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Quantitative study of Rotating Shallow Water equations in 3 scaling regimes

Bin Cheng

Department of Mathematics, University of Surrey

We study the 2D Rotating Shallow Water equations subject to the pressure gradient and

Coriolis forces. Their respective scales are represented by Froude number Fr and Rossby number

Ro. We are interested in proving quantitative results of the solution behaviours in terms of Fr,

Ro. Three regimes will be discussed.

1. Fr2 � Ro: rotation-dominating regime. Solution exhibits near-periodic behaviour and most

energy is “trapped” locally.

2. Fr2 � Ro � 1: quasi-geostrophic (QG) regime. Soluntion consists of a slow component

approximately governed by a version of the QG equation, and a fast inertial-gravity wave

component. The latter will disperse and transfer energy to farfield in the case of infinite

spatial domain. Regardless of the domain geometry, however, the difference between RSW

solution and QG solution can be rigorously quantified. The simple idea of time-averaging is

useful for getting sharp estimates.

3. Fr2 = Ro � 1: semi-geostrophic (SG) regime. This is similar to the QG case but with

the approximate system being SQ equations, which presents a new set of phenomena and

challenges.

Estimating the time-consistency of the semi-geostrophic limit

Mike Cullen

Met Office

I will introduce the scaling of the compressible Euler equations associated with the semi-

geostrophic limit and explain why it is physically important. It is necessary to prove that this

scaling can be maintained in time, so that the behaviour of the compressible Euler equations can

be accurately described by the semi-geostrophic model over a period of time. This requires a proof

that the semi-geostrophic system can be solved, some such results will be stated. It then requires

a proof that the semi-geostrophic solutions are consistent with their own scaling assumptions.

The formal arguments justifying this for smooth solutions will be presented. If this can be done,

then the convergence of Euler to semi-geostrophic solutions should be possible, given sufficient

regularity of the Euler solutions.
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Free upper boundary value problems for the semi-geostrophic equations

Beatrice Pelloni

Department of Mathematics, University of Reading

I will survey the results on existence of solution of the semi-geostrophic system, widely used

in the modelling of large-scale atmospheric flows. The survey will focus on the use of optimal

transport techniques in establishing existence of weak solutions of this (and other) systems, on

results obtained in the last 15 years using these techniques, and then report recent work on the

system considered in a fully three-dimensional setting with a free upper boundary condition.

Geometric invariants of the velocity gradient tensor and their dynamics in

shallow water flow

Ian Roulstone

Department of Mathematics, University of Surrey

Divergence and vorticity are well known to be geometrically invariant quantities in that their

mathematical forms are independent of the orientation of the coordinate axes. Various other

functions of the elements of the horizontal velocity gradient tensor are invariants in the same sense:

examples are the resultant deformation and the determinant and Frobenius norm of the tensor.

Assuming shallow-water dynamics with background rotation, time-evolution equations for the

resultant deformation and the other quadratic invariants are derived and compared. Corresponding

time-evolution equations under quasi-geostrophic shallow-water dynamics are also derived, and

lead to a simple prognostic equation for the ageostrophic vorticity.

Existence of global weak solutions to implicitly constituted kinetic models of

incompressible homogeneous dilute polymers

Endre Süli

Mathematical Institute, University of Oxford

We show the existence of global weak solutions to a general class of kinetic models of homo-

geneous incompressible dilute polymers. The main new feature of the model is the presence of a

general implicit constitutive equation relating the viscous part Sv of the Cauchy stress and the

symmetric part D of the velocity gradient. We consider a general class of implicit relations that

generate maximal monotone (possibly multivalued) graphs, and the corresponding rate of dissi-

pation is characterized by the sum of a Young function and its conjugate depending on D and

Sv, respectively. The appearance of Sv and D in all the assumptions characterizing the implicit

relationship G(Sv,D) = 0 is fully symmetric. The elastic properties of the flow, characterizing

the response of polymer macromolecules in the viscous solvent, are modelled by the elastic part

Se of the Cauchy stress tensor, whose divergence appears on the right-hand side of the momen-

tum equation, and which is defined by the Kramers expression involving the probability density

2



function, associated with the random motion of the polymer molecules in the solvent. The prob-

ability density function satisfies a Fokker–Planck equation, which is nonlinearly coupled to the

momentum equation.

We establish long-time and large-data existence of weak solutions to such a system, completed

by an initial condition and either a no-slip or Navier’s slip boundary condition, by using properties

of maximal monotone operators and Lipschitz approximations of Sobolev-space-valued Bochner

functions via a weak compactness argument based on the Div-Curl Lemma and Chacon’s Bit-

ing Lemma. A key ingredient in the proof is the strong compactness in L1 of the sequence of

Galerkin approximations to the probability density function and of the associated sequence of

approximations to the elastic part Se of the Cauchy stress tensor.

The talk is based on recent joint work with Miroslav Buĺıček and Josef Málek at the Mathe-

matical Institute, Faculty of Mathematics and Physics, Charles University, Prague.

M. Buĺıček, J. Málek, and E. Süli. Existence of global weak solutions to implicitly constituted kinetic mod-

els of incompressible homogeneous dilute polymers. Communications in Partial Differential Equations.

Volume 38, Issue 5 (2013), 882-924. DOI: 10.1080/03605302.2012.742104.

The effect of two distinct fast time scales in the rotat-ing, stratied Boussinesq

equations: variations on quasi-geostrophy

Beth A. Wingate

Department of Mathematics, University of Exeter

Joint work with: Jared Whitehead (Brigham Young University) and Terry Haut (Los Alamos

National Laboratory)

Working in the framework of fast singular limits (Shochet [1994]) we present two investigations

into the rotating and stratied Boussinesq equations. In the rst investigation we describe numerical

simulations of three limits where slow equations are known. In the second study we discuss

generalizations of Schochets method of cancellation of oscillations when there are two distinct

limits, i.e., which time scale is fastest? We give the specic example of the rotating and stratied

Boussinesq equations in the quasi-geostrophic limit.
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