u
2
2 − gh2u

2
1 − gh1u

2
2 + (1 − r)g2h1h2

]
.

Then the criticality surface in (h1, h2, u1, u2) space is defined by f−1(0) and ∇f can be inter-
preted as a normal vector to the criticality surface. This vector is to be contrasted with n which
is a normal vector to the image of P(c) when c ∈ f−1(0).

A singularity occurs when the eigenvector n is tangent to the criticality surface, that is,
∇f · n = 0. Now,

∇f = ρ2
1ρ

2
2





−gu2
2 + (1 − r)g2h2

−gu2
1 + (1 − r)g2h1

2u1u
2
2 − 2gh2u1

2u2u
2
1 − 2gh2u2



 .

Taking the inner product with n in (3.3),

∇f · n = −3gh1h2
ρ2
1ρ

2
2

ab

{
u2

1

h2
1

a3 + r
u2

2

h2
2

b3
}
, (4.1)
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where a is an arbitrary nonzero constant and

b =
1

r

(
u2

1

gh1
− 1

)
a .

The function ∇f · n is related to the second derivative in (1.5) and (1.8) by

∇f · n = −
(
gh1h2

ρ1ρ
2
2

ab

)
d2

ds2

(
n
T
P(c + sn)

) ∣∣∣∣
s=0

.

This identity can be verified by direct calculation, but it is a special case of a general result [7]
for mappings from R

n to R
n .

To simplify the expression (4.1) further, evaluate it on the (slow mode) criticality curve. The
criticality condition (2.5) can be written in the form

ℓV (ℓ)4 − (m+ ℓ)V (ℓ)2 +m(1 − r) = 0 , (4.2)

where m, ℓ are defined in (1.6) and

V (ℓ)2 :=
u2

1

gh1
.

Solving (4.2) for V (ℓ)2 on the slow mode critical curve,

V (ℓ)2 =
m+ ℓ−

√
δ

2ℓ
, δ := (m+ ℓ)2 − 4mℓ(1 − r) . (4.3)

The velocity V (ℓ)2 is a generalization of V 2
0 in [16] and C2

− in [12] to include a velocity difference;
specifically C2

− = V 2
0 = V (1)2 . Substitution in (4.1) gives

d2

ds2

(
n
T
P(c + sn)

) ∣∣∣∣
s=0

= 3ρ1V (ℓ)2
g

h1

b3

m3

(
rℓm− (m− ℓV (ℓ)2)3

)
.

Expanding and simplifying the right hand side then leads to the fundamental formula

d2

ds2

(
n
T
P(c + sn)

) ∣∣∣∣
s=0

= C(c)Φ(r,m, ℓ) , (4.4)

with
Φ(r,m, ℓ) = m2ℓ2r2 +mℓ(3m− 3ℓ− 1)r + (m− ℓ)3 , (4.5)

and

C(c) = − 6gρ2ℓh1b
3V (ℓ)2

h2
2(2rℓm− (m− ℓ)3 − 3mℓr(m− ℓ) +

√
δ(mℓr + (m− ℓ)2))

. (4.6)

The zero set of the second derivative is determined by the function Φ(r,m, ℓ). Before pro-
ceeding to analyze this function further, we show that this is a new interpretation of a well-known
coefficient in the literature.

4.1 Comparison with Λ in Dias & Il’ichev (2001)

The critical coefficient in Dias & Il’ichev [12] is Λ in equation (3.5) of [12]. It is the coefficient
of the quadratic nonlinearity in the leading order normal form (equation (3.5) in [12]). In this
subsection, the connection between Λ and the function Φ(r,m, ℓ) with ℓ = 1 is established.

The expression for Λ in [12] is

Λ =
9(1 −R)

2C−

Λ̂

C2
−(1 +H2 + 3RH) −H(1 +H)

,
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with
Λ̂ = C4

− + C2
−(1 − 2H) +H2 − 1 . (4.7)

Their notation corresponds to

H =
h2

h1
and R =

ρ2

ρ1
,

and (equation (2.4) in [12])

C2
− =

1 +H −
√

(1 +H)2 − 4H(1 −R)

2
. (4.8)

Substituting (4.8) into (4.7) and some rearrangement leads to

Λ̂ =
Φ(R,H, 1)

1 +HR− (2 −H)C2
−
. (4.9)

Hence Λ = 0 corresponds to Φ(R,H, 1) = 0. This curve is the dashed line plotted in Figure 7 of
[12] and it corresponds to the middle plot in Figure 8.

Dias & Il’ichev also derive the critical coefficient another way. It is equation (A.22) in [12]
and this equation can also be expressed in terms of Φ. Equation (A.22) is

(A.22) = H1(H1 − 1)2R2 +H1R(3 − 10H1 + 7H2
1 ) + (1 − 6H1 + 12H2

1 − 8H3
1 ) ,

where

H1 =
h1

h1 + h2
=

1

1 +H
.

After some rearrangement we find

(A.22) = H3
1 Φ(R,H, 1) .

This shows how Λ, (A.22) and Φ(r,m, 1) are related.

4.2 Comparison with α− in Kakutani & Yamasaki (1978)

The critical coefficient in Kakutani & Yamasaki [16] is α− in equation (3.8) of [16]. It is the
coefficient of the nonlinear term in the KdV equation that they derive shown in equation (3.7) of
their paper. Although the KdV equation derived there misses the generalized solitary waves, the
critical coefficient is still the same as that in [12] and can be related to Φ.

In the notation of [16], the expression for the critical coefficient is

α− =
3V −

0 α̂−

2((V −
0 )2 −m)

{
(1 +m)(V −

0 )2 − 2(1 − σ)m
} ,

with
α̂− = (1 +mσ)(V −

0 )2 − (1 − σ)m(2 −m) .

In their notation σ = ρ2
ρ1

and (equation (2.12) in [16])

(V −
0 )2 =

1 +m−
√

(1 +m)2 − 4(1 − σ)m

2
.

With a little manipulation it can be shown that

α− =
2m(1 − σ)Φ(σ,m, 1)

Den
,

where

Den = (1 +mσ)(1 +m) − 2m(2 −m)(1 − σ) − (1 +mσ)
√

(1 +m)2 − 4m(1 − σ) .

Therefore α− = 0 corresponds to Φ(σ,m, 1) = 0, and the curve α− = 0 is plotted in Figure 2 of
[16]. This case corresponds to the middle figure in Figure 8.
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r1 1 1

m

(b) (c)(a)

Figure 8: Zero set of the function Φ(r,m, ℓ) for the cases (a) ℓ < 1, (b) ℓ = 1 and (c) ℓ > 1.

5 Properties of Φ(r, m, ℓ)

The zeros of Φ(r,m, ℓ) are important for the bifurcation of solitary waves and generalized solitary
waves. Φ = 0 can signal the switch from a solitary wave of elevation to a solitary wave of
depression, and it changes the nonlinearity from quadratic to cubic and so it is possible for fronts
and generalized fronts to bifurcate at this point. In this section the zeros of Φ(r,m, ℓ) are explored
with emphasis on the implication of ℓ 6= 1.

The function Φ is factorizable and so the zeros of Φ can be parametrized by

r =
1 + 3ℓ− 3m

2mℓ
± (1 + ℓ−m)

√
1 + 4ℓ− 4m

2mℓ
. (5.1)

This pair of curves is plotted in Figure 8 for three ranges of velocity difference: ℓ < 1, ℓ = 1 and
ℓ > 1. The case ℓ = 1, Figure 8(b), recovers the result in [16], [12] and Figure 3 of Walker [21].
An important constraint on this curve is that m ≥ 1 for all points satisfying Φ = 0, and so a
necessary condition for Φ = 0 when ℓ = 1 is that the upper fluid depth be strictly greater than
the lower fluid depth.

When ℓ 6= 1 it is possible to have h2 < h1 on the curve Φ = 0. For example, in the limits
r = 0 and r = 1 we have

Φ(0,m, ℓ) = (m− ℓ)3 ⇒ m = ℓ ,

Φ(1,m, ℓ) = (m+ ℓ2)(m2 − ℓ) ⇒ m =
√
ℓ .

Since ℓ can take any positive value, all depth ratios can occur on the Φ = 0 curve. A schematic
of the case ℓ < 1 is shown in Figure 8(a) and a schematic of the case ℓ > 1 is shown in Figure
8(c).

The maximum value of m on the curve Φ = 0 is also of interest. The maximum of m occurs
when r+ = r− in (5.1) which gives

m = 1 + ℓ or m =
1 + 4ℓ

4
,

and

rmax =
1 + 3ℓ− 3m

2mℓ
with the constraint m <

1

3
+ ℓ . (5.2)

The root m = 1 + ℓ is non-physical (since rmax in (5.2) is negative in this case). Therefore the
value of m when r = rmax is

mmax =
1 + 4ℓ

4
.
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When ℓ = 1, mmax reduces to the familiar value of 5
4 [16]. For arbitrary positive ℓ , substitution

of mmax into (5.2) gives

rmax =
1

2ℓ(1 + 4ℓ)
.

In terms of dimensional coordinates this is
(
ρ2

ρ1

)max

=
1

2ℓ(1 + 4ℓ)
and

(
h2

h1

)max

=
1 + 4ℓ

4
,

where

ℓ =
u2

2

u2
1

,
1

4
≤ ℓ < +∞ .

and

V (ℓ)2
∣∣∣∣
max

=

(
u2

1

gh1

)max

=
4ℓ− 1

4ℓ
.

Note that V (ℓ) → 0 as ℓ → 1
4
+

. With ℓ varying, a much wider range of critical density ratios
can be achieved, whereas with ℓ = 1 we only have the value rmax = 1

10 .
One implication of a nonzero velocity difference is that there is a potential for Kelvin-Helmholtz

instability [6]. Without surface tension, all flows with nonzero velocity difference are unstable,
and with surface tension there is a critical value of the velocity difference below which the uniform
flow is stable. The role of Kelvin-Helmholtz instability will not be considered in this paper, as it
requires bringing in time dependence. However, it is of interest to look at the velocity difference
on the surface of criticality. Using the parameterization (3.4) the velocity difference on the surface
of criticality (the slow mode) is

u2
2 − u2

1

gh1
= m− 1 +

√
r eϕ −m

√
r e−ϕ ,

√
r < eϕ <

1√
r
.

Hence the velocity difference varies over the criticality surface, and there is a distinguished curve
on the criticality surface where the velocity difference vanishes:

√
r z2 + (m− 1)z −m

√
r = 0 , z = eϕ .

This quadratic has one positive root for each (r,m) given by

eϕ =

√
(m− 1)2 + 4mr + 1 −m

2
√
r

.

Hence, there is a subset of the criticality surface where Kelvin-Helmholtz instability can be avoided
completely. But there are also regions where the Kelvin-Helmholtz instability is operative, and
so there will be dynamical implications.

6 The role of criticality in the generation of solitary waves

Criticality is a property of the nonlinearity and it occurs in the shallow water equations or the
full equations. However, in order to generate solitary waves out of criticality a balance between
nonlinearity and dispersion is needed. In the full equations, this dispersion is implicit. Here, the
shallow water equations will be used for illustration. Adding the simplest form of dispersion to
the shallow water model (1.1) leads to

∂
∂t

(ρ1h1) + ∂
∂x

(ρ1h1u1) = 0
∂
∂t

(ρ2h2) + ∂
∂x

(ρ2h2u2) = 0
∂
∂t

(ρ1u1) + ∂
∂x

(
1
2ρ1u

2
1 + ρ1gh1 + ρ2gh2

)
= a11

∂3h1

∂x3 + a12
∂3h2

∂x3 ,

∂
∂t

(ρ2u2) + ∂
∂x

(
1
2ρ2u

2
2 + ρ2gh1 + ρ2gh2

)
= a21

∂3h1

∂x3 + a22
∂3h2

∂x3 .

(6.1)
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Explicit expressions for the coefficients can be obtained using a Boussinesq approximation (see
Chapter 2 of Donaldson [13]), but will not be needed here except for the symmetry property
a21 = a12 . There are many other variants of the leading order Boussinesq model for two layer
flow (e.g. [5, 11]), but the form (6.1) will be sufficient for the present purposes.

The steady equations reduce to

ρ1h1u1 = q1 ,
dq1
dx

= 0

ρ2h2u2 = q2 ,
dq2
dx

= 0

1
2ρ1u

2
1 + ρ1gh1 + ρ2gh2 = dH1

dx
+ r1 ,

dr1
dx

= 0

1
2ρ2u

2
2 + ρ2gh1 + ρ2gh2 = dH2

dx
+ r2 ,

dr2
dx

= 0

a11
dh1

dx
+ a12

dh2

dx
= H1

a21
dh1

dx
+ a22

dh2

dx
= H2

This system can be characterized as a Hamiltonian system with dimension twelve in a way that
highlights the role of criticality of uniform flows in the generation of solitary waves. Introduce
potentials

h1 =
dγ1

dx
, h2 =

dγ2

dx
, u1 =

dφ1

dx
, u2 =

dφ2

dx
,

and new coordinates

Z := (h1, h2, q1, q2,H1,H2, φ1, φ2, γ1, γ2, r1, r2) . (6.2)

Then the steady equations are equivalent to the Hamiltonian system

JZx = ∇S(Z) , Z ∈ R
12 . (6.3)

with Hamiltonian function

S(Z) = r1h1 + r2h2 − 1
2ρ1gh

2
1 − ρ2gh1h2 − 1

2ρ2h
2
2

+1
2

q2
1

ρ1h1
+ 1

2
q2
2

ρ2h2
+ 1

2
a22
D
H2

1 − a12
D
H1H2 + 1

2
a11
D
H2

2 ,

where D = a11a22 − a2
12 and symplectic operator

J =





0 0 0 0 −1 0 0 0 0 0 0 0
0 0 0 0 0 −1 0 0 0 0 0 0
0 0 0 0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 0 1 0 0 0 0
1 0 0 0 0 0 0 0 0 0 0 0
0 1 0 0 0 0 0 0 0 0 0 0
0 0 −1 0 0 0 0 0 0 0 0 0
0 0 0 −1 0 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 0 0 −1 0
0 0 0 0 0 0 0 0 0 0 0 −1
0 0 0 0 0 0 0 0 1 0 0 0
0 0 0 0 0 0 0 0 0 1 0 0





.

6.1 Weakly nonlinear normal form for bifurcating solitary waves

Here, the weakly nonlinear bifurcation of solitary waves from the uniform flow will be sketched
with an emphasis on how the normal form theory of [12] is modified by (a) the Hamiltonian
structure and (b) the inclusion of the full four-parameter family of uniform flows.
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The Hamiltonian system (6.3) has dimension 12 but 8 of these dimensions are associated
with the uniform flow. By inspection, it is clear that one can reduce to a Hamiltonian system on
R

4 with coordinates (h1, h2,H1,H2). However, by maintaining the additional terms the system
includes a geometric formulation of uniform flows.

The system (6.3) has a 4−dimensional symmetry group. This symmetry is simple (one can
add an arbitrary constant to γ1 , γ2 , φ1 and φ2 ) but relative equilibria (RE) associated with
this symmetry are uniform flows. These RE are degenerate precisely when the uniform flows are
critical.

Given a 4−parameter family of RE of (6.3) at criticality the strategy is to perturb (6.3) about
this family and then use normal form theory to get the weakly nonlinear system near the RE.
By combining the normal form for degenerate RE [7, 8, 9] and the normal form for a double zero
eigenvalue with a pair of purely imaginary eigenvalues in [12], the weakly nonlinear normal form
is

−dIj
dx

= 0 , j = 1, . . . , 4

− dv
dx

= I1 − 1
2κu

2 + ν |A|2 + · · ·
dψ1

dx
= u+ · · ·

dψj

dx
= sj Ij + · · · , j = 2, 3, 4 ,

du
dx

= s1v + · · ·
dA
dx

= iωA+ iν uA+ · · · .

(6.4)

The first four equations
dIj
dx

= 0 just state that solutions stay on surfaces of constant mass flux
and Bernoulli energy. The phases ψj are the dual Hamiltonian variables to the Ij and they
represent perturbations of the potentials γ1, γ2 and φ1, φ2 . Reducing, by eliminating (Ij , ψj)
j = 1, . . . , 4, recovers the normal form of Dias & Il’ichev with the Hamiltonian constraint that
the coefficient of |A|2 in the vx equation should be the same as the coefficient of iuA in the Ax
equation. The parameters sj = ±1 are symplectic signs and their role is discussed in [7]. Our
main observation, as noted in equation (1.5) in the introduction, is that κ is determined by the
second derivative of the mapping P(c).

Elliminating the symmetry variables, the normal form reduces to

−s1 d
2u
dx2 = I1 − 1

2κu
2 + ν |A|2 + · · ·

dA
dx

= iωA+ iν uA+ · · · .
(6.5)

with s1 = ±1, I1 is a measure of the distance from the criticality surface, κ is given by (1.5)
and ν and ω are given in [12]. Neglecting the higher order terms this system is integrable and
explicit expressions can be written down for the solitary waves and generalized solitary waves.
Clearly |A(x)|2 is constant, and so the first equation in (6.5) has a solution which is a constant
plus a sech2 solitary wave. The non-classical nature of the solitary wave is due to |A(x)| 6= 0. A
detailed analysis of the various forms of these solitary waves is given in [12]. The only difference
here is the extended range of parameter space, and with the extended normal form (6.4), the
coupling with the mean flow (uniform flow) can be made explicit.

7 Concluding Remarks

In this paper we have concentrated on criticality of uniform flows. However, as shown in [9],
criticality also applies to the periodic travelling waves bifurcating from the uniform flows (in
the case of one layer, these periodic travelling waves are the Stokes wave in shallow water).
Criticality of the periodic state coupled to a mean flow is called secondary criticality in [9]. This
form of criticality leads to a secondary bifurcation of steady dark solitary waves (generalizing
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the bifurcation of classical solitary waves when uniform flows are critical). For the case of two
layers with an upper free surface these waves will be more exotic since there is the potential for
generalized tails. Application of the theory in [9] shows that one should add B , the wave action
flux, to the set of functionals (R1, R2, Q1, Q2). In addition to (h1, h2, u1, u2) one includes k the
wavenumber of the periodic wave at the interface. Then one can show that the coupled system is

critical when the determinant of the extended 5 × 5 Jacobian matrix vanishes,

det

[
∂(R1, R2, Q1, Q2, B)

∂(h1, h2, u1, u2, k)

]
= 0 .

When this condition is satisfied for periodic waves at the interface between two fluids with a free
surface coupled to a 4−component mean flow – and there is good reason to suspect that it is
satisfied for some parameter values – application of the theory in [9] would lead to the secondary
bifurcation of a new kind of dark solitary wave at the interface.

— Appendix —

A Proof that DP(c) has rank 3 at criticality

To prove that ∆′(0) 6= 0, first rearrange ∆′(0) in (3.2) into the form

∆′(0) = rρ3
1

[
rgh2(g + h1)[(1 − r)F 2

2 − 1] + gh1(g + h2)[(1 − r)F 2
1 − 1] + rg2(h1 + rh2)

]
. (A-1)

Use the criticality condition in the form (2.5) to eliminate F 2
2 ,

∆′(0) =
rρ3

1

[(1 − r)F 2
1 − 1]

[
r2gh2(g + h1) + gh1(g + h2)[(1 − r)F 2

1 − 1]2 + rg2(h1 + rh2)[(1 − r)F 2
1 − 1]

]
,

or

∆′(0) =
rρ3

1

[(1 − r)F 2
1 − 1]

[
gh2B

2 + g2h1(1 − r)[(1 − r)F 2
1 − 1](F 2

1 − 1)
]
, (A-2)

with
B2 = r2h1 + h1[(1 − r)F 2

1 − 1]2 + r2g(1 − r)F 2
1 .

The term B2 is strictly positive along both the slow and fast criticality curves. The key term is
the product

[(1 − r)F 2
1 − 1](F 2

1 − 1) , (A-3)

in the second term in the right-hand side of (A-2). However, along the fast criticality curve
(1 − r)F 2

1 − 1 and F 2
1 − 1 are positive. Hence, ∆′(0) is strictly positive along the fast criticality

curve.
Along the slow criticality curve (1− r)F 2

1 − 1 < 0 but F 2
1 ≤ 1, the latter inequality following

from Figure 7, or from the parameterization of (2.5). Hence the product (A-3) is either positive
or zero. When it is zero, the argument in (A-2) is still positive since B2 > 0. Hence, ∆′(0) is
strictly negative along the slow criticality curve. This completes the proof that DP(c) has rank
3 at all parameter values that are physically relevant (i.e. h1 > 0, h2 > 0, g > 0 and 0 < r < 1).
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