
Manifolds - Problem Sheet 8

This problem sheet deals with metrics, Riemannian manifolds and the Levi-Civita connection.

1. Prove that the curvature R of an affine connection D, defined by

R(X,Y, Z, ω) = ω

(
−DX(DY Z) +DY (DXZ) +D[X,Y ]Z

)
,

for vector fields X,Y, Z and co-vector fields ω, is a tensor.

Also prove that in a local co-ordinate system, the components of the curvature are given in
terms of the connection coefficients by

Rµνλ
ρ = −∂µΓρνλ + ∂νΓρµλ + ΓσµλΓρνσ − ΓσνλΓρµσ .

2. Consider R2
and cover it (excluding the origin) with polar coordinates. Show that the

Euclidean metric is

g = dr ⊗ dr + r2dθ ⊗ dθ

3. Suppose that D is a connection on a m-dimensional Riemannian manifold M with metric g.
If X and Y are vector fields in TM then DXY denotes the covariant derivative of Y along
X and DXg denotes the covariant derivative of the metric g along X.

(a) Suppose that X,Y, Z ∈ TM. Write down an expression for (DZg)(X,Y ) in terms of
covariant derivatives of vector fields and Z(g(X,Y )).

(b) Show that if, for all X,Y, Z ∈ TM

2g(DZY,X) = Z(g(X,Y )) + Y (g(Z,X))−X(g(Y,Z))

− g([Y, Z], X)− g([Z,X], Y ) + g([X,Y ], Z)

then DZg = 0.

(c) Suppose that (x1, . . . , xm) are local co-ordinates on an open subset U of M. Define the
connection coefficient Γkij of the connection D in this co-ordinate system, and (again
assuming the conditions of (b) above) show that

Γkij =
1

2
gk`

(
∂gi`
∂xj

+
∂gj`
∂xi
− ∂gij
∂x`

)
(d) Still assuming the conditions of (b) above, suppose that M is two-dimensional and that

in the local co-ordinate system (x1, x2)

g11 = 1, g22 = 1 + (x1)2 + (x2)2, g12 = g21 = 0

Evaluate all the connection coefficients of D in this co-ordinate system, and verify that
(D1g)22 = 0, where D1 denotes covariant differentiation along ∂

∂x1 .



4. Let H be a two-dimensional manifold and φ : H → R3
be given by (u, v)→ (t, x, y) where

t = sinh v, x = cosu cosh v, y = sinu cosh v

Show that the line element of the metric φ?g induced on the manifold H from the
Lorentzian three-metric g (with line element −dt2 + dx2 + dy2) on the three-dimensional

Euclidean space E3
is the Lorentzian two-metric

ds2 = −dv2 + cosh2 vdu2

Compute the Christoffel symbols Γkij of the Levi-Civita connection of this two-metric. Use
this connection to compute the covariant derivative of the one form coshudu in the direction
of the vector field ∂

∂u .

5. Suppose (M,Ω) is a symplectic manifold. Prove that the Poisson bracket satisfies

{f, {g, h}}+ {g, {h, f}}+ {h, {f, g}} = 0

for f, g, h ∈ C∞(M), without making use of the Darboux theorem.


