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1 Introduction

In this report the governing equations — for coupling between rigid-body motion of a
vehicle containing fluid and the fluid motion — are derived. The motion of the fluid is
determined by the Euler equations and these equations have been derived in [2]. Here,
equations for the motion of the vehicle in the plane are derived. The strategy is the
write down the Lagrangian functional for the vehicle containing fluid, and then the
Euler-Lagrange equations give the vehicle motion equations.

Let X = (X,Y) be planar coordinates for a fixed iner-
tial frame and let x = (z,y) be coordinates for a moving
frame attached to the vehicle. These coordinates are re-
lated by

X=Qx+q,

where Q is a proper orthogonal matrix and q € R? is

a vector representing the translation. Since every proper
orthogonal matrix in the plane is of the form

Q- {cos@ —sin@] ’ (1.1)

sinf  cosf
the rigid body motion can be represented by (0, q1,q).
A prototype of coupled motion is the “pendulum-slosh”
problem shown to the right. Some experiments are (a) take
quiescent initial conditions, but with some initial angular
velocity, and determine the resulting fluid and angular motion; (b) take quiescent initial
conditions, but with a forced harmonic translation

q(t) = (a1(t), ¢2(t)) = (0,esinwt),

and the solve for the resulting angular displacement of the vessel and the fluid motion.

The purpose of this report is to explore the various reductions of the full equations
to the shallow water equations, while maintaining the exact nonlinear equations for
the vehicle motion. The report is a bit discursive and may contain typos. A distilled
version is in progress.




2 Governing equations of the rigid tank motion

The governing equations of 3D rigid body motion coupled to sloshing have been derived
in [5, 6] for the case of sloshing in spacecraft based on the balance of linear momentum
and angular momentum. In this section it will be shown that these equations can
derived directly from a variational principle. First the general form of the equations in
3D are derived and then restricted to 2D.

Two frames of reference are used. The spatial (inertial) frame has coordinates
X = (X,Y, Z) and the body frame has coordinates x = (z, vy, z). The distance between
body frame origin to the point of rotation is denoted by d = (dy, da, d3). The fluid-tank
system has a uniform translation q(t) = (q1, ¢2,q3) relative to the spatial frame. The
relations between spatial and body displacement, velocity and acceleration are derived
in [2]. Introducing the following Lagrangian action and taking its first variation with
respect to dependent variables gives the governing equations of rigid tank motion.

7 - ;12 (KEfluid o PEfluid + KEvessel . PEvessel) dt,

where

KEM = [ (L%)*+%- (2 x (x+d)+QTd) + QTq- (2 x (x+d))

L . (2.2)
+ 1 (g)*) pdVol + 12 - 1,2,
the kinetic energy of the dry vessel is
KE"* = I, |a” + (2 xm=%,) QTq+ 10 1,0, (2.3)

and Q (t) is a proper rotation in R?,
QTQ =1 and det[Q] =1,

I is the 3x3 identity matrix, €2 is the axial vector of the skew-symmetric body angular
velocity matrix 2

o 0 -0 O Q
Q=Q"'Q = Q3 0 =0 ], Q= Q% |,
-y 0 Q3

and X, is the dry vessel center of mass coordinates relative to the body frame, Iy is
the fluid mass moment of inertia tensor

I; = [ (Ix+d|*I-(x+d)® (x+d)) pdVol,
and I, is the dry vessel mass moment of inertia. Potential energy of the fluid is

pEfluid  _ fVoI pg (Q(x+d)+q) - EsdVol, (2.4)



and potential energy of the dry vessel is
PE"**" = m,g(QxX, +q) - Es, (2.5)

where Ej is the basis vector in the Z direction.

In the case of two dimensional motions, the equations simplify since rotations in 2D
can be parameterized by a single angle as shown in (1.1. In two dimensions X = (X,Y),
x = (z,y), d = (d1,ds), 9= (q1,¢2) and potential energies of the fluid and the vessel
modify to

PE/™ = [, pg(Q(x+d)+q)-ExdVol,

and potential energy of the dry vessel is
PE"* = m,g(QxX, +q) - Es,

where E, is the basis vector in the Y direction. The kinetic and potential energies
then read

KE/™ i — [ [2 i+ %) — 0% (y + do) + <x —0(y+ d2)> (g1 cos 0 + gasin 0)
0y (@ -+ dy) + (40 (0 +d)) (G cos0 — Gy sind) + & (63 + )
+ 102 ((x+d)*+ (y + d2)2)] pdVol

KE"* = Im, (4 + @) — m,05, (¢ cos 0 + g sin0) + m,0%, (g2 cos 6 — g, sin )
+11,6,

PE/M = [ pg(sinf (z+ di) + cosf (y + do) + g2) dVol ,

PEvessel = Mg (iv sin 6 + yy cosf + QQ) s

and so the Lagrangian action reads

fo fo [ i+ 9?) — 0 (y + do) + (:t—@(y—l—dg)) (G1 cos B + go sin 0)
+ 0y (x +dy) + <y+9(x+d1)> (G2 cos 0 — gy sin6) + 3 (43 + ¢3)
+ 10 ((x+ d)* + (y + do)?) — g (sin 6 (z + dy) + cos O (y + do) + ¢2) | pdydadt
+ f [ my (¢ + q3) — mvéyv (G1cos + ¢osinf) + m,0%, (o cos O — ¢y sin )

+ %Iv(?? —myg (Xysinf + 7, cos 6 + 612)] dt.

(2.6)
Taking the variation of this Lagrangian action with respect to ¢, ¢2 and 6 then



gives the governing equations of the tank motion in each direction

M~ =

q1

foL foh [y sinf — i cos 0 + 62 (cos@ (x+dy) —sinb (y + ds))
+0(2isin 6+ 2 cos ) + § (cos b (y + do) +sin 6 (z + dv)) — i | pdyda

+m, (0 (Xpsinf +7y,cos) — g, + 62 (X, cos — 7, sin@)) =0,

L — () =
0g2

fOL foh [gjcos@+a'c’sin0 — 02 (cos 0 (y + dy) +sin b (z + dy))
+ 6 (24 cos @ — 25 sin ) + 0 (cos O (z + dy) — sin 6 (y + da)) + Go —l—g] pdydx
+m, (é(ivcosé’—yvsinﬁ) + (o — 62 (X, sin 0 4 7, cos 6) —|—g) =0,

.Y
55 =0

fo fo (y + da) + (y + do) (G1 cos 0 + Gosin @) — jj (z + dy)

— (v +d1) (G2cosO — Gisind) — 0 ((x + di)* + (y + da)?)

—20 (i (x4 dy) + 9 (y+dy)) — g (cos@ (z +dy) —sinf (y + dg))i| pdydx
+m, Y, (G1 cos 0 + Ga sin @) — m,X, (Ga cos @ — ¢y sin )

=

—1,0 — myg (Xpycosf —§,sinf) =0.

Note that @ and g represent the velocity and Z and ¢ represent the acceleration of a
fluid particle relative to the body frame in the x and y directions. They are Lagrangian
variables. Replacing them by their respective Eulerian quantities the governing equa-
tions read

fo fo [ sinf — 2% cosf + 62 (cos ) (z + di) — sin 6 (y + do))
+ 0 (2usinf + 2v cos 0) + 0 (cos O (y + do) + sin 0 (z + dy)) — ql] pdydx  (2.7)

+m, (0 (Xpsinf + ¥, cos) — g + 62 (X, cos — 5, sin@)) =0,

fo fo [ U cosf + 2Usin — 62 (cos O (y + do) +sin 6 (x + dy))
+ 0 (2ucosf — 2usin ) + 6 (cos 0 (x4 dy) —sinf (y + ds)) + o + g} pdydx

+m, (é(ivcosé’ — ¥, sin6) + G — 62 (X, sin 0 + 3, cos 0) —|—g) =0,
(2.8)



fo fo [2Y (y + do) + (y + da) (1 cos 0 + Gasin ) — B2 (z + dy)

— (x4 dy) (Ga cos b — G sin@)—@((a:—i—dl) (y+d2) )

20 (u(x+dy) +v(y+dy)) — g(cos(z+dy) —sinb (y + dg))] pdydz  (2.9)
+m,¥, (G1 cos 0 + §o sin ) — m,X, (G cos @ — g sin 0)

—1,0 — myg (Xycost —§,sinf) =0.

Now deriving the equations of ¢; (¢) and g, (¢) from equation (5) in [5] and equation
of 0 (t) from equation (6) in [5] for the case of roll-sway-heave motion, one gets

foL foh <q’1 cos O + gasinf — Q(y +dy) — 02 (x+dy) + % — 0 + gsin@) pdydx
+my, <q'1 cos O + o sinf — yyé —%,02 + gsin9> =0
(2.10)
fOL foh <—q1 Sin @ + g cos 0 + 6 (z + dy) — 62 (y + da) + 2 + 2uf + g cos 9) pdydx
+my, <—dl sin @ + Gy cos 0 + X,0 — 7,6 + g cos 0) =0,
(2.11)
S I (B o) = B (i) = 20 (u (5 + ) + 0 (y + )
—0((x+d)*+ (y + do)?) + (x + dy) (Gi5in 0 — o cos§ — gcosb)
+ (y + d3) (G1 cos 0 + o sin 0 + gsin 6)] pdydx + m,, sin 6 (g7, + (1%, + G2Y,)

+m,, cos 0 (—gX, — GoX, + 17,) — Iyé =0.
(2.12)
Equations (2.10) and (2.11) are relative to the body frame. By transforming these
equations to the spatial frame it can be seen that they recover equations (2.7) and
(2.8). Equation (2.12) is the same as equation (2.9).

3 Equations (2.7), (2.8), (2.9) in terms of wave
height and depth averaged velocity field (h,u,?)

Introducing the depth averaged horizontal and vertical velocities

u = %fohudy,
v = %fohvdy,



and using the relations
4 (vsing —ucosf)dydr = [ [* (22sing — 22 cos§) dyda
—l—fo fo (vcosf + usm@) dydz,
4 fOL foh (vecosf + usinf) dydr = fo fo (BY cos 6 + 2 sin ) dydx
—l—fo fo (ucosf — vsin @) dydz,
P u(y+do) —v(z+d)]dyde = [ 128 (y+ dy) — 22 (2 + dy)] dyde,
then equations (2.7) and (2.8) in terms of depth averaged velocity field read
4 fOL (Usin @ — wcos 0) phdz + fOL 0 (wsin 6 + T cos ) phdx
+myT 0% cos § — myy 0% sin 6 + myy 0 cos  + myTOsind — (my +my) G
+m,0 (X, sin 0 + ¥, cos 0) + m,0? (X, cos — 7, sind) =0,

(3.13)
and
4 fOL (D cos @ + usin 0) phdx + fOL 0 (i cos @ — Tsin ) phdz
—m7 0% cos § — myT0° sin 6 + m ;T ;0 cos § — myG,0sin 6 + (my +my) iy
+ (my + my) g + myb (X, cos f — 3, sin ) — m,62 (X, sin 0 + 7, cos ) = 0,
(3.14)
where

T, = m% fOL (r + dy) phdz,

Yr = mif fOL (% + dgh) pdx

my = fOL foh pdydx = phoL

hy = 1 fo (z,t) pd .
Equation (2.9) in terms of depth averaged velocity field reads

& foL ((%2 + d2h> u—h(x+ d1)5> pdx + (g1 cos 0 + Go sin ) myy,

~ (G2 cost — G sin @) msTy — [0 (2 +d1)* b+ 5 + dBh o+ doh? ) pda

— [F26 x + dy) hupdx — L 26 B 4 dyh vpdr — gcosOm Ty + gsin Om sy
0 0 2 I f9r

+m,¥, (G cos 6 + go sin @) — m,X, (Go cos € — G sin ) — 1,0

—m,g (X, cos —y,sinf) =0.
(3.15)
Note that the following assumptions are considered in deriving equation (3.15)

fOL [(%h + dy) foh yuydy} pdx — fOL foh (3y% + doy) uypdydz ~ 0, (3.16)

6



which results in
fo ( h? + dxh ) pUdx — fOL (%hQ + dgh) pudx — fOL foh (%yQ + dgy) uypdyde ~ 0,

and the second assumption is

fOL [(%h + d2) foh yvydy} pdr — fOL foh (%y2 + dgy) vypdydr ~ 0, (3.17)
which results in
fOL (%hQ + dgh) pVdr — fOL (%hQ + dsh ) puvdx — fo fo ( + dgy) vypdyde ~ 0,
where the surface velocity field is defined by

Ulx,t) = wu(z,h(x,t),t),
V(z,t) = v(x,h(z,t),t).

4 Equations (2.7), (2.8), (2.9) in terms of wave
height and depth averaged horizontal velocity (h,u)

Equations (2.7), (2.8) and (2.9) can be derived in terms of (h,w). For this purpose
write these equations in terms of (h,U, V), substitute for V' from the kinematic free
surface boundary condition V' = h; + Uh,, and use the following relation

U = H—i—%fohyuydy,

to obtain

o fo (ht + wh,) sin @ — wcos 0] phdx + fo ) (@sin @ + (hy + Th,) cos §) phdx
+mT 02 cos 0 — myy 07 sin 6 + my7 0 cos O + myT,0sin 0 — (my +m,) G

+m,b (X, sin + 5, cos 0) + m,0% (X, cosf — 5, sinf) =0,
(4.18)
and

T fo (ht + why) cos @ + Tsin 0] phdx + fo ) (Wcos O — (hy + Th,) sin 0) phda
—mfyfé’ cos O — m T 62 sin 6 + m T ;60 cos ) — mfyfésine + (my +my) Go

+ (my +my) g +myb (%, cos§ — 5, sin 0) — m,62 (X, sin 6 + 5, cos ) =0,
(4.19)



and

S0y (% + doh) = (@4 d) b (g +Th) ) pda + (s cos0 -+ i sin ) m5
— (G2 cos 0 — Gy sin @) m;T; — fOLé ((x +d) h+ Y+ d3h o+ d2h2) pdx

_ fOL 20 (x + dy) hupdx — fOL 20 <%2 + dgh) (ht +Thy,) pdx — gcosOm Ty
+gsin0myy; +m,3, (G1 cos 0 + Gasin0) — m,X, (Ga cos ) — ¢y sin ) — 1,0

—myg (Xycosf — 5, sinf) =0.
(4.20)
Note that the following assumptions are considered in deriving equations (4.18) and
(4.19)

[ by [ yuydyde =~ 0,

(4.21)
fOL foh yv,dydr ~ 0.
And the simplifying assumptions in deriving equation (4.20) are (3.16) with
i @+ di) he [} yugpdyde — [ [ (x + di) yoypdyde ~ 0, (4.22)
and
Iy (3he+ o) he Ji yuypdyds — [ [ (397 + doy) vypdydz ~ 0. (423)

5 Equations (2.7), (2.8), (2.9) in terms of wave
height and surface velocity field (h,U, V)

Equations (2.7), (2.8) and (2.9) in terms of (h,U, V) read

5 fo (Vsin® — U cos @) phdx + fo ) (Usin@ + V cos ) phdz:
+1m T 62 cos O — mfyf92 sin 6 + mfyfe cos @ + mTfsinf — (my + my) G

+m,f (X, sin 0 + 5, cos ) + m,02 (X, cos§ — 7, sinf) =0,
(5.24)
and

4 [ (V cos@ + Usin @) phdz + [} 6 (U cos§ — V sin§) phda
—mfyf9 cos O — m T 0% sin 6 + m T 60 cos § — mfgfe sin€ + (my 4+ my) §o

+ (my 4 my) g + myb (X, cos f — 3, sin ) — m,62 (X, sin 6 + 7, cos ) = 0,
(5.25)



and
at fo <<h2 + dah ) U—h(x+d) V) pdz + (G cos O + G sin 0) my7,;
— (G2 cos O — Gy sin ) myTy — foLé <($ + d1)2 h + }3—3 + d3h + d2h2> pdx
_ fOL 20 (x + dy) hU pdx — fOL 20 <% + dgh) Vpdr — gcosOmTy + gsinOm;y,
+m,¥, (1 cos 0 + Gy sin 0) — m,X, (G2 cos @ — G sin @) — L0
—myg (X, cos — 7, sinf) =0.

(5.26)
The simplifying assumptions in deriving equations (5.24) and (5.25) are
L rh
Iy Jy yuydydz =~ 0,
o (5.27)
Iy Jo yvydydz ~ 0,
and for equation (5.26) are
fo fo (z + d1) yu,dydz ~ 0,
(x +dy)yv,dyde =~ 0,
fo fo 1) yvydy (5.28)

fo fo P (53/ + dgy) u,dydx
foL foh P (%Zﬂ + dzy) vydydx

L
o o o o

Q

6 Equations (2.7), (2.8), (2.9) in terms of wave
height and horizontal surface velocity (h,U)

To obtain equations (2.7), (2.8) and (2.9) in terms of (h,U) substitute for V' in equa-
tions (5.24), (5.25) and (5.26) from the kinematic condition V = hy + Uh,
3 fo ((ht + Uhg)sin@ — U cos 6) phdx + fo (Usinf + (hy + Uh,) cos ) phdx
+m T ;62 cos ) — mfyfe sin 6 + mfyfe cos @ + mTfsinf — (my + my) G

+myf (X, sin 6 + 5, cos 0) 4+ m,0% (X, cos — §,sin ) = 0,
(6.29)
and

3 fo ((hy + Uh,) cos @ + U sin 6) phdx+f0 UCOSH (h¢ + Uh,) sin 0) phdx
—mfyfe cos  — mT 6> sm@—i—mfxfecose—mfgfﬁsinﬁ—i-(mf+mv)q2

+ (my 4 my) g + myb (X, cosf — 3, sin ) — m,6? (X, sin 6 + 7, cosf) = 0,
(6.30)



and
S I (% + doh) U=n(+dy) (b + Uhy) ) pda + (s cos 0 + G sin 0) g
— (Gacosf — Gy sin ) mz, — -0 ((x +d) h+ " d3h d2h2> pdz
_ fOL 20 (x 4+ dy) hUpdzx — fOL 20 <%2 + dgh) (ht + Uhy) pdx — g cosOm T
+gsin Omgy; +m,3, (G1 cos 0 + Gasin0) — m,X, (G2 cos € — ¢y sin 0)

—I,0 — myg (X, cosf — §,sinf) = 0.
(6.31)

7 Summary of the roll-sway-heave equations cou-
pled to shallow-water sloshing equations

Armenio and Larroca shallow water equations (ALR SWEs) [4] including the transla-
tion accelerations ¢ and assuming (y = h) are

hi +Thy + hii, =0,

Ty + <a+2éh>m+ <€(x—|—d1) — 0% (h + dy) + 26T
+gcosf — Gy sin b + §a cos 0) h,

(7.32)

= —gsinf + Gdy + 62 (x + dy) — Gy cos O — Gy sin b,

A review of ALR SWEs derivation identifying the key assumptions is presented in
[3]. A closed set of equations for (h,u, ¢, qz,0) are the ALR SWEs (7.32) coupled to
equations (4.18), (4.19) and (4.20) with the key assumptions (3.16), (4.21), (4.22) and
(4.23). And the key assumptions in deriving ALR SWEs are [4]

D ~
ot 20,
20v =~ () )
B (7.33)
%8—5 in the xr—momentum equation is evaluated at y =0,
Du o~y +

Note that in the derivation of equations (4.18), (4.19) and (4.20) the ALR shallow-
water assumptions are not considered. See §9 for the simplified version of roll, sway
and heave equations considering the assumptions (7.33).

Shallow-water sloshing equations in terms of surface velocity are [2]

hy + Uh, + hU, =0,

U, + (U+29'h) U, + (é(a:+d1) — 62 (h+ dy) + 20U
+gcosf — Gy sinf + §p cos ) h,

(7.34)

= —gsin®+ 0 (h+dy) 4 6% (x + dy) — 1 cos @ — Gy sin .

10



The key assumptions in deriving surface SWEs (7.34) are

%ﬂh) is small compared with |a (z, )],

(7.35)
|V +hU,| <1,

where a(x,t) is defined in [2]. A closed set of equations for (h,U, ¢, ¢, 0) are the
surface SEWs (7.34) coupled to equations (6.29), (6.30) and (6.31) with the key as-
sumptions (5.27) and (5.28).

8 Variational principle: ALR SWEs

ALR SWEs have a variational formulation. Introduce the Lagrangian functional
Z(houg) = [ [ [%h# — 61 (h + dy) + 162 (A0 + doh? + d3h)
+106% (x + dy)? — 20 (x + dy) h2 — gcos O (3h? + doh)
—ghsin® (z + dy) — 5 (=g sin 0 + G» cos 0) h?
— (G1 cos O + GosinO) h (x + dy) + ¢ (hy + hu, + wh,)] dzdt .

(8.36)

The first variation of this Lagrangian functional with respect to h, @ and ¢ recovers
the ALR SWEs (7.32) [3].

8.1 Lagrangian particle path formulation of the ALR SWEs
To derive the LPP form of the equations (7.32) consider the mapping

(t,a) — (t,z(a,t)), with 0<a<L, t>0.

Assuming non-degeneracy (z, # 0) the derivatives in (7.32) are mapped to

ot ot * Ja or "% da’
Substitute into (7.32) and set uw = z; then the mass equation simplifies to
Toh + hty = 0 = S(ha,)=0. (8.37)

Integrating this equation

hr, =X (a) )
where x(a) := hx,|,_ is determined by the initial data. The second equation of (7.32)
then reduces to

-

i+ 20X 0, + (é(:c+d1) — 62 (% +d2) + 204 + gcosf
—G1 8in 6 + G cos 6) (i—; — %) + gsind — dy — 62 (x +dy) (8.38)

+d1COS¢9+d28iD¢9: 0.

11



Introduce the Lagrangian action
<z = ttf foL [%ﬁ — i <$—)i + d2> + %92 <%§—; + %X + d%)
102 (w4 dy)? — L0 (2 + dy) 2 —gcosd (%ﬂc—’i + d2>
—gsin® (z+dy) — 1 (=G sin 6 + G cos §) o
— (G cos @ + Gosin @) (x + dy)] xdadt .

(8.39)

Taking the first variation of the Lagrangian functional (8.39) with respect to x recovers
equation (8.38).

9 Roll-sway-heave equations in Lagrangian coordi-
nates

In this section a Lagrangian functional in Lagrangian coordinates is defined which
recovers the Lagrangian form of the roll, sway and heave equations (4.18), (4.19) and
(4.20) with a few diffrences.

Introduce the Lagrangian action in Lagrangian coordinates

2 /. 2 .
2= g (1) (2) 0 (52 ) wiincoss v
0 (32 + o) (G cos O+ o sin ) — 0322 (1 + dy) — X (g cos — Gy sin )

+0 (v + di) (Gocos§ — ¢ sind) + 1 (@ + @3) + 360% (x + dy)”

: 2
+50° (% <ﬁ) + d5 + %X) —gsin® (v +d;) — gcost (%% +d2>
—9¢2] pxdadt + fttf [%mv (GG +¢3) — m,y,0 (G1 cos @ + G sin )

+my X0 (o cos O — ¢y sin ) + %IvQQ —myg (Xysinf + 7, cos 6 + qQ)] dt.

(9.40)
Taking the first variation of this Lagrangian functional with respect to ¢; gives

5 cos + 220sin 0 + 0 1X 4 dy) cost —2 XE2fcosh — (12X 4+ dy) 62sind
0 2 x4 2 2 x4

&

g

— e in g + 295 §in 6+ § (x + dy) sin 0 + 6% (z + dy) cos § — ql} pxda

+mMyY, (9 cos § — 62 sin «9) — My + My, (0 sin 6 + 02 cos «9) =0.
(9.41)

12



Taking the first variation of the Lagrangian functional (9.40) with respect to g, gives

fOL [—i’sin@ — 240 cos +9<%% + dg) sin 0 —

N[

’;’éaésine—l— <%$—)i +d2> 0° cos
25 con)— 5 ot~ 1+ dy) cosB + 7 (+ dy)sind —

- g} pxda
+MY, (9 sin @ + 62 cos 9) — Mylo — MKy <9 cosf — 0% sin 9) =0

(9.42)
Taking the first variation of the Lagrangian functional (9.40) with respect to 6 gives

fOL T (%% +d2> + %Xiga +1X“ (G1cos@ + Gosin®) | — 2 (z + dy) ’;g”;

+ +d2)(1COS0+QQSID9) (x—i-d)xx“ (x +dy) (G2 cos O — Gy sin b))
—4 (x+d1) — 20 (x + dy) —9’( B+ de) 12 [P a7

—gcost (x +dy) + gsinf (%% + dg)] pxda + m,y, (g cos + Ga sin 6)
—MyXy (G2 cos O — Gy sinf) — 1,0 — myg (Xycost —§,sinf) =0.
(9.43)

Transforming equation (4.18) to Lagrangian coordinates gives
fOL [—9’5’ cosf + 20 sin 6 + 6 <li + dg) cos HEX—“Q cosf — (li + dg) 62 sin 6
— Xt 2 sin 6 + X 4 $in 6 + 0 (z 4 dy)sin @ + 62 (z + dy) cos f — ql} pxda

+myy, <9 cosf — 62 sin 0) — My(1 + MyX, <0 sin 0 + 62 cos «9) =0.

(9.44)
Transforming equation (4.19) to Lagrangian coordinates gives

Ll _isin@ — 26 cos @ + 6 1xX 1 d,)sinf —2 Xﬁ“ésin@%— 1x 4 dy) 62 cosb
0 2 xq T4 2 xq

+X8e cos ) — 2’;—‘;?‘%cosé’—«éi(aﬁ—dl)cosé’%—é’2 (z +di)sinf — G

- g] pxda
+my,y, <é sin 0 + 62 cos 0) — My(a — MyX, <é cos @ — 02 sin 0) =0.

(9.45)
Transforming equation (4.20) to Lagrangian coordinates gives

fOL [x <ll +d2) + %Xﬁ“ + ( +d2> (G1 cos @ + o sinf) — 2(x+d1)
+(z+di) X2 — (z+dy) (G2 cos O — Gy sin 6) —(z+dy)? —26’x(x+d1)

—f <§E + dg + %‘) eﬁgaed%‘“ —gcosf (z+dy)

+gsinf <%I—’i + dg)i| pxda + m,¥, (G1 cos 0 + Ga sin 6)

—myX, (G cos O — Gy sinf) — 1,0 — myg (Xpcosf —§,sinf) =0.

(9.46)
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Comparison of equations (9.41) and (9.44), (9.42) and (9.45), and (9.43) and (9.46)
shows that only the boxed terms do not match. So the Lagrangian functionals (9.40)
and (8.39) can be a starting point for the construction of a numerical scheme which
includes the integration of these functionals together at each time step.

10 Roll-sway-heave equations satisfying the ALR
shallow-water assumptions

Equations (4.18), (4.19) and (4.20) are the approximated versions of roll, sway and
heave equations in terms of (h,w) which can be coupled to ALR SWEs (7.32) to get
a system of differential equations for variables (h,u,q,q2,6). The point is that in
derivation of equations (4.18), (4.19) and (4.20) the ALR shallow-water assumptions
are not considered. So in this section the simplified version of the roll, sway and heave
equations satisfying the shallow-water assumptions are derived.

Equations (2.7), (2.8) and (2.9) can be simplified considering the ALR shallow-water
assumptions (7.33). Equation (2.7) with assumptions (7.33) reads

fo [ (w, + Wii,) cos 0 + 62 cos 0 (x + dy) — 02sin 0 (3h+dy)
+20 sin 07 + 6 cos 6 (%h + dg) + @sind (x +dy) — ql} phdx (10.47)
+m,f (X, sin 0 + 5, cos 0) — myGy + m,y62 (X, cos — 5, sinf) = 0.

Equation (2.8) with assumptions (7.33) reads
fo [ Uy + Wii,) sin @ — 0% cos 0 (3h + dz) — 0% sin 6 (z + dy)
+26 cos 01 + 6 cos 6 (x +dy) — 0 sin 0 (%h + dg) + go + g} phdzx (10.48)
+m,0 (X, cos 0 — ¥, sin @) + myGo — m,0* (X, sinf +y, cos) = 0.

Equation (2.9) with assumptions (7.33) reads
S [@ +a@@,) (3h+ ds) + (3h+ da) (61 cosd + G sin6)
— (v +di) (Gacos O — G sind) — 0 (v + di)* — 6 (302 + d§ + doh)
—201 (z + dy) — gcos O (z + dy) 4 gsin b (sh+ dg)] phdx (10.49)
+m,¥, (G1 cos 0 + §o sin ) — m,X, (G cos @ — g sin 0)
—1,0 — myg (Xycosf —§,sinf) =0.

Equation (10.47) in Lagrangian coordinates reads

fOL [—j cos O + 6% cos O (z + dy) — 6%sin 6 <—— + dg) + 20i sin 0
+6 cos 0 (%ﬁ +d2> +«§sin0(x+d1) - Q'I] pxda (10.50)
+myb (X, sin 6 +y, cos ) — myG + m,0% (X, cos —y,sinf) = 0.
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Equation (10.48) in Lagrangian coordinates reads

fOL [isin@—@%os@ G% +d2) — 62sin 6 (x + dy) + 2604 cos b
+éC089($+d1) — fsind (%ﬁ +d2) + G2 —l—g] pxda

+m,0 (Xpcos — 5, sin ) + myGs — m, 6> (Xpsinf +y,cosd) +m,g =0.

(10.51)
Equation (10.49) in Lagrangian coordinates reads

foL [55 (%x—ﬁ + dz) + (%w—’i + dg) (G1 cos O + G2 sin 0)

— (@ +dy) (Gpcos0 — G sin @) — 6 (z + dy)” — 6 (3932 vt d2:<>

204 (z +dy) — gcosf (x4 dy) + gsin b (%x—ﬁ + d2>] pxda (10.52)
+m,¥, (G cos @ + §a sin ) — m,X, (G cos @ — ¢y sin0)

—I,6 — myg (X, cosf — §,sin6) = 0.

Introduce the Lagrangian action

e [%:i:? — 0 @% + dg) + (g cos O + o sin ) + 56X
-0 <%$—’i + dg) (G1cosf + ¢osin ) + 0 (x + dy) (g2 cos @ — ¢y sin 6)
PR+ B) + 0 (o )+ 402 (A2 4 a3 4+ 92) 053,
—gsinf (z +dy) — gcosb <§% + d2> - gqg} pxdadt '

+ f [ my (G2 + 43) — m.y,0 (41 cos + ¢osinf) + %IUQQ
+myX,0 (Go cos — ¢y sinf) — m,g (X, sinf +y, cosf + C]2)} dt .
Taking the first variation of the Lagrangian functional (10.53) with respect to ¢; gives

fOL [—i cos@ + 62 cos @ (x + dy) — 62 sin <%x—’i + dg) + 20 sin 0

+6cos (%% + d2) +6sind (z +dy) — G _;xfcaécose} oxda (10.54)

2
2 x5

+m,f (X, sin 0 + 5, cos ) — mydy + my6? (X, cos — 5, sinf) = 0.

Taking the first variation of the Lagrangian functional (10.53) with respect to ¢o gives

Llising —02cosf (LX +dy) — 62sinf (z+dy) + 200 cos 0
0 2 xq

+6cos b (z + dy) — fsind (%% +d2> +ad2+g +%XI—?ésm0] pxda

+m,0 (Xpcos — 5, sin ) + mygs — m, 62 (Xpsinf +y,cosd) +m,g =0.
(10.55)
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Taking the first variation of the Lagrangian functional (10.53) with respect to 6 gives

foL [x (%J:—)i +d2> 4 (%:B_i +d2> (G1 cos 0 + o sin 6)
—(z+dy) (Gycos0 — Gy sinb) — 6 (z + dy)? —0(%;(—; +d3 + %)

1 'a . . . A 2 Q.a d .a
_§X;f2l (ql Cos(9+q2 sm@) + 6 <§% + %) (1056)

a

—20i (x4 dy) — gcosf (x + dy) + gsin b (%x—’i + dg)] pxda
+m, ¥, (G1 cos 0 + Ga sin ) — m,X, (Ga cos @ — ¢y sin )
—I,60 — myg (X, cosf — 7, sinf) = 0.

Boxed terms of equations (10.54), (10.55) and (10.56) are the extra terms in comparison
with equations (10.50), (10.51) and (10.52).

11 Lagrangian functional when ¢; and ¢, are rela-
tive to the body frame

The fluid kinetic energy when ¢; and ¢» are relative to the body frame reads

= e GlIx Al + &+ @) (2% (x+d+q) + (2 x (x+d))- (2 xq)
KE/ Jvor (3 I +d
+ 119 x q||*) pdVol + 10 - 1,0,

the kinetic energy of the dry vessel with ¢; and ¢ relative to the body frame E:,;dz?)
RE = g 4+ (00m, (R ) +(@xm®) - (@xa) )
+im, |2 x q|*+ 10 10,
the fluid potential energy reads
PE/ = [ pgQ(x+d+q) - EzdVol, (11.59)
and the vessel potential energy reads
PE"*¢ — m,gQ (X, +q) - Es. (11.60)

When the vessel motion is restricted to roll-sway-heave motion the kinetic and
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potential energies become

KEflwid val [2 i+ d1) 24 % (5 + (1'2)2 By (T4 q1) (y +da + q2)
H0 (5 +G2) (2 +di+ @) + 60 (g2 (y + d) + qu (x + )
P32 (g2 )+ 32 (e + ) + (y + do)) | pavel,

KEvessel — %mv (q% + q%) — mvéq'l (yv + QQ) + mvéQ.Q (iv + Q1)
+myb? (o7, + @i%,) + 2mo 82 (¢ + ¢2) + 11,62,

pEfluid _ Jyor P9 800 (2 + dy 4 1) + cos O (y + da + g)] dVol

PEUBSS@Z — ng [Slne (XU + ql) —|'- COS 0 (yv + q2)] Y

and so the Lagrangian action reads

fo fo [ (T4 d1) +%(?)4‘@2)2—é(f+41)(y+d2+QQ)
+9 (J+ G2) (x+dy + q1) + 6 (g2 (y + do) + @1 (. + dy))
+56% (47 + 43) + 56 ((x + d)” + (y + da)”)
—gsinf (x+dy + q1) — gcos (y + ds + ¢2)] pdydxdt (11.61)
+ f [ my (G + 43) — mubdy (3, + g2) + mubis (X + q1)
+m,02 (025, + %) + m, 0% (g3 + ¢3) + 11,67
—mygsind (X, + q1) — mygcost (¥, + g2)] dt .

Now taking the first variation of this Lagrangian functional with respect to ¢;, ¢» and
0 gives respectively the sway, heave and roll equations

-0 =
q1
fo fo [———91+9(y+d2+Q2)+29(U+Q2) | (11.62)
+0% (2 + dy + 1) —gsin@} pdydz — mygy +m0 (7, + @)
+2myé(12 + mv92 (X + q1) — mygsind =0,

6q2 =0 =

=2 — u+q)—0(x+d +q
fo fo [ ( 1) ( 1 1) (11.63)

+62 (y + dy + q2) — g cos «9] pdydz — myga — 2m,0d,
—muf Xy + 1) + mub? (F, + q2) — mugcosf =0,
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=0 =

fo I [ DUt 1) (y+ do+ g2) — (B + o) (x+ di + q1) — 2002 (y + do)

—20q; (x + dy) — 206> (y + da + q2) — 2041 (x + di + q1)

—20u (x4 dy + q1) — 200 (y + dy + ¢2) — 0 (¢? + @)

—0 ((z+ d)? 4 (y + d2)2) —gcosO(x+dy+q)+gsind (y+dy+ q) | pdydz
+mydy (¥, + ¢2) — Mo (R + q1) — 2m0 (25, + @1%o)

—2m,0 (G2F, + 1%0) — mol (¢ + @3) — 2mu0 (@141 + g2do)

—Iyé —mygcost (X, + 1) + mygsind (v, + ¢2) = 0.
(11.64)

12 Equations (11.62), (11.63) and (11.64) with ALR
shallow-water assumptions

Equations (11.62), (11.63) and (11.64) with the ALR shallow-water assumptions (7.33)
read respectively

fo [ (@ + i) —Q1+9( h+ds+ qo) + 204y + 6 (x + dy + @)
—gsin 0] phdz — mydi + mu0 (7, + q2) + 2m,0¢s (12.65)
+my02 (X + q1) — mpgsind =0,

fo [ Go — 26 u+ql)—0(x—|—d1+ql)+«92( h—l—d2+q2)—gcos€] phdx

_vaQ - 2mv‘9(h - mvg (iv + QI> + mvg (yv + QQ) — Myg cosf) = 0 9
(12.66)

fOL [(m + @, 4+ §) (3h+do+ @) — o (x+dy +q1) — 20 (qo (30 + d2) +
@1 (v +d1)) — 206, (2h + do + go) — 2061 (v + di + 1) — 20T (v + dy + q1)
—0 (¢} +¢3) — 0 (z +dy)’ _é<%h2 + d3 + dyh) — gcosO (x + di + q1)
+gsinf (1h+ ds + )] phda

by (T, 4 @2) — Mo (Ko + @1) — 2mu0 (@2, + 01%0)

—2m,0 (G2F, + (1%0) — Mo (G + g3) — 2m,0 (@11 + gado)

—I,0 — mygcos O (X, + q1) + mygsind (v, +qz) = 0.
(12.67)
Equations (12.65), (12.66) and (12.67) in Lagrangian coordinates become respec-
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tively

fOL [—175' — i+ 0 <%$—)i +da + C]2> +20Gy + 02 (z+ dy + q1) — gsin@} pxda
—myiy + Myl (T, + q2) + 2my0is + myb? (Xy + q1) — mygsind =0,
(12.68)
fo [ Gy — 20 (&4 ¢1) — 0 (x +dy +q) + 62 < +d2+q2) —gcos@] pxda

—mu — 2myfgy — muf (R + 1) + mub? (F, + g2) — mygcosd =0,
(12.69)
fo [m+q1 ( +d2+Q2> —Go(z+di +q1) —2é<q2 (%w—ﬁerg) +
¢ (z+dy)) — 204, ( + dy +q2> — 20, (x+dy + @) — 200 (z +dy + q1)
—0(@F+@)—0(x+d) —«9( +d5+ d”‘) geosO (x4 dy + 1)
+gsinf (%x—’i +dy + q2>] pxda
+myGr (T, + q2) — Mo (X + q1) — 2my0 (g2¥, + ¢1%0)
—2m,0 (¢2¥, + G1%) — mub (¢} + ¢3) — 2m.f (q1s + q22)

—Ivé —mygcost (X, + q1) + mygsind (¥, + q2) =0.

(12.70)
Introduce the Lagrangian functional

o Jo [2 &+ 1) + 565 — 0 (i + 1) ( +d2+q2> + 0o (x +di +q1)
+6%gs ( + d2> +60%q; (x+dy) + 562 (¢F + @3) + 362 (v + dy)?
+§92 < + d3 + d2x> gsind (x +dy + q1)
—gcosf (—1 +dsy + qgﬂ pxdadt
+ f [ my (67 + ¢3) — mubdy (3, + @2) + mubis (X + 1)

+m0? (025, + %) + m, 0% (¢ + ¢2) + 11,67

—mygsinf (X, + q1) — mygcos (v, + q2)] dt .
(12.71)
Taking the first variation of the Lagrangian functional (12.71) with respect to ¢; recov-
ers equation (12.68) with an extra term on the left hand side which is —1% Taking

2
the first variation of this Lagrangian functional with respect to ¢s recovers equation
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(12.69). And taking the first variation of this action integral with respect to 6 gives
fo [x+q1 <ll+d2+q2) — G (z+dy+q1) — 20 <q2< +d2>
¢ (x4 dy)) — 264, < +dy + q2> — 206, (x + dy + @) — 20 (x4 dy + 1)

_é(cﬁ—i—qz)—@(x—i-dl)—9<3x2+d2 d”‘) gcost (x+dy + q)

1 xda (i_i_q'l)_‘_etnxl"a +9 ZX_?;G_i_d?X_% —|—gsin9 ll+d2+QQ deCL
3 3 3 2Za

2 2
Tq Tq

+myly (F, + ¢2) — Moo (Ko + q1) — 2m.,0 (@25, + 1 %y)
—2m,,0 (G2, + ¢1%y) — my0 (¢f +a3) — 2m,,0 (1G1 + q242)

— 1,0 —m,gcos 0 (%, + 1) + mugsind (¥, + ¢) =0,
(12.72)
where the boxed terms are the extra terms in comparison with equation (12.70).

13 ALR SWEs with ¢; and ¢ respect to the body
frame

Armenio and Larroca shallow water equations (ALR SWEs) [4] including the transla-
tion accelerations § with respect to the body frame and assuming (y = h) are

hy +uh, + hu, =0,

N y o
T+ <u+29h) Ty + (0 (@ +di+q1) — 6% (h+ da+ o) (1579
+20 (W + ¢1) + gcos b + ('jg) Dy
= —gsinf+0(dy+q) + 0% (x+dy +q1) — Gy + 204 .
Introduce the Lagrangian functional
L (h,u,9) = ttlz fOL [%hﬁ — 0hu (h+dy + q2) + %«éﬂ (L3 + dyh? + d2h + goh?)
+3h60% (x4 dy)? — 10 (x + dy + 1) h? — geos O (212 + doh + g2h)
—ghsind (@ +d +a1) = (01 + 3o ) b2+ (02a1 — 0 (o + da)
- (q‘l - 29’42) hiz+dy) + o (he + (hﬂ)x)} dadt .
(13.74)

The first variation of this Lagrangian functional with respect to h, @ and ¢ recovers
(13.73).
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