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My general research interests are in the analysis and computation of nonlinear partial differential

equations (PDEs) rising from physical sciences, particularly fluid dynamics. I use various analytical

techniques to prove solution properties that are pertinent to observable phenomena in reality and

simulation, which in turn improves understanding, modeling and computing of the physics.

In a nutshell, Eulerian formulation of fluid and fluid-like motions share two common components,

mass equation ∂tρ+∇·(ρu) = 0

momentum equations ∂t(ρu) +∇·(ρu⊗ u) = F

which result from mass conservation, Newton’s second law and the transporting mechanism of the

velocity field u(t, x). Here, t denotes time, x denotes a point in the spatial domain, ρ(t, x) denotes

the density and F denotes the sum of external forces.

I am interested in analyzing how the solution behavior is affected by various forcing, scaling,

boundary conditions and domain geometry. I am also interested in applying these theoretical

results to the study of real-world models, many of which share the same structure as above. For

example, in my recent project with Prof. A. Mahalov (Arizona State Univ.), we study geophysical

fluid motions on a fast rotating sphere and prove a result highly consistent with observations and

simulations: at the planetary scale, time-averages of fluid motions exhibit a zonal-flow pattern. Our

proofs reveal for the first time that spherical geometry is key to understanding this phenomenon.

In the following sections, I will discuss fluid motions on a rotating sphere (Sec. 2), singular limits

of compressible fluid equations in bounded domains (Sec. 3), rotating shallow water equations in

different scaling regimes (Sec. 4) and critical threshold for Euler-Poisson equations (Sec. 5).

1. Euler equations on a fast rotating sphere — time-averages and zonal flows.

Motivated by recent studies in geophysical and planetary sciences (e.g. [9, 15] and references

therein), we investigate the PDE-analytical aspects of time-averages for barotropic, inviscid, in-

compressible flows on a fast rotating sphere S2. The equations of interest are

∂tu +∇uu +∇P =
z

ε
u⊥, div u = 0, (1)

for the unknown velocity field u. Here, P denotes the pressure, z denotes the usual Cartesian

coordinate in the north-south direction, and u⊥ denotes a counterclockwise π/2 rotation of u on

the tangent plane it resides. The small parameter ε� 1 denotes the Rossby number which indicates

the ratio between the inertia of fluid motion (relative to the rotating S2) and Coriolis force induced

by planetary rotation.

Also, define the time-average of u over [0, t],

u(t, ·) :=
1

t

∫ t

0
u(τ, ·) dτ.
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We proved in [3] that, with initial data u0 ∈ Hk(S2), there exist a scalar-valued function f and

ε-independnet constants C, T , so that for any given time t ∈ (0, T ],∥∥∥u(t, x, y, z)−∇⊥f(t, z)
∥∥∥
Hk−3(S2)

≤ Cε
(

1 +
1

t

)
. (2)

Since ∇⊥f(t, z) = fz(t, z)∇⊥z amounts to longitude-independent zonal flows, we showed that the

time-average of the solution stays close to the subspace of such flows, whereas the initial data can

be arbitrarily far away from this subspace. Meridional variation of the Coriolis parameter z/ε

underlies this phenomenon. In other words, the zonal flow pattern is essentially due to the non-flat

geometry of the S2 domain.

Our proofs use Riemannian geometric tools, in particular the Hodge Theory. A key step is to

use Hodge decomposition to obtain the div-free component of (1),

∂tu +∇⊥∆−1 curl (∇uu) =
1

ε
L[u] :=

1

ε
∇⊥∆−1 curl (zu⊥). (3)

By a simple argument, we show that, with ε � 1, integrating (3) in time “downsized” everything

in u but the component in the null space of L. Then, we show that null{L} is exactly the space of

longitude-independent zonal flows,

L[u] = 0 and div u = 0 ⇐⇒ u = ∇⊥g(z) for some function g : [−1, 1] 7→ R

Our proofs also involve estimations with the help of spherical harmonics. For example, operator

L defined in (3) is shown to take spherical harmonics as eigenfunctions, and therefore L and ∆

commute. This is essential in obtaining ε-independent energy estimates for higher derivatives of u.

The idea of time-averaging is extended to a function analytical framework in [4]. It can also

be regarded as an application of the slow and fast manifolds – a concept that was introduced by

E. N. Lorenz in mid 20th century – in evolutionary PDE systems.

In future research, I plan to take into account more realistic physics in the fluid model, including

viscosity, solar input and even vertical advection, and analyze why certain profiles of zonal flow

pattern prevail more than others – e.g what can we say about the approximate zonal flows ∇⊥f
in (2)? A constant motivation for me is the observable band and jet structures on the surface of

Jupiter.

2. Compressible fluid dynamics in bounded domains

I study singular limit problems of inviscid, compressible fluid equations in arbitrary bounded

domains with physical boundary conditions and general initial data. A major challenge in this

setting is that fast acoustic waves do not disperse, but rather reflect on the boundary, contributing

to the slow vortical dynamics at order O(1).

In a recent paper [2], I investigate fluid equations, suitably scaled, on a bounded domain Ω ⊂ RN ,
∂tρ+∇·(ρu) +

∇·u
ε

= 0

∂tu + u·∇u +
1

ε
F̃ = 0

subject to the solid-wall boundary condition u·n
∣∣
∂Ω

= 0. I prove that, for compressible Euler

equations with F̃ = ∇ργ−1 (resp. rotating shallow water equations with F̃ = ∇ρ − u⊥ ), if we

let the parameter ε → 0 , then the incompressible component of the dynamics converges strongly

towards the incompressible Euler equations (resp. quasi-geostrophic equations) at order O(ε). The
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fast acoustic component, on the other hand, vanishes at the same order O(ε) if it is averaged in

time. Nonlinear resonances from the fast waves into the slow dynamics also vanishes at order O(ε)

if it is averaged in time. Once again, the idea of time-averaging plays a crucial role here.

Although it is a common practice to approximate compressible fluids by incompressible models,

our results provide novel quantifications on such approximations for physically relevant boundary

and initial conditions. Stated below is the particularly interesting case of rotating shallow water

(RSW) equations. For any solution (ρ,u) with Hm regularity to the RSW equations, there exists

projections of the solution onto slow and fast manifolds (ρ,u) = (ρP ,uP ) + (ρQ,uQ) s.t. for some

ε-independent constants C, T and any t ∈ (0, T ],∥∥∥∥1

t

∫ t

0
(ρQ,uQ)dτ

∥∥∥∥
Hm(Ω)

≤ Cε
(

1 +
1

t

)
,

and, max
0≤t≤T

‖(ρP ,uP )− (ρ,u)‖Hm−3(Ω) ≤ Cε

where (ρ,u) is uniquely determined from

ρ = (1−∆)−1θ, u = ∇⊥(1−∆)−1θ, u·n
∣∣
∂Ω

= 0

with θ solving the quasi-geostrophic equations

∂tθ + u·∇θ = 0, θ0 = ρ0 −∇⊥·u0.

I plan to extend this study to designing numerical schemes that transfer the same asymptotic

properties from the continuum level (as discussed above) to the discrete level. Such numerical

schemes are called “asymptotic-preserving” (e.g. [11, 10] and references therein) which is especially

desirable in multiscale simulations. Our analysis has confirmed for the first time the O(ε) conver-

gence rate at the continuum level; then, it is expected to have parallel implications on numerical

analysis at the discrete level and eventually help device new asymptotic-preserving algorithms.

3. Multiscale rotating shallow water equations

I am interested in the RSW equations with two fast scales,

ht +∇·(hu) + Fr−1∇·u = 0,

ut + u·∇u + Fr−1∇h = Ro−1u⊥,

where Fr is the Froude number indicating the inverse magnitude of the pressure gradient force and

Ro the Rossby number for the inverse magnitude of the Coriolis force. In my papers [5, 1, 8], we

proved the effects of different scalings of Fr, Ro on the RSW dynamics.

In [5] with E. Tadmor (Univ. Maryland), we identify a new dimensionless parameter

δ = Ro/Fr2

relating the strength of Coriolis force with pressure gradient force. For the scaling regime with

δ � 1, (4)

there exist a time-periodic and smooth approximate flow uperiodic(t, ·) to the exact solution s.t.

‖u(t, ·)− uperiodic(t, ·)‖Hm−3(R2) ≤ Cδ(eCt − 1) for t <∼ ln(δ−1), (5)

for some constant C independent of δ (assume here and below the initial data are in Hm(R2)).

Therefore, the smallness of δ, associated with the dominance of the Coriolis force in large scale
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geophysical motions, prolongs the lifespan of classical solutions of the RSW equations. The ap-

proximate periodicity as described in (5) is closely related the observed “near-inertial oscillations”

in oceanic flows ([20]). Our proof uses iterative approximations that start with the pressureless

RSW equations ([14]).

I then proved a fundamentally different phenomenon in [1] for the scaling δ � 1. Assume

κ := δ−1 + Fr � 1. (6)

Then, there exists an incompressible flow uinc s.t. for some finite time T and constant α > 0,

||u− uinc||L6([0,T ];Wm−3,6(R2)) ≤ Cκα‖(h0,u0)‖Hm . (7)

This result confirms the so-called “geostrophic (Rossby) adjustment” in the weather system. The

proof is centered around an invariant-based analysis using the specific nonlinear structure of the

RSW equations. It particularly avoids calculation of resonances in the frequency domain.

Note that (6), (7) together with the opposite scaling regime (4), (5) cover a very large range of

physical parameters. The new parameter δ is understood as: the dispersive mechanism quantified

in (6), (7) is precisely missing for the case of δ � 1 in (4), (5) where strong rotation entraps the

flow locally in space and close to periodic-in-time. Such separation of scales has been studied in

oceanic sciences (e.g. [12]). It is noteworthy that our δ in (4) coincides with the scale indicator

discovered in [12] that separates the dispersive and the time-periodic regimes.

For the case with balanced parameters Fr = Ro, I also proved in [8] with C. Xie (Shanghai

Jiaotong Univ.) the global existence of smooth solutions in the class of rotation-modified potential

flows. This is in sharp contrast with the finite time breakdown of classical solutions for the com-

pressible Euler equations in 2D ([17]) and 3D ([19]). The proof consists of a reformulation of the

RSW equations into a symmetric system of quasi-linear Klein-Gordon equations and a combination

of vector fields and normal form methods, adapting and improving ideas of [16].

4. Dynamics of Euler-Poisson equations

I study the Euler-Poisson equations

∂tρ+∇·(ρu) = 0,

∂tu + u·∇u +
1

ρ
∇p(ρ) = k∇∆−1(ρ− c),

governing the unknown density ρ and velocity field u. Here, k and c are two physically relevant

constants. This system appears in numerous applications including semiconductors and plasma

physics (k > 0) and the dynamics of astrophysical systems (k < 0).

In [6] with E. Tadmor (Univ. Maryland), we study the pressureless Euler-Poisson equations with

k < 0, c ≥ 0 and p(ρ) ≡ 0, and proved a one-sided threshold condition which leads to finite-time

breakdown of classical solutions. That is, the solution will lose C1 regularity at a finite time if

there exists a non-vacuum initial state ρ0(x̄) > 0 with vanishing initial vorticity, ∇×u0(x̄) = 0, at

some x̄ ∈ Rn such that the following sup-critical condition is fulfilled,

∇·u0(x̄) < sgn(ρ0(x̄)− c)
√
−nkcF (ρ0(x̄)/c),

where F (ρ) :=


1 +

2ρ

n− 2
− nρ2/n

n− 2
, n 6= 2,

1− ρ+ ρ ln ρ, n = 2.
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This result reveals a pointwise criterion on the initial data, a so-called critical threshold criterion

([18, 13]) that leads to finite time blow-up of ∇u. In the proof, we first transform the Euler-Poisson

equations into a Lagrangian formulation in terms of the divergence ∇ · u and ρ. Then, we study

the governing nonlinear ODE system with careful application of the comparison principle. Another

key ingredient of the proof is a new nonlinear invariant of the dynamics along particle trajectories.

I am also working on extending the result of [6] to the case with pressure, which is an important

model for star formation in the nonrelativistic setting.
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